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Chapter 1

Introduction

In this thesis, we use multitype Galton-Watson branching processes in random en-
vironments as individual-based models for the evolution of structured populations
with both demographic stochasticity and environmental stochasticity, and investi-
gate the phenotype allocation problem. We explore a variational characterization for
the stochastic evolution of a structured population modeled by a multitype Galton-
Watson branching process. When the population under consideration is large and
the time scale is fast, we deduce the continuous approximation for multitype Markov

branching processes in random environments.

1.1 Optimization and the allocation problem

Optimization, this beguilingly simple idea, allows biologists not only to understand
current adaptations, but also to predict new designs that may yet evolve. The essence
of optimization is to calculate the most efficient solution to a given problem, and then
to test the prediction. The concept has already revolutionized some aspects of biology,
but it has the potential for much wider application [Sut05].

Many problems in evolutionary biology involve the allocation of some limited re-
source among several investments [JP0§]. It is often of interest to know whether, and
how, allocation strategies can be optimized for the evolution of a structured popu-

lation with randomness. In our work, the investments represent different types of



offspring, or alternative strategies for allocations to offspring. As payoffs we consider
the long-term growth rate, the expected number of descendants with some future
discount factor, the extinction probability of the lineage, or the expected survival
time. Two different kinds of population randomness are considered: demographic

stochasticity and environmental stochasticity.

The reasons for this particular choice of payoffs are the following. Darwin’s theory
of natural selection tells us that the action of natural selection results in individuals
that are good at surviving and reproducing. So in a number of important biological
scenarios the optimization criterions are the maximization of the long-term growth
rate and the minimization of the extinction probability of the lineage. In financial
mathematics, optimization criterions like the maximization of the expected total re-
turns with some future discount factor and the maximization of expected stopping

times are investigated a lot. These criterions are also relevant in evolutionary biology.

Demographic stochasticity is caused by chance realizations of individual probabil-
ities of death and reproduction. We model the evolution of a structured population
with demographic stochasticity by a multitype Galton-Watson branching process.
The Galton-Watson process can be viewed as a real-time process, provided all the
individuals can be assumed to have the same life span of length one (year or season).
In such cases, we assume that individuals are born at the beginning of the season.
The phenotype of an individual is denoted as its type. We assume that the type space
has finitely many states and assume the number of offspring is finite. The theory of
branching processes provides characterizations of the payoffs which are the growth
rate conditioned on non-extinction, the extinction probability, the expected survival
time conditioned on extinction and the expected number of descendants conditioned
on extinction. Since it is very difficult to calculate explicitly the optimal offspring dis-
tributions in the general framework, we come up with a simple model I, see subsection

2.1.1, and solve the optimal allocation strategies w.r.t. the above payoff functions.

Another source of randomness is environmental stochasticity that affects the pop-
ulation as a whole. Models for the evolution of a population with environmental

stochasticity have been much explored in the literature. We note only a small se-
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lection that is directly relevant to the work in this thesis. Optimal strategies that
maximize the long-term growth rate in various models with environmental stochas-
ticity can be found in a survey paper of McNamara, Houston and Collins [MHCOI]
and the references therein. In an attempt to explain the variability of the clutch size
among laying birds of the same species, Grey [Gre80] considered models in which
birds have to choose a randomized strategy for the clutch size in the face of random
environments in order to minimize the probability of extinction. Lande and Orzack
[LO8Y| studied an age-structured population in a fluctuating environment and derived
analytical formulae for the distribution of the time to extinction and the probability
of extinction based on a diffusion approximation for the logarithm of total population

size.

Analogous to the simple model I, we propose a simple model II, see subsection
2.2.1, which describes the evolution of a structured population with environmental
stochasticity. In the fluctuating model, the payoffs are the long-term growth rate,
the extinction probability, the expected survival time conditioned on extinction, and
the discounted expected number of descendants. We solve the optimal allocation
strategies w.r.t. the above payoff functions. In particular, the Bellman scheme in
control theory is applied to obtain the optimal strategy that maximizes the discounted

expected number of descendants.

Finally, we come to consider the evolution of a structured population with both
demographic stochasticity and environmental stochasticity. The population is mod-
eled as a multitype Galton-Watson branching process in a random environment. We
propose a simple model III, see subsection 2.3.1, which is a combination of the simple
models I and II. By the convergence theorem of branching processes in random envi-
ronments the long-term growth rate of the population is characterized by the largest
Lyapunov exponent. The random Perron-Frobenius theorem provides an alternative
expression for the largest Lyapunov exponent. We use it to deduce an explicit for-
mula for the largest Lyapunov exponent of the simple model ITII. We approximate the
extinction probability by using a similar method developed by Wilkinson. For the

simple model ITI, we obtain the optimal strategy that maximizes the largest Lyapunov
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exponent and minimizes the approximate extinction probability respectively.
Recently, Dombry, Mazza and Bansaye [DMBO09] also used multitype branching
processes in random environments to model population growth. They studied the
optimal type allocation strategy that maximizes the net growth rate of the population.
We did our work independently. The subtle differences between the characterizations
of their net growth rate and our long-term growth rate are analyzed in subsection

2.3.2.

1.2 Variational characterization

Evolution is often understood as an optimization problem, and there is a long tra-
dition to look at evolutionary models from a variational perspective. For exam-
ple, in deterministic population dynamics defined via the Leslie matrix, the equilib-
rium state of the dynamical system is characterized by using a variational principle
[Dem83|[AGDI94][Dem97]; a variational principle in mutation-selection models is de-
duced in [BGO7]. The purpose of our work is to deduce a variational characteriza-
tion for the stochastic evolution of a structured population modeled by a multitype
Galton-Watson branching process.

By the Kesten-Stigum theorem ([KS66],[ANT2]) and Theorem 2 of [KLP97], we
describe the asymptotic properties of the multitype Galton-Watson branching process
forward in time. The asymptotic properties are determined by the principle eigenvalue
p of the mean matrix M, the associated right eigenvector v and left eigenvector v.
That is, log p is equal to the growth rate of the population size, u is a measure of the
relative contribution made to the stationary population by each type, and v is the
stationary composition of the population.

Since the Leslie matrices of classic demography are nothing but the mean matrices
of special multitype branching processes, we deduce a similar variational characteriza-
tion for the asymptotic growth rate log p of the multitype Galton-Watson branching
process via suitably defined entropy and reproductive potential.

In particular, the so-called retrospective process plays an important role in the

description of the equilibrium state used in the variational characterization. In our



work, we define the retrospective process associated with a multitype Galton-Watson
branching process and identify it with the mutation process describing the type evo-
lution along typical lineages of the multitype Galton-Watson branching process. In
the mathematical literature, the retrospective process was firstly introduced by Jagers
([Jag89], p.195) for a general branching process and a version for multitype Markov
branching process was defined in [GB03|. The identification result for the retrospec-
tive process associated with a multitype Markov branching process in continuous time

was proved by Georgii and Baake ([GB03], Theorem3.3).

1.3 Continuous approximation

Continuous approximation of branching processes is of both practical and theoreti-
cal interest. As was shown in ([HJVO05], Chap. 4.1), approximations of stochastic
models can be useful for several reasons: The approximating model may be simpler
than the original model; The qualitative behavior of the approximating model may
be easier to understand; The number of unknown parameters (i.e., parameters that
need to be estimated from data) may be smaller for the approximating model; The
approximating model may be computationally more tractable. Operator semigroups,
martingale problems, and stochastic equations provide approaches to the character-
ization of branching processes, and to each of these approaches correspond methods
for proving convergence results.

A lot of research work has been done on approximation of one-dimensional branch-
ing processes. The diffusion approximation of Galton-Watson branching processes in
the near-critical case was first formulated by Feller [Fel50] and made rigorous by Jifina
[Jir69]. For branching processes in random environments, Keiding [Kei75] formulated
a diffusion approximation for a Galton-Watson process in a random environment that
was made rigorous by Helland [Hel81] in the case of independent environments for
each generation. Kurtz in [Kur78] used a semigroup approach to establish such an ap-
proximation under more general assumptions on the environments. Borovkov [Bor02]
extended the Kurtz result so that the range of the initial values of the processes can

be much wider, moment conditions are more general, and the approximant can be



a discontinuous process. Diffusion approximation for multitype branching processes
was exploited by Joffe and Metivier [JM86]. However, there is no literature on ap-
proximation of multitype branching processes in random environments.

Inspired by the work in ([EK86], Chap. 9.3), which deduced a continuous ap-
proximation for a sequence of one-dimensional Markov branching processes in ran-
dom environments, we want to obtain a continuous approximation for a sequence of
multi-dimensional Markov branching processes in random environments. The former
convergence result is based on the technique of random time changes. However, it
does not generalize to vector-valued processes in random environments. In our work,
we firstly construct a multitype Markov branching processes in random environments
rigorously. Then for the parallel mutation-selection Markov branching processes in
random environments, we analyze the instability property. Finally, we make use of
weak convergence theorem of stochastic differential equations by Kurtz and Protter
IKP91] and give conditions under which continuous approximation for a sequence
of two-type parallel mutation-selection Markov branching processes in random en-
vironments can be obtained. In fact, continuous approximation for a sequence of
d-type (d > 2) parallel mutation-selection Markov branching processes in random
environments can be deduced without essential difficulties. However, our result for

one-dimensional case is not as strong as that in ([EK86], Chap. 9.3).

1.4 Overview

In chapter 2, we solve the phenotype-allocation problem by means of three stochastic
population models depending on different kinds of population randomness. In section
2.1, we model the evolution of a structured population with demographic stochastic-
ity by a multitype Galton-Watson branching process and propose a simple model 1
for the phenotype-allocation problem. The payoffs are characterized by the theory
of branching processes. We explore the optimal strategies w.r.t the payoffs in the
subsequent subsections. In section 2.2, we study a simple model II for the phenotype-
allocation problem for the evolution in the presence of environmental stochasticity.

In section 2.3, we model the evolution of a structured population with both demo-
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graphic stochasticity and environmental stochasticity by a multitype Galton-Watson
branching process in a random environment. In subsection 2.3.1, we come up with
the simple model III. We deduce an explicit formulae of the long-term growth rate
in the simple model IIT and obtain the optimal strategy that maximizes the growth
rate in subsection 2.3.2. We approximate the extinction probability in the simple
model IIT by a method similar to the one of Wilkinson and obtain the optimal strat-
egy that minimizes the approximate extinction probability for an concrete example
in subsection 2.3.3.

In Chapter 3 we develop a variational principle for the models that are described by
multitype Galton-Watson branching processes. We take the point of view of individual
lineages through time, their ancestry and genealogy. In section 3.1, we show that the
asymptotic properties of the branching process forward in time are, to a large extent,
determined by the principle eigenvalue p of the mean matrix M, the associated right
eigenvector u and left eigenvector v . In section 3.2, we define the retrospective process
and identify it with the mutation process describing the type evolution along typical
lineages of the branching process. In section 3.3, we deduce that the asymptotic
growth rate log p of the branching process satisfies a variational principle and show
that the distribution of the retrospective process is the unique equilibrium state for
the variational characterization.

In chapter 4, instead of discrete time branching processes, we study continuous
time multitype Markov branching processes in random environments. In section 4.1,
we give a rigorous construction of multitype Markov branching processes in random
environments by employing the technique used in ([EK86], Chap. 6.4). In section 4.2,
we deduce the Kolmogorov equations and the mean matrix for the branching process
conditioned on environment. In section 4.3, we analyze the instability property of a
parallel mutation-selection Markov branching process in a random environment. In
section 4.4, we deduce a weak convergence result for a sequence of parallel branching

processes in random environments. In section 4.5, we give examples for applications.
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Chapter 2

Stochastic population models

and the allocation problem

Many problems in evolutionary biology involve the allocation of some limited re-
source among several investments [JP0§]. It is often of interest to know whether, and
how, allocation strategies can be optimized. Here, the investments represent different
types of offspring, or alternative strategies for allocations to offspring. As payoffs
we consider the long-term growth rate, the expected number of descendants with
some future discount factor, the extinction probability of the lineage, or the expected

survival time.

We solve the allocation problem in three stochastic population models depending
on different kinds of population randomness. Population randomness through indi-
vidual variability is called demographic stochasticity. Another source of randomness
is environmental stochasticity that affects the population as a whole. Before we study
the full model, in which both demographic stochasticity and environmental stochas-
ticity are included, we discuss the classical models used for studying evolution in the

presence of demographic and environmental stochasticity, respectively.
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2.1 Multitype Galton-Watson branching processes

Demographic stochasticity is caused by chance realizations of individual probabilities
of death and reproduction in a finite population. The classical model for studying the
evolution of a structured population with demographic stochasticity is the multitype

Galton-Watson branching process [HIV05].

Let the type space be given by S = {1,---,d}. The multitype Galton-Watson
branching process is described as follows [KA02]: a single ancestor individual of i-type
lives for exactly one unit of time, and at the moment of death it produces a random
number of offspring according to a prescribed probability distribution p’. Each of the
first-generation offspring behaves, independently of each other, as the initial particle
did, and so forth. Then {Z, = (Z!,---,Z%) "} is a multitype branching process
defined on a probability space (Q,F, P) where Z! stands for the number of type i
individuals in generation n with ¢ = 1,--- ,d. Here  is the space of trees (for the
construction see Chapter VI of [Har63]), F is generated by the cylinder sets of €,
and P is the probability measure on (£, F). In particular, P/ denotes the probability
measure on (§2, ) when the process is initiated with Zy = e;, where e; is the column
vector with jth component equal to 1 and else 0. The expectation operator for P7

will be denoted by E7.

In this section, we firstly come up with a simple model I of a structured popula-
tion of annual organisms with demographic stochasticity. Then we define the growth
rate conditioned on survival and give an analytical representation for it based on the
Kesten-Stigum theorem in subsection 2.1.2. In subsection 2.1.3, the extinction prob-
ability is characterized by the theory of branching processes. In subsection 2.1.4, we
show that a multitype supercritical Galton-Watson branching process conditioned on
extinction is a subcritical branching process and we characterize the expected sur-
vival time conditioned on extinction. We study the expected number of descendants
conditioned on extinction in subsection 2.1.5. Furthermore, we solve the allocation

problem w.r.t. the above mentioned payoff functions in the simple model I.
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2.1.1 Simple model 1

Consider the following simple model of a structured population of annual organisms
with demographic stochasticity. There are 2 possible phenotypes for each organism.
The phenotype is chosen at the beginning of the development of the organism. An
organism develops into phenotype 1 with probability x and phenotype 2 with proba-
bility 1 —x, where 0 < z < 1. An organism of phenotype ¢ will die with probability d;
leaving no offspring and survive with probability 1 — d; producing ¢; offspring, where
0 < d; < 1 and ¢; are positive integers.

We model the evolution of the population by using a multitype Galton-Watson
branching process. Here the type space is given by S = {1,2}. The offspring distri-

butions p‘(n1,n2) with n; denoting the number of offspring of type i for i € S are as

follows:
di, ni =ng = 0;
pt(ni,ne) =< (1—dy) “ 2" (1 —x)"2, ny+ng=ci; (2.1.1)
n
0, else.
and
' da, n1 =ng = 0;
pi(ni,n2) =< (1 —dy) “ 2"(1—x)", ny+ng = cg; (2.1.2)
ny
0, else.

There are two one-dimensional extreme cases of the above model corresponding to
x =0 and x = 1, respectively. The former models the evolution of a non-structured

population composed of organisms of phenotype 1 with offspring distribution

dl, n = 0;
pi(n) = (2.1.3)

The latter models the evolution of a non-structured population composed of organisms

15



of phenotype 2 with offspring distribution

d?a n= 07
p2(n) = (2.1.4)
1—d2, n ==cy.

Note that we use upper indices for offspring distributions p’ of a multitype branching
process while we use lower indices for offspring distributions p; of the ith-type one

dimensional branching processes.

2.1.2 The growth rate

The growth rate is defined as
o1 L o
lim —log||Zy||1, a.s. conditioned on non-extinction, (2.1.5)
n—oo N

where ||Zy|1 = >

that lim,, oo ||Zy (w)||1 = oco. The theory of branching processes shows how to give an

ics Z! and non-extinction means we only consider those w € € such
analytical representation of the growth rate. Here are some definitions and notations.
The branching process {Z, }»>0 is said to be a singular process if each individual
has exactly one offspring, otherwise it is nonsingular. Define M = (my;); jes to be
the matrix of expected numbers of offspring. Specially, m;; = EZ[Z{ | is the expected
number of progeny of type j produced from an individual of type i. The branching

process {Z, }n>0 is called positively regular if the mean matrix M is strictly positive,
(N)

i.e. there is an N such that mg;° >0 for all 4,57 € S. The branching process is

supercritical if p > 1, where p is the principle eigenvalue of M.

Theorem 2.1.1. Assume that {Z,},>0 is nonsingular, positively reqular and super-

critical. Assume that
EZ[ZJ1 log Zjl] < oo foralli,jes. (2.1.6)
Then

1
lim —log||Z,|1 =logp, a.s. conditioned on non-extinction. (2.1.7)
n—o0o N

16



Proof. Firstly, the Perron-Frobenius theory tells us that M has a principle eigenvalue
p and associated positive right and left eigenvectors v and v which will be normalized
so that (u,v) =1 and (v,1) = 1.

Then the Kesten-Stigum theorem ([KS66],JANT2]) says that there is a scalar non-

negative random variable W such that

Z,
lim — = Wwv a.s. (2.1.8)
n—oo P
and
PHW > 0} = Pi{nlggo | Z0 |1 = oo} (2.1.9)

iff (2.1.6) holds.
By the Kesten-Stigum theorem, conditioned on non-extinction,
lim = log |2,
oo o 14nllL
.1 n
= nh_}ngoﬁlogp (v, hHIW
1
= logp+ lim —logW
n—oo n
= logp.

O]

Now we explore the solution to the allocation problem w.r.t. the growth rate in the

simple model I. Assume that (1 — d;)c; > 1 for ¢ € S. The mean matrix is given by

(1 — dl)clx (1 — dl)Cl(l — 1‘)
(1 — d2)021’ (1 — dQ)CQ(l — 33‘)

It is obvious that M is positively regular for 0 < x < 1. By applying Theorem 2.1.1,
we obtain that the growth rate is given by

AMz) :==log p(z) =log((1 —dy)cix + (1 —d2)ca(1 — ), for 0 <z < 1. (2.1.10)

For the two extreme cases x = 0 and x = 1 of the simple model I, we can deduce that

the growth rates are log(1 — dj)e; and log(1 — da)ca respectively.
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Firstly, suppose that (1—dj)c; > (1—da)ca > 1. Then we get the obvious conclusion
that log(1 — d2)ce < A(z) < log(1 — di)c; for 0 < & < 1. Hence under the above
assumptions the optimal strategy for maximizing the growth rate is that all offspring
develop into type-1. All mixed strategies lead to a smaller growth rate.

Secondly, suppose that (1 —dy)e; = (1 —dz)ea > 1. Then any allocation strategy
results in the same growth rate. So any strategy leads to an optimal growth rate.

Finally, suppose that (1—d2)ca > (1—dj)c; > 1. Then under the above assumptions
the optimal strategy for maximizing the growth rate is that all offspring develop into

type-2.

2.1.3 The extinction probability

The extinction probabilities of a multitype branching process is represented as
¢ = Pi{ lim [|Z,; = 0}, for i € 8. (2.1.11)
n—oo

The theory of branching processes characterizes the extinction probabilities via the
generating functions of the offspring distributions. We first introduce some notations.
Let fi(s1, -+ ,5q) = E° [slzll '”qu with 0 < s; < 1 denote the generating functions
of the offspring distributions p'. We write s = (s1,--- ,84), £f(s) = (f1(s),---, f4(s))
and q = (¢',---,¢%). Write Cy = {s | 0 < s < 1}, where 0 < s < 1 means
0 <s; <1, for 1 <i<d. The main result is given below (complete proof see section

I1.7 of [Har63]).

Theorem 2.1.2. Assume that {Z,},>0 is nonsingular, positively reqular and super-

critical. Then q < 1 and q is the only solution of
f(s) =s in Cy. (2.1.12)

For the reduced ¢th-type one dimensional branching processes, we use notations
with lower indices, i.e. ¢; and f; denote the extinction probability and the generating
function of p;, respectively. A similar result, as Theorem 2.1.2, holds for the extinction

probability in the one-dimensional case, see section 1.6 of [Har63].
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Now we explore the solution to the allocation problem w.r.t. the extinction prob-
ability in the simple model I. Assume that (1 — d;)¢; > 1 for ¢ € S. Then for the

two-type Galton-Watson process, the generating functions are
fl(s1,82) =dy + (1 — dy)[s1z + s2(1 — 2)] (2.1.13)

and

f2(s1,82) = do + (1 — da)[s17 + s2(1 — x)]2. (2.1.14)
The extinction probabilities satisfy the equations:
¢ =" ¢, (2.1.15)

7 = f2(d", 4. (2.1.16)
For the reduced 1st-type one-dimensional Galton-Watson process, the generating

functions are

fl(S) =di + (1 — dl)Scl. (2.1.17)
The extinction probability satisfies the equation:

a1 = fi(q1). (2.1.18)

For the reduced 2nd-type one-dimensional Galton-Watson process, the generating
function is

fa(s) =da + (1 — da)s®. (2.1.19)
The extinction probability satisfies the equation:
a2 = f2(q2). (2.1.20)

First of all, assume that (1 — dy)c; > (1 —da)ca > 1 and di < da. Then q1, ¢2, ¢*

and ¢? can be compared by the following lemma.

Lemma 2.1.1. Assume that dy < dy and ¢1(1 —dy) > co(1 —da) > 1. Then
do + (1 — dg)SCQ > d + (1 — dl)scl,
for s € (0,1).

19



Proof. Let
g(s) =dy + (1 - d2)502 —dy — (1 — dl)Scl,

then it is sufficient to prove g(s) > 0. In order to prove this we distinguish the
following two cases.

Case 1: ¢1 > co.

g(s) = do—di+ (1 — dg)sc2 — (1 — d1>861

> dy—di + (1 — d2)501 — (1 — dl)Scl
= (d2 —d1)<1 —Scl)
> 0

Case 2: c1 < ca.

Since ¢(0) > 0, g(1) = 0, we only need to prove
g'(s) <0, for s € (0,1).
Calculating the first and second derivative of g(s), we get
g (s)=(1- dg)CgsCTl —(1- dl)clsclfl,
and
g"(s) = (1 —da)ea(ca — 1)s272 — (1 — dy)er (e — 1) 72,

Let ¢"(s) =0, we get 1
(1 —di)er(ep —1) ] e2—er
(1 —da)ca(ea — 1)
o if (1 —dj)ei(er —1) > (1 —da)ea(ca — 1), then ¢g”(s) has no zero point in the
interval (0, 1);

S =

o if (1—di)ei(cr —1) < (1 —dz)ea(ca — 1), then ¢”(s) has exactly one zero point
in the interval (0,1) and ¢”(1) > 0.

Together with ¢’(0) =0, ¢’(1) < 0, we get ¢’(s) < 0 for 0 < s < 1. This implies that
g(s) > 0 and so the prove is complete. O
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Now we continue to study model I, in particular equations (2.1.13)-(2.1.19). By the
lemma above, it is easy to deduce that ¢* < ¢> < 1 and ¢; < ¢2 < 1. Furthermore,
q1 < ¢'. Indeed, by (2.1.13) and (2.1.15) we have

¢t =dy+ (1 —d)[¢*z + (1 — )] >dy + (1 —dy)(¢H)e (2.1.21)
and by (2.1.17) and (2.1.18) we get
q =dy+ (1 - dl)(ql)cl. (2122)

Similarly, ¢*> < g2. Hence, ¢1 < ¢* < ¢* < q2. Under the above assumptions the
optimal strategy for minimizing the extinction probability is that all offspring develop
into type-1.

Secondly, assume that (1 —dj)c; > (1 —da)ca > 1 and dj = do. Then

do + (1 —dp)s®? > dy + (1 — dy)s™,

for s € (0,1). Hence, under the above assumptions the optimal strategy for minimiz-
ing the extinction probability is that all offspring develop into type-1.
Finally, assume that (1 —dj)c; > (1 —dz2)ce > 1 and dy > da. Let ¢ be the solution

of the equation
di + (1 — dl)scl — (dz + (1 — dQ)SCQ) =0,

for s € (0,1).

Case a: ¢ = d1+(1—dy)g®. Then ¢ = q'(z) = ¢*(x) = ¢o for each z € (0,1). Then
any allocation strategy results in the same extinction probability. So any allocation
strategy is optimal.

Case b: q¢ < di + (1 — dy)¢®. Then ¢ < ¢'(z) < ¢*(x) < g2 for each z €
(0,1). Hence, under the above assumptions the optimal strategy for minimizing the
extinction probability is that all offspring develop into type-1.

Case ¢: ¢ > di + (1 —dp)g®. Then q1 > ¢'(z) > ¢*(x) > ¢ for each x €
(0,1). Hence, under the above assumptions the optimal strategy for minimizing the

extinction probability is that all offspring develop into type-2.
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From the discussion above, we get the conclusion that there always exists a pure
strategy that has a lower or equal extinction probability than any mixed strategy. So

the mixed strategy can not decrease the extinction probability.

2.1.4 The expected survival time conditioned on extinction

It is well known that a simple, supercritical Galton-Watson process turns into a
subcritical one, if conditioned on extinction [ANT2]. Jagers and Lageras proved that
general multitype supercritical branching processes conditioned on extinction are sub-
critical branching processes [JLOS8]. As a special case, we prove that the corresponding

holds for multitype Galton-Watson processes.

Let {Z,}n>0 be a two-type supercritical Galton-Watson process defined on prob-
ability space (2, F, P) with generating functions f!(s1,s2) and f?(s1,s2). Let B =
{w e Q| ||Zn(w)|1 =0 for some n}. Let 7 = inf{n € N | ||Z,]||; = 0 for some n}.

Theorem 2.1.3. The process {Zy}n>0 conditioned on extinction is equivalent to a
subcritical branching process with gemerating function f~1(51,82) = fYq's1,¢%s2)/q"
and fQ(Sl,SQ) = f2(q's1,¢%s2)/q%, where ¢* and ¢? are the solutions of ¢* = f(q¢*, ¢?)
and ¢> = f2(q', ¢?), respectively.

Proof. It is obvious that the process {Z,},>0 conditioned on extinction is still a

Markov process. The transition mechanism of the conditioned process is deduced as
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follows. For i1, io # 0, the generating function of the conditioned process is
oo
S P{Znr = (1) | Zo = (i1, i2), BYs] s
J1,j2=0
= i P{Zn-I-l = (.j17j2)7 Z, = (i17i2)7B}8j18j2
P{Z, = (i1,i2),n <7 < oo} 172

J1,92=0
o0

_ EI Ji J2

J1,j2=0

P{Z,, = (i1,12)} P{Zn+1 = (j1,J2) | Zn = (i1,12) }P{B | Zn+1 = (j1,J2), Zn = (i1,92)}

P{Zn = (il,’ig)}P{’l’L < T<X | Zn = (il,ig)}

1 ZOO . o - <
= ( 1)1’1( 2)1'2 P{Zn—H = (.717]2) | Z, = (2177/2)}((]151)]1 (q252)j2
a a J1,52=0

= [F(s1,82)]" [FP(s1, 52)]",

since P{Zn 11 = (j1,j2)|Zn = (i1,42)} is the coefficient of 7' 3 in [f1(s1, 59)] [f2(s1, 52)]%.

Hence the conditioned process is a branching process with generating function fl (s1,52)
and f%(s1, 5).

Now we prove that the conditioned process is subcritical. From the definition of

f1(s1,52), we can deduce that the conditioned offspring distributions satisfy

Pl (k1, ko) = (g")" () *2p" (K1, ko) (2.1.23)
and

P (k1 k) = (¢")" (¢*) P2 (ka, k), (2.1.24)
where p!(ki1, ko) and p?(ki, ko) are the offspring distributions of the supercritical pro-
cess. Furthermore,

PYZy = (k1 k2)} = (¢ ()2 PY{Z0 = (K1, k2)}.

Then

Blzalh] = B [1Zalh(a)% )

1
~
1
;El[llzn\ll exp(Zy log ¢* + Z2 log ¢*)]

IN

1
T8 [1Zalhg ™

—0 asn— oo,
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since ||Zy,||1 must either tend to zero or to infinity, where ¢ = max{q', ¢’} < 1. [

Then the conditioned two-type branching process is a subcritical branching process

with probability generating functions

= (g s1,¢%s2)

Flsns) = =% sy 59) = L (@510 52)

(2.1.25)
¢
Define T} and 75 as the extinction times of the conditioned branching processes start-

ing with (1,0)" and (0,1)T respectively.

Lemma 2.1.2. Assume that di < dg, ¢1 < ¢a (c1 and co are positive integers) and

(1 — d1)01 > (1 — dg)CQ > 1. Then BTy > ET5.

Proof. Let fi™(s1,s0) = fi(f*" D (s1,50), fAV (s, 9)) for i = 1,2. Since ET; =
S0 P(T; > n) =300 ((1— fi(0,0)) for i = 1,2, it is enough to show f1(™(0,0) <
f2(0,0) in order to show ETy > ETs. Since f(™(0,0) = SED(0,0), 207D (0,0)

ql
1,1 2
Zé = }0281’32%, we need to show that

and

FLD(0,0), £270(0,0) _ fH(g'sa?)
FFD(0,0), 2070(0,0)  f2(ata?)

1
Let h(s1,s2) = ;25223 Since we assume that d; < dg, ¢1 < ¢2 (c1 and ¢y are positive
integers) and (1 — dy)c; > (1 —da)ey > 1, it is obvious that %;,52) >0 fori=1,2.

By induction, we get f(0,0) 1 ¢* as n — oco. O

For i = 1,2, the conditioned ith-type one-dimensional branching process is a sub-

critical branching process with probability generating function

fi(s) = f(qqs) (2.1.26)

Define 71 and 7o as the extinction times of the conditioned 1st-type and 2nd-type

branching processes respectively.

Lemma 2.1.3. Assume that 0 < d; < dy < 1/2 and ¢y = c2 = 2. Then ETy < ETs.

Proof. Since ¢ = co = 2, we get q¢; = lf—idi for ¢ = 1,2. Then
. (a:s
fils) = fz(qq? ) (1= )+ dis?.
(2
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Let fi(n)(s) = fi(f(n_l)(s)) for i = 1,2. By induction, we get fl(n) (0) > f2n) (0).

)

Hence

o0 [ee)

Er = Y Pn>n)=Y (1-f"(0)
n=0

n=0
oo

< Y a-42%0)=Y P(r >n)=Emn.
n=0 n=0

Remark 1: The relation between E7; and ET; is not clear. Consider the following
simple example. Let d; = 0.2, do = 0.4 and ¢; = ¢ = 2. Numerical calculations
yield: if x = 0.1,0r 0.2, we get the relation FTy > Em > El1y > Em; if x =
0.3,0.4,0.5,0r 0.6, we get By > ET} > ET5 > E7y; if x = 0.7,0.8,0or 0.9, we get
Emy > ET1 > E11 > ETs.

Remark 2: For the above example, we mention some observations: firstly, ET;
decreases w.r.t. x; secondly, when z — 0, the relation of ET7 > Emp = ETy > ETy
holds. Hence, when the population starts with one individual of type-1, the optimal
strategy is that each individual develops into type-2 with probability as close as
possible to 1; when the population starts with one individual of type-2, the optimal
strategy is that all individuals develop into type-2 with probability 1.

2.1.5 The expected number of descendants conditioned on extinc-

tion

The expected number of descendants of the two-type branching process conditioned

on extinction is given by

E[ZHZnHl ’ Tim [|Z, 1 =0). (2.1.27)
n=0
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Assume that 0 < d; < d2 < 1/2 and ¢; = ¢ = 2. By the monotone convergence

theorem, we get

E[3 " 1Zalh | T [1Zlly = 0]
n=0

> E[1Zuls | Jim [1Za] = 0]
n—oo
n=0
= Z Z) M"e,
n=0

where Zg = (21, z2) " is the initial state of the process,
- 2(q¢te + ¢?(1 — 2))(1 — dy)x 2(q¢tr + ¢?(1 — 2))(1 — dy)(1 — 2)¢?/¢"

M =
2(¢'e +?(1—2))(1 —d2)xg' /q*  2(¢'z +¢*(1 - 2))(1 — d2)(1 — =)
and e is a column vector of all ones.

Lemma 2.1.4. Assume that 0 < d; < do < 1/2 and ¢y = ca = 2. Then

> . 1 2 dy ds
E[;()Hznlh ( lim [ 2, = 0} =13 <z1 (1 — ql> + 29 <1 - q2>> . (2.1.28)

)T

where (z1,29)" is the initial size, (q',q?) are estinction probabilities, and j is the

principle eigenvalue of M.

Proof. Since M is a rank-one matrix, it is obvious that the principle eigenvalue

p=2(q'z+¢*(1—2))((1 - di)z + (1 - d2)(1 — x))

and
00 - 2(q1:1: + q2(1 _ .21?))2 (Zl(lqzdl) + @(1qu2))
ZzoMnff:Zl—Fz’g—i- _
n=0 1-— P

From the equations (2.1.13) — (2.1.16) we deduce that

1 2

1 2 2 q —dy q° —do
1— = = :
l¢' 7 +¢° (1 — )] =, - 14
2_1—d2

1
= —dy) + da;
1—d1(q 1) +da;

g = (1 —di)(drz +do(1 = 2)) = (1 = di)x + (1 — do)(1 — x))(dp — d1)(1 — )
(1 =di)z+ (1 —dz2)(1—-x))? '

q
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Then

]

By basic calculations, we get that ¢', ¢ and j all decrease w.r.t. z. Hence
E[Efﬁzo |Zn |1 | limp—oo ||Zn][1 = 0] decreases w.r.t. z. Under the above assump-
tions the optimal strategy for maximizing the expected number of descendants con-

ditioned on extinction is that all offspring develop into type-2.
2.2 Population models in fluctuating environments

In contrast to the last section we will consider the evolution of a population with envi-
ronmental stochasticity. In this section we focus on models where some random events
may simultaneously affect all the individuals in a population. Typical examples are
large-scale fluctuations in the overall environmental conditions, where all population
members are subject to identical environmental conditions at a given time. We refer
to this form of stochasticity as environmental stochasticity.

The stochastic model for a non-structured population in a fluctuating environment
[HI95] can be described as follows. Let Y;, be the population size just before period
n + 1. Let &, denote the expected number of offspring per individual in period n.

Then Y,, can be recursively expressed as
Y, =Y, 1& 1. (2.2.1)

In this section, we first give a simple biological model of a population in a fluctuating
environment. Then we characterize the growth rate, the extinction probability, the
expected survival time conditioned on extinction, and the discounted expected number
of descendants in the fluctuating model. Finally we solve the allocation problems

w.r.t. the above payoff functions.
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2.2.1 Simple model II

Consider a simple model of organisms living in a fluctuating environment [BL04]. The
environment sequence are independent and identically distributed. Each environment
has two possible states, state 1 and state 2, that occur with probability p and 1 —
p respectively. All individuals encounter exactly the same environment in a given
period. There are two kinds of phenotypes for organisms: one suited to environment
1, and the other suited to 2. An organism can only survive and reproduce if its
phenotype properly adapted to the current environment. The organism’s fitness is

given by the following matrix:

Phenotype 1 Phenotype 2
Environment 1 w1 0

Environment 2 0 wWa

These organisms will be selected to hedge their bets, developing into phenotype 1
with frequency x and phenotype 2 otherwise.

Since for all generations the proportion of individuals of phenotype 1 and 2 is equal
to /(1 — x), we can simply study the evolution of of the population size by using
(2.2.1). In this model, &, are independent and identically distributed with the same
distribution as £ where P{§{ = wijz} =p and P{{ =wy(1 —x)} =1 —p.

2.2.2 The growth rate

The long-term geometric growth rate v is defined as

I e
7= Jlim - log()

1 n—1
= nh_)rgonzglog&
1=

= Bllog]
= plog(wiz) + (1 — p) log(wa(1 — x)). (2.2.2)

By a simple calculation, we get that v is maximized when x = p. Note that

the optimal strategy is independent of w; and ws. Thus for almost all sequences
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of environments, the strategy that develops with frequency p into phenotype 1 will

maximize the long-term geometric growth rate. For this strategy, the growth rate is

given by v(p) = plog(wip) + (1 — p) log(wz2(1 — p)).

2.2.3 The extinction probability

We consider three cases of the extinction probability depending on the initial popu-

lation size.

Initial size is one

We will consider what happens to this model if Y;y equals one and define the extinction
probability in this case as the chance that Y,, becomes less than one. Since log(Y;,) =
log(Yy) + > it log(&), where {log(&)} are ii.d. random variables, the sequence
{log(Y},,)} can be viewed as a random walk. From the theory of random walks (see,
e.g., [Fel71], Section XII.7) we can infer that the extinction probability of the process
equals

qg=P {i%f log(Y,) < O} =1—exp [— Z %P{log(Yn) < 0}, (2.2.3)

n=1

and that the following relations hold:
v<0sqg=1,v>0&sqg< 1. (2.2.4)

We need calculate the probability P{log(Y;,) < 0}. By the generating function, we
get

E [Slog(Yn)} _ ﬁE [Slogfz}
i=1

_ [pslog(wlx) + (1 o p)slog(wz(lfz))]n

_ Z n p]g(l_p)n—ksklog(w1m)+(n—k)log(wz(l—ac))7 (2.2'5)
k=0 \ K

for 0 < s < 1. Hence, the probability

Pllog(va) <0} =S| " | ot —p)nH, (2.2.6)
keK k
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where K denotes the set {0 < k < n | klog(wiz) + (n — k) log(ws2(1 — x)) < 0}.
Write b(z) = log(wiz) and ¢(x) = log(w2(1—=)). Let |y] denote the largest integer

which is less than or equal to y for any y € R. There are four cases:
L. if b(z) < 0 and c(x) > 0, then [ =] <k < mn;
2. if b(x) > 0 and c(z) <0, then 1 <k < | 2 |;
3. if b(z) > 0 and ¢(x) > 0 or b(z) > 0 and ¢(x) > 0, then K = () and ¢(z) = 0;

4. if b(x) <0 and ¢(z) <0, then 1 <k <n and ¢g(z) = 1.

Recall that v(z) = plog(wiz) + (1 — p) log(wa(1 — x)) and y(z) < v(p). Let pg be

the minimal solution in the interval (0,1) of the equation

v(p) = 0. (2.2.7)
Let f(x) = b(z)/c(x). Then the derivative of f(x) is

%log(wg(l —x))+ ﬁ log(wyx)
(log(wa(1 — x)))?

Let g be the minimal solution in the interval (0,1) of the equation

fi(z) =

f'(z) = 0. (2.2.8)

It is clear that pg = zq if they exist.

Example 1: Assume that wy; = 1 and we = 10. Then py = x¢ ~ 0.7613. If
po < p <1, we get y(p) < 0. Hence y(z) < 0 and ¢g(z) = 1 for all x € (0,1). If
0 < p < po, we get y(p) > 0. Furthermore, for a fixed p € (0,pg), there exist two

solutions z_ and x4 in (0,1) for the equation
~v(x) =0. (2.2.9)

It is deduced that v(z) < 0 and ¢(x) =1 when 0 <z < z_ or x4 < x < 1; y(z) > 0,
q(z) < 1 and ¢(x) decreases w.r.t. x when x_ < x < zo; and y(z) > 0, ¢(z) < 1 and

q(z) increases w.r.t. x when zop <z < z4.
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Example 2: Assume that w; = 2 and we = 5. Then ~(p) > 0 for all p € (0,1).
Let xp be the solution of
b(z) = 0. (2.2.10)
Let x. be the solution of
c(x) =0. (2.2.11)

Furthermore, for a fixed p € (0, 1), there exist two solutions z_ and x4 in (0,1) for
the equation

v(z) =0 (2.2.12)

since ¥(0+) = —oo and y(1—) = —oo. It is obtained that v(z) < 0 and ¢(z) = 1 when
O<z<z_orzy <z<l;vy(x) >0, q(z) <1, and g(z) decreases w.r.t. = when
o < x < xp; y(x) >0, g(xr) < 1, and ¢(x) increases w.r.t. = when z, < x < x4;

q(z) = 0 when z < z < .

Initial size is sufficiently large

Assume that log(Yp) = a > 0. Recall that log(Y;,) = log(Yp) + > i, log(&;), where
{log(&;)} are ii.d. random variables. We are interested in the probability that the
random walk {log(Y;,)} will reach 0 [Gre80]. The following theorem can be found in
Chapter XII of [Fel71]. It is stated in terms of the Laplace transform F(u) of log(&;),

Flu)=E [e_“bg(fi)] .

Theorem 2.2.1. Suppose that there exists k= > 0 such that F(k) = 1 and F'(k) is
finite. For a > 0, let P(a) be the probability that the random walk {log(Yy)} ever

crosses level 0, that is,

Pla)=P {i%f{log(yn)} < o} —p {igf {Zlog(&)} < —a} .
=1

Then P(a) ~ Ce™"* as a — oo, for some constant C' > 0.

The above theorem tells us that for two strategies with different values of k, the one

with the larger k-value has a smaller probability of extinction, provided that the initial
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population size is sufficiently large. Among all strategies for which the parameter x
exists, the strategy that maximizes x minimizes the probability of extinction for a
large population.

Example 3: Assume that wq; = 1, we = 10 and p = 0.6. Then

F(k) = E [e—felog(fi)]
— peffilog(wuﬁ) + (1 . p)efﬁlog(wz(lfx))

= 0.6(z)"" +0.4(10(1 — z)) ",

By numerical computation we get that there exists x > 0 such that F' (k) = 1 and
F'(k) is finite when z € (0.25,0.88) at intervals of 0.01 and & is maximized when

z = 0.84.

Initial size is a constant

Recall that {log(;)} are i.i.d. random variables of two values log(w;x) and log(wa(1—

x)) with probability p and 1 — p respectively. Then the expectation of log(¢;) is
v = Ellog(&)] = plog(wiz) + (1 — p) log(wa(1 — z)),
and the variance is
o2 = Var(log(&)) = pllog(wiz) — )% + (1 — p)[log(wa(1 — z)) —~]>.

The central limit theorem implies that for each x € (0, 1),

log (%) —n 1 z ,
i N7 — —u?/2
nh_)r{.loP (02172 <z om)1/2 /_ e du, (2.2.13)

if 02 # 0. Then for large n the quantity log (%) behaves approximately as a Wiener
process W with mean v and variance 0. For such a Wiener process it is well known
[KT8I] that the probability of ever reaching zero starting from a positive wy is equal
to 1 if v < 0, and is exp(—2ywo/a?) if v > 0.

The convergence rate of the central limit theorem is of order n~'/2? [Hal82] for

0 < x < 1. The convergence rate is sufficiently fast that even on a short timescale
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the changes in the logarithmic population size can be accurately approximated as a
Wiener process W with constant infinitesimal mean v and infinitesimal variance o2.
Hence the extinction probability P(a) = P{inf,{log(Y,,)} < 0} can be accurately
approximated by exp(—2va/o?) if ¥ > 0 and P(a) = 1 if v <0.

Remark: Here we considered the one-dimensional model (2.2.1) of the popula-
tion size. Alternatively, we could consider the evolution of a two-type structured
population in fluctuating environment. For further detail, we refer to [TO80] and
[LOSS].

Example 4: Assume that ¢ = 2, w; = 1, we = 10 and p = 0.6. By numerical

computation we get that P(2) is minimized when x = 0.84 at intervals of 0.01.

2.2.4 The mean survival time conditioned on extinction

According to the central limit theorem, the probability distribution of the natural
logarithm of the population size asymptotically approaches a normal distribution.
The rate of approach to normality will be sufficiently fast that even for short times the
changes in logarithmic population size can be accurately approximated as a Wiener

process W with constant infinitesimal mean + and infinitesimal variance o2

As was shown in [LO8E|, when v # 0, the mean survival time conditioned on

extinction is

E[T|T < o] =a/|yl, (2.2.14)

where T' = inf{t > 0 | W(¢) <0} and W(0) = log(Yp) =a > 0.
We want to find the optimal allocation strategy to obtain the supremum of the

mean survival time conditioned on extinction, i.e.,

sup ET|T < o). (2.2.15)
{z€[0,1]]v(z)#0}

Example 5: Assume that wy = 1, we = 2 and p = 0.5. Then the optimal strategy
isz* =p=0.5.
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2.2.5 The discounted expected number of descendants

The discounted expected number of descendants is given by
7—1
> o,
n=0

where 7 = inf{n > 0| ¥, < 1} and « is a constant in the interval (0, 1] satisfying

E : (2.2.16)

amaxp<g<i(pwiz + (1 —plwa(l —x)) < 1.

In order to use dynamical programming, we rewrite the population process as
Yn+1 =Y, <w1x1{nn:1} + wg(l — (L‘)l{nnzg}), (2.2.17)

where {n,} are i.i.d. random variables of two values 1 and 2 with probability p and

1 — p respectively and

L (w) =1;
Lpa=1y(w) = .
0, otherwise.
Furthermore, we generalize the original process by assuming that the allocation prob-
ability to two phenotypes can change from one generation to the next generation, i.e.,

we replace x with x,. Then the generalized process evolves according to the equation
Yot = Yo (w10 L, 21y + w21 = @)1, ). (2.2.18)

Assume that Yy = yo > 1.

The problem is to determine the optimal allocation strategy that maximizes the
discounted expected number of descendants. It may be cast within the total cost,
infinite horizon framework, where we consider maximization instead of minimization
[Ber05]. The state space is the set I = [0,00) U{A}, where A is the termination state
to which the system moves with certainty from states in [0, 1] with corresponding
reward equal to 0. When Y,, € (1, 00), the system evolves according to (2.2.18). The
reward per stage when Y;, € (1,00) is Y,,. The control constraint set is U(y) = [0,1] =
C for all y € I. Given an initial state yp, we want to find a strategy m = {uo, 1, - },
where iy, : I — C, pn(yn) = xn € U(yyp), for all y, € I, n =0,1,---, that maximizes

the return function

Jr(yo) = E

> a"Ynl{Yn>1}] : (2.2.19)

n=0
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We denote by II the set of all admissible policies 7, i.e., the set of all sequences of

functions m = {uo, 1, -+ }, where pp, : I — C, up(yn) = xn, € U(yn), for all y, € I,

n=20,1,---. The optimal return function J* is defined by
J*(y) = max Jr(y), y € I. (2.2.20)
mell

An optimal strategy, for a given initial state y, is one that attains the optimal return
J*(y). A strategy of the form m = {yu, p,---} is referred to as a stationary strategy
p, and Jo—g, .3 (y) is denoted by Jy,(y). We say that p is optimal if J,(y) = J*(y)
for all states y.

The mapping 1" that defines the dynamic programming algorithm takes the form

maxo<z<1(y + a(pJ (ywiz) + (1 — p)J(ywa(l — 2)))), if y € (1,00),

T =4 if y € [0,1],

for any function J : (0,00) — [0, o0].
By applying Prop. 3.1.1 in [Ber05], the optimal return function J* satisfies Bell-

man’s equation.
Theorem 2.2.2. The optimal return function J* satisfies

T(y) = maxo<g<1(y + a(pJ* (ywiz) + (1 — p)J* (yw2(1 — 2)))), if y € (1,00),
0, if y € 10, 1].
Or, equivalently,

Jr=TJ".

We now give a characterization of an optimal stationary policy by Prop. 3.1.4 in

[Ber05]:

Theorem 2.2.3. A stationary policy p is optimal if and only if
TJ,=1T,Jy,

where

y + a(pJu(ywip(y)) + (1 — p)Ju(ywa(l — u(y)))), ify € (1,00),

T Ju(y) =
wluly) 0, ify €0,1].
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Example 6: Assume that wy = 1, wy = 10 and p = 0.6. Then for o < 0.25 the

optimal stationary policy p* is given by
p (y) =0, forall y € I. (2.2.21)

We will show that the strategy p* is indeed an optimal policy. To this end it is

sufficient to show that
TJ#* — T“*JH*.

In fact,

where c(a) = 2. Then

y + apdu (ywip*(y)) + (1 = p)Jp (yw2(1 — p*(y)))), ify € (1,00),

Ty (y) =
n 0, ify € [0,1],
) ey, ifye(1,00),
0, if y € [0, 1].
TJe(y) — maxo<gz<1(y + a(pJu(yurz) + (1 — p)Ju (ywe(1 — 2)))), ify € (1, 00),
' 0, ify € [0,1],
| clay, ity e (100,
0, if y € [0, 1].

Hence,

TJue = Ty .

Consequently, the stationary policy p* is optimal.
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2.3 Multitype Galton-Watson branching processes in ran-

dom environments

In this section, we consider the evolution of a structured population with demographic
and environmental stochasticity. The population is modeled as a multitype Galton-
Watson branching process in a random environment (MBPRE).

Assume that the type space is S = {1,2,--- ,d} and that {Z, = (Z},---,Z9 T}
defined on the probability space (€2, F, P) is a multitype Galton-Watson branching
process in a random environment introduced by Athreya and Karlin [AK70] [AK72al
[AK72b]. Assume that ¢ = (o, - ,Cpn, ) is the environmental sequence of the
process defined on the same probability space (€2, F, P). Throughout this section we
will assume that ( is stationary and ergodic. The left shift transformation is denoted
by 8. The expectation operator for P will be denoted by FE.

We propose a simple model III which is a combination of the simple model I and
the simple model II. By the convergence theorem of branching processes in random
environments the long-term growth rate of the population is characterized by the
largest Lyapunov exponent. The Random Perron-Frobenius theorem provides an al-
ternative expression for the largest Lyapunov exponent, which is used to deduce an
explicit formula of the largest Lyapunov exponent in the simple model III. The extinc-
tion probability can be approximated using a similar method of Wilkinson. Optimal
strategies that maximize the largest Lyapunov exponent and minimize the approxi-
mate extinction probability are obtained for the simple model III. For simplicity, we
consider the two-dimensional case. However, all results can be easily generalized to

the multi-dimensional case.

2.3.1 Simple model III

Consider the following simple model of a structured population of annual organisms
living in a random environment. The state of the environment in each year is an

independent random variable with 2 states, that is, the environmental states {(;} are
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i.i.d. and for each [, (; has two states y; and ys that occur with probabilities p; and ps
respectively. All individuals encounter exactly the same environment in a given year.
At the beginning of its development, each organism has to make a developmental
decision between two possible phenotypes, each of which is best adapted to one of the

two environments. The organisms fitness is given by the following matrix:

Phenotype 1 Phenotype 2
Environment 1 w11 w19 ,

Environment 2 wa1 W99

where w;; > 0. These organisms will be selected to hedge their bets during their
development, developing into phenotypes 1,2 with positive probabilities x; and x9
respectively. An organism of phenotype ¢ in environment k will die with probability
dy; leaving no offspring and survive with probability 1 — di; producing cg; offspring,
where 0 < d; < 1 and ¢; are positive integers.

We model the evolution of the population by using a multitype Galton-Watson
branching process in a random environment. Here S = {1,2} is the type space for
the phenotype and for the environment. For i,k € S, the fitness of an organism of
phenotype ¢ in environment k is wg; = E|[||Z1])1 | Zo = €;, (0 = yx]. And for i,k € S,

the offspring distribution p,(f) of an organism of type ¢ in environment k is as follows:

d]ﬂ', ny =ng = O;
i Cki
1
P;(g)(m, ng) =4 (1 —di) z'wy?, ni 4 ng = c;
ni
0, else.

\

(4)

The corresponding multi-variant probability generating function of p,~ is
¢1(;)(S17 52) = dpi+ (1 —dg;) (5171 + 52(1 — 22)) .
2.3.2 The growth rate
The growth rate is defined as
1 - o
lim —log||Zy||1, a.s. conditioned on non-extinction. (2.3.1)
n—o0o N
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Tanny [Tan81] showed that the growth rate is equal to the largest Lyapunov exponent.
First of all, we give some notations. Define M (0"w) = [m;((6"w)o)]i jes to be the
matrix of expected numbers of progeny conditioned on the environmental sequence
w = (Wo," -+ ,wWn, ). Specially, m;;((6"w)o) = msj(wn) = E[ZZJrl | Z,, = €;,( = w]
is the expected number of progeny of type j produced from an individual of type ¢ in
generation n with the environment w,. We will throughout assume that the random
variable M takes values in M, where M is the semigroup of positive d x d matrices
(a matrix M = [my;] is positive, in symbols M > 0, if m;; > 0 for all 1 <4, j < d).
It is well-known [AKT0][AKT72a][AK72b] that

E[Z) | ¢ =w,Zo) = Zg M(w) --- M(0" 'w).
Then it is important to study the matrix cocycle as in [FK60],
U, (w) = M(w)--- M 'w), n €N, (2.3.2)

over 6 generated by the random variable M: Q — M.
As is shown in the following theorem by Tanny [Tan81], the largest Lyapunov
exponent A := lim,_, %log |I¥,,|| is the potential long-term growth rate of the total

population, where || - || denotes the norm of a matrix.

Theorem 2.3.1. Let Z, be an MBPRE with ( stationary and ergodic and M taking
values in M. Assume that E[log™ ||[M||] < oo, where logty denotes max{logy, 0}
fory > 0. Then the following holds:

(i) If X < 0, the population will become extinct with probability 1.

(i) If X > 0, there exists a positive probability that the population never becomes
extinct. Furthermore, conditioned on survival, the growth rate is, with probability 1,

given by lim,, s % log || Z,]1 = .

Usually, it is difficult to calculate the largest Lyapunov exponent A explicitly. How-
ever, the following random Perron-Frobenius theorem [AGD94] provides an alterna-

tive expression of A\. Put for M > 0,

a= min m;;, A= max m;;.
1<ij<d 1<i,j<d
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Theorem 2.3.2 (Random Perron-Frobenius Theorem). Consider the product of pos-

itive random matrices (2.3.2) and assume that
1
log™ = € L'(P) and log" A € L'(P),
a

where L' (P) denotes the class of all measurable functions f : @ — R with [, | f(w)|P(dw) <
00. Then there is a 0-invariant set @ C Q of full P-measure on which the following
holds:

(i) There exist a unique positive random unit vector | and a positive random scalar p

with log p € L' (P) such that
H(w) " M(w) = p(w)l(0w) .
(ii) A = Elog p.

Now we explore the solution to the allocation problem w.r.t. the growth rate in

the simple model TII. Recall that mg;(k) = E[Z] | Zo = ei,Co = y)-
Lemma 2.3.1. m;;(k) = wg;x;.

Proof. The result follows from the definitions of wy; and z; and the properties of the

binomial distribution. O

Lemma 2.3.2. For each k, the conditional mean matriz M (k) = [mi;(k))ijes is
a rank one matriz and its dominant eigenvalue is given by pr = ) ;g WkiT; with

corresponding left eigenvector | = (1, x2).
Proof. The result follows from properties of rank one matrix. O

Lemma 2.3.3. A = Elogp =, .gpPrlog(d ;cq wrizi).

Proof. The result follows from properties of the product measure on the product

space. ]

Remark 1: Dombry, Mazza and Bansaye [DMB09] used a multitype branching

process in a random environment to model the population growth and looked for the
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optimal type allocation strategy that maximizes the net growth rate. They character-
ized the net growth rate as lim, o0 1 log E[||Zy|1 | (] a.s.. In our example, under the
assumption that w;; > 0 for each 4,j € S, z3, > 0 for k € S and ( is i.i.d, it is obvious
that lim, e L1og E[||Zn]l1 | ¢] = limpyeo 2108 [|Znlli = 3 pes Pr10g(Ycq Wiit:)
a.s.. However, these two characterizations of the growth rate are not always the
same. For example, when wiy = w1 = 0 and wy; > 0, waz > 0, Prop. 1 in [DMBO09)
shows that lim,,— o % log E[||Zy]|1 | ¢] = p1logwiizi + palogwaszs a.s. while in our
work the largest Lyapunov exponent A := lim,_,o % log || ¥, ||= —oo and the relation
between A and lim, o 2 log||Z, |1 is unsolved.

Remark 2: Similarly as in the simple model I, there are also two extreme cases of
the simple model III corresponding to x; = 1 respectively. The extreme cases can be
modeled by ith-type one-dimensional branching process in a random environment. As-
sume that w;; > 0 for 4,5 € S, then the expression A = >, ¢ prlog(d_;cq wriz;) still
holds when x; = 1. So we want to find the strategy that maximizes ), - ¢ pr log(} ;e g wriz:)
subject to the constraints that the fractional investments in the various phenotypes

sum to one, i.e. >, gx; = 1 with 2; > 0.
Example 7: Let the fitness matrix be given by | Z , where 1 < b < a. Let
the probability of environment 1 be given by p. Then the growth rate is
AMz) = ploglaz + (1 — x)] + (1 — p) log[z + b(1 — z)], (2.3.3)

for 0 <z < 1. By a direct calculation, we get the choice of x*(p) that maximizes the

growth rate given the probability p of environment 1 is :

(ab—1)—(b—1)  p—1 (b-1).
£ ?a—l)(b—l) s aT <P < T
z*(p) =4 0, 0<p< =L (2.3.4)
L, -l <p<i.

2.3.3 The extinction probability

Let Z,, be a two-type branching process in an i.i.d. random environment with two
states. Let T denote the set of all two-dimensional vectors whose components are

non-negative integers.
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Definition 2.3.1. For C > 1 and N a positive integer, let M(C,N) be a class of
2 X 2 non-negative, finite matrices such that if M; € M(C,N) fori=1,--- N and
M = MiMs--- My, then

(a) M is positive and

(b) 1 < [max; ; M (i, j)]/[min; ; M (i, j)] < C < 0.

Definition 2.3.2. Fora € T, let q(a) denote the extinction probability of the MBPRE
given that Zy = a; that is,

q(a) = P{Z,, =0 for some n| Zy = a}.

Definition 2.3.3. Consider the discrete parameter vector Markov process X, taking

values in [0,1)% and defined as follows: for arbitrary, but fized s € [0, 1]?,

X():S,

Xn+l = ¢(Cn7Xn)7

where ¢ = (¢, ) is the multivariate probability generating functions (mpgf) of
offspring distribution. The stochastic process X,, will be called the dual process asso-

ciated with the MBPRE.

Since the dual process takes only values in the unit square-cube, X,, converges in
distribution to some random vector X as n — oco. Further, X takes only values in

[0,1]? and

2
gla)=E |[[ X" | = E[X?, acT.
j=1

We count the set T along the diagonal, i.e., T = {(0,0),(1,0),(0,1),(2,0),(1,1),(0,2),---},
renumber them as {0, 1,2,3,4,5,--}. Denote ¢q(a) as ¢; withi = 14+2+---+]|al[1 +a2
and write P = P{Z; = b | Zo = a} with k = 1 + 2+ --- + |b|}; + by and
i=14+2+ -+ a1 + az.

It is easily seen that the sequence g1, qo, - - - of extinction probabilities satisfies the
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following system of equations [Wil69]

0= B0+ P+ Yy 4

)

+PVg, +
G = Pé2) _|_P1(2)q1 +P2(2)q2+---+P7§2)qn+ cee

)

qn:Pé”)+ 1(”)q1+ 2(”)q2+...+P7g”)qn_|_...’

Suppose we write the first n equations from above as follows:

o =P+ P+ Pgo + o4 PVgn + o),
=P+ PP+ PP ge o PPgo + e,

an =B + P qu+ P o+ 4 PMgy + .

We write
Pl(l) P2(1) qul)
P1(2) P2(2) P£2)
A, =

Write qn = (1,42, +qn) ", Pn = (Po(l),PO(Q), e 7Po(n))—'—, and ¢, = (csll),cslz) 767(171))1"

Y

Then the above equation can be written

(I—An)an =Py + Cn; (2.3.5)
where I is the identity matrix.

Theorem 2.3.3. Suppose the environmental random variable {(,} takes only finitely
many states. Further, suppose that the conditional mean matriz {M((,)} takes only
values in some space M(C, N). Suppose that the largest Lyapunov exponent satisfies
X > 0. Suppose that the mpgf of conditional offspring distribution satisfies ¢¢,(s) > 0
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for some state of (. Let {7;}jen be a decreasing sequence of real numbers tending to
zero. Suppose that
q(a) < Yay,, foraeT.

Then for each n =2+ 3+ ---+ (||la|l1 + 1), the vector q, of extinction probabilities

satisfies the inequality
(I— An) 'pr < an < (I— A) 'Pa + Yja+11- (2.3.6)

Proof. We follow the proof of Theorem 2.1 in [Wil69]. Since ¢, (s) > 0 for some state
of (,, we have Pék) >0forallk =1,2,--- ,n, and it follows that A,, is a non-negative
matrix whose row sums are all less than 1. From the theory of non-negative matrices,
it follows that A, has a real non-negative eigenvalue p,, such that no eigenvalue of A,
has modulus exceeding p,. Further, if s, and S,, denote respectively the minimum

and maximum row sums of A, then

5n<pn§5na

and, since 5, < 1, we have p, < 1.
Since p, < 1, it follows that [T — A,| # 0. Hence (I — A,)~! exists for all n, and
furthermore

(pI—A,)"t >0, for p > p.
In particular, therefore, (I — A,,)~! > 0. We thus obtain
an = (I - An)_l[pn + cn]'

From
q(a) < Yjall,»

it follows that for n =24 --- + ||al|; and for i = 1,--- ,n,

o) < Apapia(1- 3 PY)
r=0

< Yjafi+1 (1 - Zn:Pr(i))
r=1

= '7\\a||1+1r7(1i)
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where r,(f), is the ith row sum of (I — A,,).

Since (I — A,,)~! is a non-negative matrix, and ¢, is a non-negative vector,

(1= A) P < a0 < (1= A) [P+ Yjafy 182 (237)

where r,, = (7’7(11),7’»512), e ,r,(Ln))T. But r, = (I— A,)1, so we get
I-An) 'Pn<an < T—-A) 'Pp+ Vo111 (2.3.8)
O

Corollary 2.3.1. Suppose the mpgf <;57(~i)(s), i,7 = 1,2 are all such that for some
v <1,
o\ (s,5) < s, fors>r. (2.3.9)

Then forn=2+34---+ (lall1 + 1),
(I—A,) 'pp<qn < (I— A,) 'p, +4l2l+11, (2.3.10)
Proof.
qla) = E[X?]
= lim E[X? | Xy = 0]

n—oo

IN

lim E[X5 | Xo = (v,7)]

n—oo

lalls

IN

O]

Remark: Bourgin and Cogburn deduced an error estimate of the approximate
extinction probability in the case that the branching chain is one-dimensional and the
environmental process is a two-state Markov chain, see (Theorem 7, [BC81]). A direct
generalization of their result to two-dimensional branching chain is the following. Let
q(r,a) be the extinction probability of the process started at (r,a) and ¢(™(r,a) be
the approximation of ¢(r,a) forn € {24+ 3+ ---+ (|lajl1 +1) | a € T\ {0}}. Let
qﬁ@ (s) denote the probability generating function for the offspring distribution of a
single particle of type ¢ in environment r and 77(~i) denote the smallest solution of

y)(s,s) =s.
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Theorem 2.3.4. If v = max {%1)7%2)77;1)’752)} < 1, then q(r,a) < ¢p(v,7)? =
D@6 (1,7)% and 8, = [lg— g™ <A1, forn = 2434+ (afl1 +1).

1.8 1.5
Example 8: Let the fitness matrix be given by and the probability

1.5 1.6
of environment 1 be given by p = 0.28. The mpgf are

7(8) = 0.140.9(s17 + s2(1 — x))?
@(s) = 0.25+0.75(s12 + s2(1 — x))>
D(s) = 0.25+0.75(s12 + s2(1 — 7))?
Ps) = 02+08(s1z + sp(1 — )%

We want to find the optimal = that minimizes (I — A,) " 'p,. By numerical com-

putation, we find that =g ~ 0.45 (while z$"" ~ 0.88).
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Chapter 3

Variational characterization

In this chapter we develop a variational principle for models that are described by
multitype Galton-Watson branching processes. We take the point of view of individ-
ual lineages through time, their ancestry and genealogy. First of all, the asymptotic
properties of the branching process forward in time are, to a large extent, determined
by the principle eigenvalue p of the mean matrix M, the associated right eigenvector
u and left eigenvector v (Theorem 3.1.2). We introduce the retrospective process and
identify it with the mutation process describing the type evolution along typical lin-
eages of the branching process (Theorem 3.2.1). Furthermore, the asymptotic growth
rate log p of the branching process satisfies a variational principle and the distribu-
tion of the retrospective process is the unique equilibrium state for the variational

characterization (Theorem 3.3.1).

3.1 The asymptotic properties

In this section, we use the same notations for multitype Galton-Watson branching
processes as in section 2.1. Let the type space be given by S = {1,---,d}. Let
{Z, = (Z},--- ,Z) T} denote a d-type Galton-Watson branching process where Z/
stands for the size of type ¢ individuals in generation n with ¢ = 1,---  d. Define
M = (myj)ijes to be the matrix of expected numbers of progeny. We will assume

throughout that the mean matrix M of the branching process is positive (i.e. each
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component satisfies m;; > 0). Note that we make a stronger assumption on M than
that in section 2.1. Perron-Frobenius theory then tells us that M has a principal
eigenvalue p and associated positive right and left eigenvectors v and v which will be
normalized so that (u,v) =1 and (v,1) = 1. We will further assume that p > 1, i.e.,
the branching process is supercritical. Write A = log p.

The Kesten-Stigum theorem ([KS66],JANT2|) says the following:

Theorem 3.1.1. There is a scalar random variable W such that

Zn
lim — =Wv a.s. (3.1.1)
n—oo P
and P{W >0} > 0 iff
E'[Z log Z] < oo for all 1 <i,j <d. (3.1.2)
When (3.1.2) holds,
E'W]=w, i=1,---,d. (3.1.3)

Remark: The Kesten-Stigum theorem also holds for one-type Galton-Watson
branching processes in random environments. However, a generalization to multi-
type Galton-Watson branching processes in random environments is not known.

The asymptotic properties of the branching process forward in time are, to a large
extent, determined by p, u and v. As is shown in the following theorem, log p is equal
to the growth rate of the population size, u is a measure of the relative contribution
made to the stationary population by each type, and v is the stationary composition

of the population.

Theorem 3.1.2. Assume EZ[Z?l log Zyl] < oo, forall1 <i,j <d. Then

1
lim —log||Z,||1 =logp = A, a.s. conditioned on non-extinction, (3.1.4)
n—oo n
E'||Z
lim M =y, foralll <i,j<d, and (3.1.5)
n—oo pm
lim =0, a.s. conditioned on non-extinction. (3.1.6)

n=o0 || Zn[y
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Proof. By the Kesten-Stigum theorem, conditioned on non-extinction,
o1
lim — log ||Z |1
n—oo n
1 n
= [lim —log(p" (v, )W)
1
= logp+ lim —logW
n—oo N
= logp.

Similarly,

Ei
Bz
n—00 pn

= (v, )E'[W]

=  Uj.

As is shown in Theorem 2 of [KLP97],

lim LB
n—=00 [|Zy|1

3.2 The retrospective process

We consider the type process along a representative line of the multitype Galton-
Watson branching process with positive mean matrix M. Specially, the so-called
retrospective process ([Jag89],[Jag92],|[GB03]), defined below, plays an important role

in the description of the equilibrium state for the variational characterization.

Definition 3.2.1. The retrospective process {ny,} is an S-valued Markov chain with

transition matriz G whose ijth component is given by g;; = % and corresponding

stationary distribution o whose ith component is equal to o; = u;v;.

The retrospective process was introduced by Jagers ([Jag89], p.195) and may be
interpreted as the forward version of the backward Markov chain ([JN96], Proposition
1) that results from picking individuals randomly from the stationary type distribu-

tion v and following their lines of descent backward in time. As observed by Jagers
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([Jag92], Corollary 1), and Jagers and Nerman ([JN9G], Proposition 1), the probabil-
ity vector « describes the distribution of ancestral types of an equilibrium population
with type frequencies given by v.

Let ¥ = S%+ be trajectory space of the stationary doubly infinite retrospective
process. And let o be a shift map on ¥. Then {n,} may be viewed as a stationary
ergodic process with o-invariant measure p whose finite dimensional distribution is
given by pu(nj = i, ,Njtn = in) = Qi | [pey Gir_1ip- Our result below shed some
light on the significance of the distribution g of the doubly infinite retrospective
process. To state this result we need some preparations.

We start with a description of the multitype Galton-Watson family tree according
to ([Har63], Chapter VI) and [GB03]. Let X = |J,5( Xy, where X;, describes the
virtual nth generation. That is, Xg = 5, and iy € Xq specifies the type of the
root, i.e. the founding ancestor. Next, X; = S x N, and the element z = (i1;{1) €
X is the [;th child of type ¢; of the root. Finally, for n > 1, X, = S" x N”,
and x = (i1, - ,in;l1, - ,1p) € X, is the [,th child of type i, of its parent & =
(i1, yin—13l1,- -+ ,ln—1). We write t(z) = iy for the type of z € X,,. With each
z € X we associate its random offspring N, = [N, j]jes € Z< with distribution p*®
such that the family {N, : € X} is independent. The random variables IV, indicate
which of the virtual individuals © € X are actually realized, namely those in the

random set X = Unzo X, defined recursively by
XO = ’io, X, = {l‘ = (i‘,Zn,ln) eX,: 1€ anlaln < Njﬂ;n},

where ig is the prescribed type of the root. The family tree is completely determined
by the process { X, }n>0. We write P for the distribution of {X,,},>0 and E* for the
associated expectation, when the type of the root is ig = ¢. The branching process

refers to the counting measures

Z, = Z 6t(x)7

xGXn

on S, where §; is the Dirac measure at 1.

We then introduce the time-averaged type evolution process of an individual in the
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population tree. For n > 0 and x € X, let t(x)y, per € X be defined by
t2)n, per(m) = t(x(my)), m € Z,

where m,, is the unique integer in {0,1,--- ,n — 1} with m = m,, mod n, and z(m,,)
is the unique ancestor of z living at time m,,. The time-averaged type evolution of x

is then described by the empirical type evolution process

n—1
1
Ry = - E_:O(Samt(x)"’ per € Po(2),

where P, (X) is the set of all probability measures on ¥ which are invariant under the
shift o.

We are interested in the typical behavior of R when x is picked at random from
the population X, at time n. This is captured in the empirical distribution of the

mapping z — RZ from X,, to P,(X), i.e. the population average

1
Tpi= —— 5 6,
Sl

where | X,,| denotes the total size of the population at time n and | X,,| = ||Z,||;. This
definition requires that X,, # (). The population average I, is a random element of
the set P(P,(X)) of all probability measures on the space P, (). Then the theorem

below identifies the process describing the type evolution along typical lineages.

Theorem 3.2.1. Let A >0 and i€ S. Then

lim I'y, = 4, P'-almost surely conditioned on survival,
n—oo

where p € Py(X) is the distribution of the stationary doubly infinite retrospective
process {n,} .

Remark: Georgii and Baake |[GB03] proved this result for multitype Markov
branching processes in continuous time. We show the discrete-time version here.
A crucial ingredient in the proof is a representation of the family tree in terms of a

size-biased tree with trunk (with the retrospective process running along the trunk).
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The size-biased tree {X,,}n>0 was introduced by Lyons et al. [LPP95] and Kurtz et
al. [KLP97], and it is constructed as follows: Set the size-biased offspring distribution

i o= el
puU;
where (k,u) = >, kju;. Start with one individual § of type i. Generate offspring
according to the distribution ﬁi. Pick one of these offspring &; as the successor on
the trunk, with children being picked with probability proportional to u; when their
type is j. The successor &1 gets an independent number of offspring according to the
probability ﬁ{( if its type is j, while the other children that do not belong to the trunk
get ordinary descendant trees. Again, pick one of the offspring of & as a further
successor of the trunk, call it &, and give the others ordinary descendant trees, and
so on. Define the measure Pj as the joint distribution of the random sized-biased tree
{Xn}nZO and the random trunk (&p, &1, &2, ), and Pt for its marginal on the space
of trees. Note that the type process along the trunk, 7, = t(§,), is a copy of the
retrospective process. The lemma below establishes the relationship between P?, f’j,
and the retrospective process. We use the shorthand y[0, n] for a path (yo,y1,- - ,Yn)
and for any = € X,,, the path z[0,n] denotes the path starting from the root, not

backtracking, through x. Denote Bf(X) for the set of all finite subset of X.

Lemma 3.2.1. Let n >0 and i € S, and let F : Bp(X)" ™! x X"t — [0, 00) be any

measurable function. Then we have

Fri o Lo
EL[P(X[0,0],€00.0])| = ——B" | >~ F(X[0,n],[0, n])uy
p v meXn
Proof. The result follows from the measure change in [KLP97]. O

Another ingredient is the Donsker-Varadhan large deviation principle for the ret-

rospective process [Var88|[DS89]. For every v € P, (%), let

Hg(v) = sup h(V(o,n); Vio,n—1) @n G)

be the process-level large deviation rate function for the retrospective process with

transition matrix G. In the above, v, is the restriction of v to the sequence [0, n],
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V[o,n—1] ®n G is the product of the measure vjg,, 1) and the transition kernel G, and

h(V(o,n); V[o,n—1] ®@n G) is their relative entropy. See ([DS89], Equation 4.4.11).

Lemma 3.2.2. For the empirical type evolution process of the retrospective process

RfL, we have fori € S and closed F C P,(%),

. 1 5 .
hmsupﬁlong {Rﬁ € F} < —I}Ielgﬂg(u),

n—o0

while, for open O C Py(X),

1 o
lim inf - log P {R,ﬁ € 0} > inf He(v).
veO

n—oo N
Moreover, the function Hg is lower semicontinuous with compact level sets and attains

its minimum 0 precisely at p.

These two ingredients together imply a large deviation principle for the typical type

evolution along the surviving lineages in the tree as follows.

Lemma 3.2.3. For the empirical type evolution process R:, we have for i € S and

closed F C Py(%),

1 4
lim sup — log E*

n—oo N

> 1{RﬁeF}] <A-— ;22 Ha(v),
zeXy,

while, for open O C Py(¥),

EZX 1{R£€O}] > A= l}g;f)H(;(V)

1 .
lim inf — log E*
n—oo N
Moreover, the function Hg is lower semicontinuous with compact level sets and attains
its minimum 0 precisely at p.
Proof. In view of Lemma 3.2.1, for every closed F' C P,(X) we have

Z Yrzery

{L‘EXn
. .
= il Bl L cpytich,)
n —1pi &
< up I?eaéiuj P, {Rn € F} .

E'L’
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Then applying Lemma 3.2.2, we get

lim sup — log E!

n—oo N

Z 1{R56F}] < A — inf Hg(v).

veF
zeXy

Similarly, for every open O C P,(X)

1 .
liminf — log E*

n—oo n

> 1{R£EO}] > A~ inf He(v).

reEX,

We are now ready for the proof of Theorem 3.2.1.

Proof of Theorem 3.2.1. Let d be a metric on P,(X). For any fixed £ > 0, we consider
the set C = {v € Py(X) : d(v,pn) > €}, which is the complement of the open e-
neighborhood of p. Since C' is closed and Hg has compact level sets and attains its
minimum 0 only at u, the infimum c¢ := inf,cc Hg(v) is strictly positive. We can
therefore choose a constant v such that A — ¢ < logy < A. Then we write

1
| X, Z Lrzecy

n xEX,

" —n
<\Xn!> (7 ) 1{R£€C}>
xEXn

and show that each factor tends to 0 almost surely conditioned on survival.

On the one hand, by Lemma 3 and 4 in [KLP97],

o |
lim — Z | X(z,n+1)] = E’[| X1]] a.s
n:}cEX%

where | X (x,n + 1)| denotes the size of descendants of x living at time n + 1. Then,

|Xn+1’ _
Xl - ZHz 7 2 e

reXj,

— Y o E|X]
jes
fr p f— eA’
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o . . n o .
as n — oo a.s. conditioned on survival. Hence &—‘ ~ (%)” — 0 a.s. conditioned on
n
survival.

On the other hand, we obtain for any a > 0 that

1 :
lim sup — log P* {*y_n Z Lpeecy 2 a}

n—oo n .”,EEXn
: 1 7 -n

< limsup —log E* |~ E Lirzecy
n—oo M eX "

< —logy+A—c<O.

Then Y, P4y Y, cx, 1{rzect > a} < oo and Borel-Cantelli lemma [Kal01] shows
that v7" > cx. l{rzecy — 0 asn — oo as.

Hence, P'-a.s. conditioned on survival, I';,(F') — 0 for each closed F' C P,(X) with
w & F. According to the portmanteau theorem ([EK86], Theorem 3.1), lim,, oo I'y, =

0, P'-a.s. conditioned on survival. ]

3.3 Variational characterization of the growth rate

Let h, (o) denote the Kolmogorov-Sinai entropy for the shift o with respect to v €
P (2). The entropy of the stationary retrospective process can be computed as follows

(cf. 4.27 in [Wal82] or example 5 on page 136 in [Jos05]).

Lemma 3.3.1. The Kolmogorov-Sinai entropy of the retrospective process {ny,} is

hu(o) ==Y aigijlog gij.
1,jES
As is in [Dem83|, the quantity h, (o) describes the rate of increase of the number
of typical genealogies. Roughly speaking h,(c) corresponds to the total number of
reproductives in the population. Let [n,] denote the sequence {ng, 1, ,7n}. Then

—1
p([nn]) = Qg HZ::O I 1y @8-

Lemma 3.3.2.

lim —llogu([nn]) = hu(0), a.s.

n—oo n
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Proof. By the ergodic theorem [Kal01], we have

lim — > log 1([1n])

n—oo N

' 1 n—1
= nh_}n(:o—ﬁ <log Qpy + kzologgnknk+1>

= —E[log gnon,]

= - Z @igi; 10g gij
ijes

= hu(o), as.

O

If the population is sufficiently large and will survives forever, then the law of large
number theory tells us that the population can be approximated by the deterministic
dynamics E[Z, ;] = E[Z,})]M. Consequently, the shift on X, which is only concerned
with the genealogical history of living individuals in the population, corresponds to
the asymptotic dynamics defined by the matrix M. Motivated by this fact, we define
a potential function s (?) := log mj,;,, for any sequence ieX. Furthermore, define

-

the reproductive potential with respect to v € Py(X) as @, (M) =[5, log myy, dv (z)

Lemma 3.3.3. The reproductive potential of {n,} is
D, (M) = Z a;gij logmg;.
i,j€S
Proof. The result follows immediately from the finite dimensional distribution of .

O]

Then the growth rate A := log p of the branching process, the entropy h, (o) of the
retrospective process and reproductive potential ®,(M) of the retrospective process

satisfies the following relation.

Lemma 3.3.4.
A= hyu(o)+@,(M).
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Proof. By Lemma 3.3.1 and Lemma 3.3.3, we have

hyu(0) + @,.(M)

= =Y aigiloggij + Y aigijlogmy;

i,j€S 1,jES
= = 2 cugylos = D augiylogm;
i,jES pi i,jES
€S JES JES \ieS
= M+ Zai log u; — Zaj log u;
ies jes
= A

O

By invoking the thermodynamic formalism described in [Rue78] and following the
proof of Theorem 4.3 in [AGD94], we will show that the asymptotic growth rate of
the branching process satisfies a variational principle which is formally analogous to

the minimization of the free energy in statistical mechanics.

Theorem 3.3.1. The growth rate A of the branching process satisfies an extremal
principle:

A= sup {hu(g) + (I)V(M>}
VEP,(X)

and the distribution p of the retrospective process is the unique measure of Py(X) such

that
A= hy(o)+ @,(M).

For the proof we will need the following simple information theory result.

Lemma 3.3.5. If (p1, -+ ,pq) and (q1,- -+ ,qq) are two probability vectors and p; > 0
for 1 <1 <d, then

d d
> gilogpi — > qiloggi <0
=1 =1

with equality if and only if p; = q; for 1 <i <d.
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Proof of Theorem 3.5.1. For v € P,(X), choose

j = -
ail

and

0 (1) = B [xe, 1o B)] (7)),

where E,, [- | o7 }(B(X))] denotes the conditional expectation w.r.t. o~ (B(X)), C; :=
{fe Y |ip = j} and y¢ denotes the characteristic function corresponding to a set C.

Then we deduce from the Lemma 3.3.5 by integration that

(50 @ () - [ o @wan (o) <o
On the one hand, it follows that
/E; qj (Z) log pj (Z) dv (Z)
:/Zammfwmﬂmgﬁﬁwa
Z/Xc log Jg]”dy()

11

= Z/ loggj,ildl/ z
i G

— ®,(0) -
On the other hand, we have
[0 @)ma (el
-/ 3 5 e, o) (7) 1oa B0 [xc, | o~ (B(2)] dv (7)
-/ Zxc )10z 5, [xc, | o~ (B(2)] dv (7)
— ho)

Hence, we obtain that

A > hy(o) + @, (M). (3.3.1)

o8



—)

The equality in (3.3.1) holds if and only if p; (z) =gqj (f) v—a.s. This condition is

equivalent to

/Ef (Z) %dy (2’) - /Ef (Z) E, [xo, | o7 (B())] (Z) dv (Z)

for all B(X)— measurable functions f. If we choose in particular f = XClay,- an» Where
Cay,oap = {;G Ylipt=ay, - ip = an}, then we obtain the condition
ajg;
V(Cjﬂlf" 70471) = MV(CM,-" 7an)
Qa,
By iteration this yields that
V(Cjar,an) = ¥Gjar ** Yan—ran-
Hence the resulting measure is equal to pu. ]
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Chapter 4

Continuous approximation

In this chapter, we firstly construct a multitype Markov branching process in a random
environment (Proposition 4.1.1). When conditioned on the random environment, we
deduce the Kolmogorov equations and the mean matrix for the conditioned branch-
ing process (Proposition 4.2.1-4.2.3). Then we introduce a parallel mutation-selection
Markov branching process in a random environment and analyze its instability prop-
erty (Theorem 4.3.2). Finally, we deduce a weak convergence result for a sequence
of the parallel Markov branching processes in random environments (Theorem 4.4.1)

and give examples for applications.

4.1 Multitype Markov branching processes in random

environments

In the multitype Galton-Watson branching process the lifetime of each individual was
one unit of time. A natural generalization is to allow these lifetimes to be random
variables. Instead of the discrete time multitype Galton-Watson branching process
in a random environment, now we consider a continuous time multitype Markov
branching process in a random environment, denoted by {Z(t) };>0. We postulate that
when conditioned on the random environment, {Z(t) }+>o behaves as a continuous time

non-homogeneous vector-valued Markov branching process. Processes of this type are
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discussed in Chap. 5 of [Har63] and the references therein. However, a generalization
to multitype Markov branching processes in random environments is not known. We

will give a description and construction of such processes.

Firstly, we give some notations. Let (2, F, P, {F; }+>0) be a complete filtered proba-
bility space. Let E denote the expectation operator for P. Let the type space be given
by S ={1,---,d}. Let {Z(t) = (Z'(t), -, Z%t)) " }s>0 denote a multitype Markov
branching process in a random environment defined on (2, F, P), where Z'(t) stands
for the number of individuals of type i at time ¢ for i € S. Assume Z(0) is non-
random. Let {n(t)};>0 denote the environmental process of the Markov branching

process defined on (92, F, P).

Due to the random environment, both the rate of splitting 2D and offspring distri-
bution {pgZ )}VGZi of an individual of type @ are measurable functions of the environ-
mental process {n(t)}i>0, where Z% = {n = (n1, -+ ,nq)" | n; nonnegative integer}.
Hence they are themselves stochastic processes on (2, F, P). For each ¢ > 0 and
we QA0 (t,w) denotes the rate of splitting of an individual of type i at time ¢ under
a realization w, i.e., an individual of type i has a probability A®) (¢, w)At 4 o(At) of
dying in the interval (¢,t + At) under a realization w. For each ¢ > 0 and w € ,
{pg) (taw)}yeZ‘}r denotes the offspring distribution of an individual of type 7 at time
t under a realization w. Define the splitting intensities of the branching process as
Agi)(t,w) = A(i)(t,w)pg)(t,w), fori € S and v € Z4. Note that Agyi) for i € S and
v e Zﬁlr are themselves nonnegative stochastic processes defined on (2, F, P). It is
customary to only consider splitting intensities with Ag) =0 for each i € S, i.e., we

omit the possibility of a death of an individual followed by replacement by itself since

this represents no change in the situation because of the lack of dependence on age.

Write Z4 = Uses{n—ei | n € Z%}, where e; is a column vector with ith component

equal to 1 and others 0. For each a € Z%, we write A, = (A&llel, ‘e ,Ang)rEd)T, and
Ao Z =73 s A(()flej Zi. Write A = {A,, @ € Z¢}. We want that the conditional

transition probability of the process Z(t) in an instant time interval (¢,¢ 4+ At) is

t+At
P{Z(t+ Al —Z(t) =a | F} = E[/ Aa(s) - Z(s)ds ‘ F| +o(an.  (411)
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That is, when conditioned on the environment, we want A(()flei (t)At to be the proba-
bility that a given individual of type ¢ dies and is replaced by « + e; offsprings in an
instant time interval (¢,¢+ At). This implies the branching property which says that
all individuals living at the same moment behave independently of one another when
conditioned on the environment.
By employing the technique used in ([EK86], Chap. 6.4), the Markov branching
process Z(t) is constructed as the solution of
Z(t) = Z(0)+ ) _ aY, </t Ao (s) - Z(s)ds> : (4.1.2)
a€Zd 0
where {Y,, a € 21}, are independent standard Poisson processes defined on (2, F, P),
independent of the A. It is shown in the following proposition that the solution of

(4.1.2) exists and is unique and satisfies the transition property (4.1.1).

Proposition 4.1.1. Assume
t
H Z a/ Agiei(s)dsHl < 00 a.s. forallt >0 and eachi € S. (4.1.3)
acZd 0
Then
(i) The solution of (4.1.2) exists for all the time and is unique a.s.

(ii) The solution of (4.1.2) satisfies (4.1.1).

We will show the uniqueness of the solution of (4.1.2) by Gronwall’s inequality. For

convenience, we state Gronwall’s inequality in the following lemma.

Lemma 4.1.1. Let I denote an interval of the real line of the form [a,00) or |a,b]
or [a,b) with a <b. Let B and u be measurable functions defined on I and let yu be a
locally finite measure on the Borel o-algebra of I (we need p(la,t]) < oo for all t in

I). Assume that u is integrable with respect to u in the sense that

/ lu(s)|p(ds) < oo, t €T,

and that u satisfies the integral inequality

u(t) < B(t) —I—/ u(s)pu(ds), tel.

[a,t)
If, in addition,
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e the function B is non-negative

e or the function t — p(la,t]) is continuous for t in I and the function 3 is

integrable with respect to u in the sense that
t
[ 1Bl utas) < o, ter,
a
then u satisfies Gronwall’s inequality

u(t) < B(t) + B(s) exp(p(Ls,t)) u(ds)

[a,t)

for allt in I, where I, denotes to open interval (s,t).

Remark: If 5 is the zero function and u is non-negative, then Gronwall’s inequality

implies that w is the zero function.

Proof of Proposition 4.1.1. (i) Suppose there exist two solutions Z and Z of the equa-
tion (4.1.2) with Z(0) = Z(0). Then conditioned on A,

ENZ(t) = Z®)[ | Al

7t
= ] 35 o ez i [ a2 |4
/0 ( Z o D AL, (5) ) BIIZ(s) = Z(s)1 | Alds
aezi i

IN

Let I = [0,00), u(t) = EI|Z(t) — Z(8)|l | Al, u(ds) = (S lalh Xy ALk, () ) ds
and f = 0. By the assumption (4.1.3), p is a locally finite measure on the Borel
o—algebra of I a.s. Since u is a step function a.s., u is measurable and integrable a.s.
Then by Gronwall’s inequality, P{E[|Z(t) — Z(t)||1 | A] = 0, for t > 0} = 1. Hence
P{Z(t) = Z(t), for t > 0} = 1, the uniqueness holds.

Next we show the existence of the solution. Construct the solution by iteration as

follows:
zO) = Z(0),
ZM(t) = Z(0)+ Z aYy, (/t Au(s) - Z("_l)(s)ds> )
0

7d
a€Zy
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Define a sequence of jump times as follows:

TT0 =

t
71 = infst>0 ‘ there exists an «, s.t., Y, (/ Au(s) - Z(O)(s)ds> =1,
0

{
{

<

(/0 As(s) )d5> =0, for B # a};

infdt > 7,1 ‘ there exists an @ and a j € {n —2,n — 1}, s.t.,

</Ot Aa(s )d8> _y, </0Tn1 Ao (s) Z<j>(5)d5> .y
Y3 (/O Ag(s) - z(n2>(s)ds) — Y </OT"1 As(s) - Z(”Q)(s)d5> o,
)

Y ( /O t Ag(s) - Z(“)(s)ds) ~Y; < /0 " As(s) - 2D (5)ds ) =0, for § £ a},

for n > 1. Then by induction we have

3
I

35

ZM (1) = Z=D (1), for t < 7,.

Indeed,

zO) = Z(0)+ > oY, (/ Ao )d)

and

= zO@), fort <.
Suppose that
Z () = 22 (1), for t < 7.
Then

z"M(t) = Z(0)+ Y aYy ( / Ao Z(”l)(s)ds>

aEZd

= 20+ Y av, </ Au(s) - Z(”_Q)(s)ds)

- 0
aEZi

= Z @), for t < 1,_1;
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zM(t) = Z(0)+ Y oY, (/ Aqf ()ds>

and

= Z(0)+ > oY, (/0

aEZd

£ (i - ([ a0

.

n—1

Ao(s) - 2"~ 2)(s)d5) +

= Z("_l)(t), for 7,1 <t < 7.
Therefore,
Z(t) = lim ZM(t), t < oo,
n—oo
exists and Z(t) satisfies (4.1.2) since
Z(t) = ZU (1), for t < 7.

The assumption (4.1.3) makes sure that lim,, o, 7, = 00. Indeed,

ElZ ()] | A] < |Z(0) |h+/(ZHaH > Kt () EUIZEN | A

aEZd
By Gronwall’s inequality, it can be deduced that E[||Z(¢)]|1 | A] < oo for 0 <t < oo
a.s. Hence the existence of the solution of the equation (4.1.2) holds for all the time.

(ii) Let A denote the event

{Ya </OHM Aa(s) - Z(s)ds) Y, </Ot Aa(s) - Z(s)ds> —1,
Y </Ot+m Ag(s) - Z(s)ds) —Y; (/Ot Ag(s) - Z(s)ds) =0, for 8 # a}.

Then
P{Z(t+ At) —Z(t) = a | F;}
— P{A|F)
= E[E[1a| Furan-]| F]

= E[/:er Ao() - Z(s)ds ‘ .7-}} + o(At).
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4.2 Kolmogorov equations and the mean matrix

When conditioned on the environment, a multitype Markov branching process in
a random environment is a time non-homogeneous vector-valued Markov chain in
continuous time. The transition function of the non-homogeneous multitype Markov

branching process is
P.s(u,t) = P{Z(t) = B | Z(u) = a, A}, o, BE€ZL, 0<u < L. (4.2.1)
The corresponding generating function is

F(o,s;u,t) Z P,s(u,t)s (4.2.2)
pezd

where s” denotes H 1 Z . Write
F(j,S;’LL,t) = F(€j7s;u7t)

and

F(s;u,t) = (F(1,s;u,t), -+, F(d,s;u,t)).

For the offspring production probability and generating functions we write

p(t) = (P (1), . (1)),

and

f(s;t) = (fV(sit), -+, fD(s51)),

where f)(s;t) = ZWGZi pgj) (t)s7. Let
uP(s:t) = @)D (s31) = s].

The backward equations of Kolmogorov for the generating functions of the non-
homogeneous Markov branching process was formulated in [Har63][KM80] without a

proof. Here we state the result and give a proof.
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Proposition 4.2.1. Assume that (4.1.3) holds. Then the backward equations of Kol-
mogorov for the generating functions of the Markov branching process conditioned on

environment are

OF(j,s;u,t)

—u . .
5 uY (F(s;u,t);u), (4.2.3)

with terminal conditions
F(j,s;t,t) = s, (4.2.4)
forj=1,--- d.

Proof. By Proposition 4.1.1, the assumption (4.1.3) makes sure that there exists a
Markov branching process in a random environment and that the branching property
holds conditioned on the environment, i.e. F(«,s;u,t) = F(s;u,t)*.

The transition function of the Markov branching process conditioned on environ-

ment satisfies the backward equation
d

OFoslt) (S S Al 0P,sl.0) 3T waias(i )

i=1 y—a4e; >0, WGZi =1

with the terminal condition
Pag(t,t) = 504,8-

Then for the corresponding generating function we have

OF (a,s;u,t) Z OP,s(u,t) &
u

ou sezt

= - i)‘(i)(u)( Z ( Z 7/p(71) ate; (WPyp(u,t) — aiPaﬁ(u’t>>Sﬁ>'

BELL y—a+e;>0,7€Z%
+
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Specially, when a = ¢; for j = 1,--- ,d, it follows that

‘W - —)\(j)(u)( > (Z P ()P (u,t) - Pejﬁ(“vt))sﬂ)

d d
BEZS ~ELY

= 20w (X 0w (S P n)s”) = (X Pptuns?))
sezd pez BeZs,

= AW ( Y PP (st t) - Fli.siut)
ezl

— ,)\(J)(u)< Z pgj)(u)F(s,U,t)V - F(j,s;u,t)>
vezd

_ _)\(J)(u) (f(j)(F(s; u,t);u) — F(j,s; UJ))

The terminal condition of the generating function follows easily from that of the

transition function. O

The mean matrix of the non-homogeneous multitype Markov branching process is
the d x d matrix M (u,t) = (my;(u,t)), where m;;(u,t) = E[Z;(t) | Z(u) = e;, A]. Let
Al() = ez @Gk, (1) and A(t) = (AL(8), -, A%(1).

Proposition 4.2.2. Assume that (4.1.3) holds. Assume that

t t
( / AT(s)ds) AT(w) = AT (u) ( / AT(s)ds), (4.2.5)
i.e. foranyi,j €S and0<u <t,
t t
, L :
3 ai,BkA&klek(g)Aglej(u)ds: 3 aiﬁkAgjek(u)Agjej(s)ds.
Y keS.aezd pezd Y keS,aczd Bezl
Then

M(u,t) = elu AT (5)ds,
Proof. Note that for any j, k € S, mj,(u,t) = %Sk;u’t) |s=1 and that the assumption
(4.1.3) makes sure F(1;u,t) = 1. Differentiating (4.2.3) w.r.t. s; and taking s = 1,

69



we obtain

om i (u, t , d A (x;u OF(l,s;u,t OF(j,s;u,t
]ai) = —)\(j)(u) (lz_; ail) ‘x:F(l;u,t) ’ (ask ) ‘szl - (ask ) ’szl)
d j .
= 0 PO | gt st )
=1
d
=A@ (33 W) (w) - il 1) = mie(u,1))
=1 7621
d
= =Y @)X () — b )l )
I=1 vezd
d
= > a(wm(u,t),
=1

where a;;(u) is the [jth element of the matrix A(u). The above equation can be

expressed in the following matrix form:

OM (u,t)

3 = —AT(u)M(u,t), for 0 <u<t, (4.2.6)
u

with the terminal condition
M(t,t) =1, (4.2.7)

where I is a d X d identity matrix.
With the assumption (4.2.5) we imply that the solution of the equations (4.2.6), (4.2.7)

is
M(u,t) = eluAT()ds,

O

Similarly, we could deduce the forward equations of Kolmogorov [Har63][KMS0]
and the mean matrix. Here we only state the result since the idea of proof is the

same as before.

70



Proposition 4.2.3. Assume that (4.1.3) holds. Then the forward equations of Kol-
mogorov for the generating functions of the Markov branching process conditioned on

the environment are

OF t) t
]’S N UC n? ]és OF(j:siut) (4.2.8)
€S 5i

with initial conditions
F(j,s;u,u) = s, (4.2.9)
for j € S. Furthermore, assume that

(/t AT (s)ds ) AT (t) = AT (1) (/t AT (s)ds), (4.2.10)

i.e. foranyi,j €S and0<u<t,

t t
k k
> el ond wds= [ Y amall, oA, (s
Y keSaeid pezd Y keSaeid pezd

Then

M(u,t) = eflf AT(s)ds_

4.3 The parallel mutation-selection model in a random
environment
\L i

J

Fig. 1: The parallel mutation-reproduction model

We generalize a parallel mutation-selection model [BG07] with a random environ-
ment, which is a special multitype Markov branching process in a random environ-
ment, denoted by {Z(t) };>0. As depicted in Fig. 1, an i-particle may, at each instant
in continuous time, do either of three things: It may produce a copy of itself (at rate
Agie)i), it may die (at rate Ag)), or it may mutate to type j (j # ¢) (at rate Ag)) We
want to show the instability property of {Z(t)}+>0 as in [CT8I].
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For simplicity, we consider only two types, i.e. S = {1,2}. However, a generaliza-
tion to the multitype case is not difficult. Write Z = {e1, —e1,e2—e1, €2, —€2,€1 —e2}.

)

Assume Ag ‘e, are controlled by the same environment stochastic process n for i € S
and o € Z, i.e. Aglel,(n(t,w)). Assume || fg Y oies D oacT ozAglei(s)ds |l1< oo a.s. for
all t > 0.

Let {n(t)}+>0 be an irreducible, recurrent Markov chain in continuous time on a
countable state space Y, jump times 7, T +oo, n > 0, (set 79 = 0) and infinitesimal
parameters {¢.y}, ,y € Y. Let ¢y = 1/E,71. We formulate the evolution of the
process {Z(t)}+>0 as follows: let n(0) = yo. In the time span w, = 7, — 71,
n > 1, {Z(t)}+>0 evolves as a two-type parallel mutation-selection Markov branching
process, and associated jump times Tj(n), 1 < j < ky. Set Ty(n) = 7—1, n > 1. So,
the environmental process {n(t)}+>0 jumps at times Tp(n), and the process {Z(t)}+>0
jumps at times Tj(n), 1 < j < k,,. We thus have a sequence {T}j(n), 0 <j <k,, n>

1} of exponentially distributed random variables such that
0=To(1) <Ti(1) < - <Tpp, (1) <Tp(2) < T1(2) < -+ - < Ty (2) < - -~

(Appropriate modifications in the above sequencing would be made in the event that
kn =0.) For j > 1, let T; denote the jth element of this increasing sequence so that
for a fixed j, and for a given realization of {(7(t), Z(t))}+>0, there exist unique n and

7 such that
T; = Ti(n), with 0 <@ < k,. (4.3.1)

Then {Z(t)}+>0 is a two-type parallel mutation-selection Markov branching process
in a random environment {n(t)}+>o.

Now we consider the embedded chain {(7,, Zy)}nen, of the bivariate Markov pro-
cess {(n(t), Z(t)) }+>0, defined by

{1 Zn) bneno = {(n(70), Z(70)) Ynen, - (4.3.2)

It is important to note that {(1,, Zy) Inen, satisfy the following relation:

P(y’z){ZnJr]_ €eB ‘ N, N1, 5 Lo, Ly, - -+ 7Zn} (433)
= P(%z){Zn_H € B | nn,Zy} for every (y,z) € Y x Z%_ and B C Za_.
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Then (4.3.3) together with the fact that {n,}nen, is a Markov chain implies that
{(Mn, Zp,) }nen, is Markov.

Cogburn studied processes { (7, Zn) fnen, satisfying the relation (4.3.3) and called
the marginal process {Zy, }nen, a Markov chain in a random environment {7, }nen,
[Cog80]. An important and useful concept in the study of these processes is the
notion of a proper Markov chain in a random environment. {Z, },cn, is called proper
if whenever

sup Py ,){Zn =z i.0.} >0, forz € 7%,

yey
where {Z,, = z i.0.} means that the event {Z, = z} happens infinitely often, then
(y,z) is recurrent for some y € ) for the Markov chain {(7,, Zy) }nen,-

Note. If a Markov chain in a random environment, {Z,, },¢cn,, is proper, and states
of Y x (Z2\{0}) communicate (two states communicate means that the former is
accessible from the latter and the latter is also accessible from the former) and lead to
Y x{0}, which is closed, then necessarily (y, z) is transient and P, ,{Z, = z 1.0} =0
for all (y,z) € Y x Z2 and z # 0 and hence

P(yyz){nliﬁrgo |Zy|l1 = 0or co} =1, for every (y,z) € Y x Z2.

In this section, the main result (Theorem 4.3.2) follows from an application of a
result (Theorem 4.3.1) due to Cogburn [Cog80|]. Theorem 4.3.1 will allow us to assert
that the Markov chain in a random environment, {Z(7,)}nen,, is proper. For the

definition of uniform p—recurrence, see e.g. [Tor78|.

Theorem 4.3.1 (Cogburn). Let {Zy}nen, be a Markov chain in a random environ-
ment {NpInen,. Let PW{z,2'} denote the transition probability of {Zy}nen, in the

yth environment. Suppose that

(b) the Markov chain {ny}nen, is uniformly p—recurrent.
Then {Zy}nen, s a proper Markov chain in a random environment.
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Theorem 4.3.2. Let {Z(t)}+>0 be a two-type parallel mutation-selection Markov

branching process in a random environment {n(t) }+>o. Suppose that
(a) foreachz € 22 there exists a posz’tz’ve integer ng > ||z|[1 such thatinf,cy m;y)/qy >
(1
0, where mz Zk Izl ak ) with ak Z{ 21,22) T €22 121 +22= k}(Z1A(2 O)T( y) +
ZQAEO,)Q)T(Q)) ;

(b) the embedded chain {n(7,)}nen, is uniformly @—recurrent;

(c) states of Y x (Z2\{0}) communicate and lead to Y x {0}.
Then Py, »{limy o0 | Z(t)|1 = 0 or oo} =1, for every (y,z) € Y x Z3.

Proof. The proof follows from Theorem 2.2 in |[CT81] with a generalization to two-
dimensional state space. Consider the set B, = {z € Z2 : |z|1 < n,}. We will

show

f PWIz B} > 0. 4.3.4
;Iely )z, B} (4.3.4)

Verification of (4.3.4) is tantamount to showing that if T is the first-passage time to a
state whose norm is n, + 1, then inf ey Py, {1 > 7y} > 0 where 7, is the first jump
time of {n(t)}+>o starting at y. Let N =n, +1 — ||z||.

Now

P(y,z){T > Ty} = /0 P(y,z){T > t}deiqytdt (4.3.5)

v

a /OOO exp{—(gy + (mg) /N))t}dt
= Ngy/(Ng,+mi?).

The inequality in (4.3.5) follows by noting that T is stochastically larger than the sum
of the independent first-passage times of Z(t) to level k + 1 starting at a state in level
k, ||z]i <k < n,. By assumption (a), inf,cy my /qy > 0 so that infyey Py {1 >
Ty} > 0 and (4.3.4) follows.

An application of Theorem 4.3.1 will enable us to conclude that the process {Z(7,,) }nen,
is proper. By assumption (c) and the fact that 0 is an absorbing state in each envi-

ronment, we may conclude from the note that the following holds:

P(%z){nli_)rgo |Z(7,)|1 = 0 or oo} = 1, for every (y,z) € Y x Z2. (4.3.6)
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We claim that the conclusion above holds for {Z(t)}:>0. By assumption (a), we get
that

;gp(y,z){ﬂz(ﬁ)ﬂl <ngt= yig}P(y’z){T > 7y} > 0.

Then there exists ¢ > 0 such that inf,cy P, ,){[|Z(71)[1 < nz} > €. By the strong

Markov property, given z € Z2\{0},

!

Pyl Z(m) i < ny [ 0(Tj(n) =y, Z(Tj(n)) =7} > &, fory €.
Hence by the law of total probability and property of conditional probability,
Pyl Z(m)lh < ny | Z(Tj(n)) =2} = e
Recall the relation of the Tj(n)'s and T),s. Then it follows that
Py oy Z(m) |1 < ny 10} > Py {Z(T,) =2 i0.} (4.3.7)

Since the asymptotic behavior of {Z(t)}>0 is the same as {Z(T})}nen and noting
that

Ply i [Z(r)ll1 = 0} = Py { lim [ Z(T;) [ = 0}, for every (y.2) € ¥ x 22,
(4.3.6) and (4.3.7) give us the conclusion of the theorem. O

We give an example. Let 7(t) be a standard Poisson process. For a fixed n,

let Afgly)r(t) = 1, A (1) = 14+ n72(=1)10, AR, (1) = n7!, A (1) = 1,

AE(Q))Q)T(t) =1+n"1/2(-1)"®), Ag)o)T(t) = (2n)~ !, and else 0. Note that the example

satisfies the assumptions of Theorem 4.3.2, therefore the instability holds.

4.4 Continuous approximation for the parallel processes

4.4.1 Main result

Consider a sequence of two-type parallel mutation-selection Markov branching pro-
cesses {Z(™ (t)}4>0 in random environments {1™ (t)};>0. Throughout this section, as-

sume that the corresponding intensity processes A = {ASQ; (n™), i € S and a €
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T} satisfy the following conditions denoted by (C1):
(C1.1) For each n, || f(f Y ics 2oaer A ()i (s)ds ||1< o0, a.s. for all £ > 0.

a+te;

n)k n)j
(C1.2) For each n and for any i,j € S, fo > keS.ael fel alﬁk‘/\alek (ns)Af(Ble

fo EkeS,aeI,ﬂeI aiﬁkAaJrek (nt)Angc;j (ns)ds, a.s. for all t > 0.
(C1.3) AL (1) = o(%), AR (1) = o(%), Lm0 (A(”)1 YNGR )(t) — 0, and

(nt)ds =

(0,1 ( (2,007 (0,007
T o (Afy gy = Al ) (8) = 0, aus. for all ¢ > 0.
(C1.4) For each n, {n™(t)};> is an irreducible, recurrent Markov chain in continuous
time on a countable state space Y , jump times Tm T 400, m > 0 (set Ton) =0)
and infinitesimal parameters {qg(g,), T,y € y } Let qyn) =1/ EyTl
(C1.5) For each n sufficiently large and for each z € 22 there exists a positive integer

(n) ,
i > |z][1 such that inf, cym) my n)/q () > 0, where m{¥" = E; Izl © ( ) with

(W)(n) _ (n) (n)2
Jk - Z{(Zl,ZQ)TEZ?'_221+22:k} (zlA(ZO) ( )+ ZQA( 2)T (y)>
(C1.6) For each n sufficiently large, the embedded chain { (n )(77(,? )>} is uni-
meENy
formly p—recurrent.
(C1.7) For each n sufficiently large, states of Y™ x (Z2\{0}) communicate and lead
to Y™ x {0}.

Remark: 1. The condition (C1.1) makes sure that for each n, there exists a two-
type parallel mutation-selection Markov branching process in a random environment,
denoted by {(Z™ (t),n™ (¢))}i>0-

2. The condition (C1.2) will be used in deducing the commutative property of matrices
n (4.4.1).

3. The condition (C1.3) means that the limiting process of {(Z™ (), n(™(t))};>0 is a
critical Markov branching process in a random environment.

4. Conditions (C1.4)-(C1.7) imply that for n sufficiently large, the instability property
holds for {Z™ () }+>0, i.e. Py 2 {limy 00 |1ZM(8)||1 = 0 or oo} = 1, for every (y,z) €
Y x 72

Now we apply the rescaling to the Markov branching process {Z( (t)}+>0. Define
X, (t) = ZM(nt)/n. Assuming Z™(0) = nx and defining A% (t) =3 7 aAg’ZZ; (1),
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we get,

where

and

t)=x+ Z an” Y, <n2 /Ot (Z Agﬂzzel (ns)X%(s))ds).

a€l
Set B (t fo nA: (ns)ds and B,(t) = (BL(t), B:(t)). The condition (C1.2) implies

that the followmg commutative property of matrices holds:
B (t)B,(t) = By(t)By(t), (4.4.1)

where B, (t) denote the derivative of the matrix By, (t) w.r.t. . Then we have

X, (t) = P <x + /0 t e*Bn@)dUn(s)). (4.4.2)

Set D, (t) = (DL(t), D%(t)), where D! (t) is a 2 x 2 matrix whose jkth entry equals
Sz @aFAT (nt). Let (Dy(t), X, () denote 3, X2 ()DL (t), and /(D (s), X (5))
denote the square root of the matrix (D, (t), X, (t)). Let (Bn,Dn) = (B, D) denote
that (B, D,) converge in distribution to (B, D).

When the population is large and the time scale is fast, we can deduce a continuous-
state approximation for a sequence of discrete-state Markov branching processes in

random environments. Our main result is as follows:

Theorem 4.4.1. Assume that the conditions (C.1) hold and that (B, D) = (B, D)

where D has continuous paths. Let W be a two-dimensional standard Brownian mo-
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tion independent of B and D. If there exists a global solution X of

X(t) = B0 (:1:+ /0 e*B<S>\/<D(s),X(s)>dW(s)), (4.4.3)

and if weak local uniqueness holds for (4.4.3), then X, converges in distribution to

X.

Remark: 1. By Proposition 4.2.3, we obtain E[Z™ (nt) | {A(™(s)}s>0] = eBWZ)(0).
So B, acts like the generator of the first moment of the branching process Z(™. For
each i € S, D! equals to the production of the rate of splitting A% and the second
moment of increment of offspring distribution {pgﬁz;}aez. So the assumption that
(Bn, Dy) = (B, D) is classical for showing the relative compactness of the processes
X,.

2. Theorem 4.4.1 also holds for the weak convergence of a sequence of one-
dimensional birth and death processes in random environments. Such case is also
included in Theorem 3.1 of Chap. 9 of [EKS6].

3. Theorem 4.4.1 also holds for the weak convergence of a sequence of two-type
parallel mutation-selection Markov branching processes processes in constant envi-

ronment. Such case is also included in Theorem 4.4.2 of [JMS86].

4.4.2 Proofs

Firstly, we begin by treating the case of nonrandom, but time dependent environ-

a-+te;

ments, i.e. Agﬂ; (t), t > 0, is a realization of the stochastic process A

satisfying
conditions (C1), for each i € S and a € Z. Then B, (t) and D, (t) are nonrandom
functions of ¢.

Let V,(t) = Ote*B"(s)dUn(s). The following lemma gives the properties of V,.

Lemma 4.4.1. V,,(t) is a locally square integrable martingale and the predictable

quadratic variation of Vy(t) is

(V) (t) = /Ot(eBn@) <Dn(s),Xn(s)>)<e*Bn<8> <Dn(s),Xn(s)>)Td5. (4.4.4)

Proof. Since B, is continuous and U,, has bounded variation, the stochastic integral

V., is well-defined. In order to show that V,, is a locally square integrable martingale,
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it is enough to show that U, is a locally square integrable martingale since {e_B"(t)}

is a locally bounded, predictable process. Recall that

=x+ Z an” 1Y, ( / (Z Agﬂze (ns)X%(s))dS).

a€l

Then for each T'> 0 and t < T we get

BI0al] < 2l + 283 falfn272(n* [ (S A1) )]

a€el
_ 2Hx||2+22|\au2n—2E[ ( /ZAa+e ns)X: ( ))d )]
a€el
= a2 [ > ol (30 A ) ) )
< 2Hxll2+2§;[/ (;Inan%a’iz ns)) 'as] [ [ exionras]
< o0,

where ||Up(t)|| denotes /> ;.q(UZ(t))?. Hence U, is a locally square integrable mar-
tingale.

It is easy to calculate that the predictable quadratic variation of V,,(t) is
t T
V)0 = [ POUDL(0). Xo(s)) () s
0

Since the matrix (Dy,(s), X,,(s)) is positive semi-definite, its square root /(D (s), Xy, (s))
is well-defined. Then

v = [ (e TD 0 K () ) (e (Du(a) K4 ) s,
O

Following the proof of Doob integral theorem [Kal0l], we deduce an alternative

form of V,,(t) in Lemma 4.4.2.

Lemma 4.4.2. Define

Walt) = [ (¢ VD). Xl
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-1
where (e_B"(S) <Dn(s),Xn(s)>> denotes the inverse mapping from R to NIt
since e B /(D,(s), X,(s)) is a bijection from NI+ to R?, N and TRy denote
the corresponding orthogonal projections of the 2 x 2 matriz e~ 57()\ /(D,,(s), X,(s))

to its null and range spaces and & is a two-dimensional standard Brownian motion.

Then

V(t) = /O e B2\ /(D (s—), X (s—))dWi(s). (4.4.6)

Proof. By the definition of W,,, we get

/0 ¢ B2 /(D (5—), Ko (5= ))dWo(5)

-1

-/ (e D (5 Ko ) (245 (Do) Ko s V()

0

" / B39 /(D p(5—), X (s—)ymam de(s)
0
= /WRngn(s)
0

= At<ﬂR?+ﬂR?L>an(S)
= Vi(t).

Here the third equality holds since fg T RnﬁLan(s) is a right-continuous locally square

integrable martingale and its predictable quadratic variation is 0 a.s. ]

Then, (4.4.2) can be written in the following form

X,(1) = eBn®) (x+ /0 e_B”(s_)\/(Dn(s—),Xn(s—)>de(s)>. (4.4.7)

That is, we characterize X,,, n € N, as solutions of the above stochastic equations.
A convergence theory can be developed using this characterization. If the equations
”converge”, then one hopes the solutions converge.

The following lemma shows the weak convergence of W,,. Let || - || denote a norm

of a matrix or a vector.

Lemma 4.4.3. Assume that A(a@; (t) is a realization of the stochastic process Ay 7..

satisfying conditions (C1), for each i € S and o € Z. Assume that for each T > 0,
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limy, 00 SUp;<7 | Bn(t) — B(t)|| = 0, and limy, o0 sup,<p || Dn(t) — D(t)|| = 0. Then
Wy, converges in distribution to a two-dimensional Brownian motion W in Skorohod

topology, denoted by
Wi(s) = W (s). (4.4.8)

Proof. By the martingale central limit theorem (see [EKS86]), it is enough to show the
following two conditions: For each T > 0,

(a) The predictable quadratic variation of W, is
(Wa)(t)=tI, t < T, (4.4.9)

where I is a 2 x 2 identity matrix.

(b)
lim E[sup W (t) — Wn(t_)ﬂ ~ 0. (4.4.10)

n— o0 tST

Proof of (a):

(Wn)(t) = /Ot((eBn(s>\/<Dn(s—),Xn(s—)>)_1ﬁRg_>(eBn(s)\/<Dn(S_)’Xn(S_)>>
(N BTRGT) (VBT T)
[ () s

- /Ot gt (ﬂNgfl)Tds + /0 t N (ngf)Tds

t
= / (Tan 1+ 7mNn )ds
0 5= o

= tI.

T
FR?_) ds

Proof of (b): Firstly, we want to show that

lim P{tiggnxn(t)ul - 1/n} ~0.

n—oo

It is equivalent to show that
lim P{inf 1Z™ (nt)|; = 1} = 0.
n—>00 t<T

For a fixed n, we define
_ T (n) _
an—{wGQ.tllglOHZ (t,w)||1—0},
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and
— e (n) —
Bn—{weﬁ.thm | Z (t,w)”l—oo}.

Then by the instability property of Z(™ (see the remark for conditions (C1.4) —
(C1.7)), we obtain that

Plan} + P{B,} = 1.

Then

P{int |2 ()1 = 1)
- P{anﬂ{inf 12 ()l =1} + P{ﬁnﬂ{gguzwnt)nl =1}}
< { {mf 1Z™ ()| = 1}} v P{Bnﬂ{HZ(”)(u)Hl = 1, for some u < nT}}
- P{an}P{mf 1Z™ (nt) |1 = 1 ‘ an}
(u

P{|z

)1 =1, for someu<nT} {/Bn ‘ |1Z™ (u)||, = 1, for someu<nT}

By the condition (C1.3), the limiting process corresponding to Z(”), n € N, is a criti-
cal two-type Markov branching process in a random environment. Then lim,, o, P{f), |
|1Z™ (u)]]; = 1, for some u < nT} = 0. It is obvious that lim,, o P{inf<r [|ZM™ (nt)||; =
1| an} =0. Hence

lim P{mf 1Z™ (nt)||; = 1} 0.

n—o0

Secondly, since for each T' > 0, limy, ;o0 sSup;<7 || Bn(t)—B(t)|| = 0, and limy, 0 sups<r || Dn (t) —
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D(t)|| = 0, we have

B [sup Wi () — Wa(t-)]]
Le<T

= E-sup (eiB”(tf)\/<Dn(t—)7Xn(t_»

“t<T

Le<T

= E_sup <e*B”(t7)\/(Dn(t—)7xn(t_>>

)
= F _sup (e_B"(t_)\/(Dn(t—),Xn(t—)))ilﬂR;g(Vn(t) - Vn(t_))’m
)

“<T
< Y0t Pt X0l = K/} -l
k=1 t = o€l
ingE[ ( A(ZA&&;(ns)XZ(S))ds) Ya<(n2/0 (ZA&TQZ (ns)XiL(s))ds)f)}

— 0, as n — 00,

where M (t) is the minimal nonzero eigenvalue of D?(t). O

The conclusion of the following lemma is an important condition to show the weak

convergence of stochastic integrals, denoted by (C2).

Lemma 4.4.4. Assume that W, (s) = W(s). Then for each a > 0, there exist
stopping times 75 such that P{r? < a} < 1/a and sup,, E[[Wy]i;j(t A T4)] < oo.

Proof. For ¢ > 0, define
=inf{t > 0 [ [Wn(t)[ V [Wn(t=)]| = ¢}

Since convergence in distribution of W, in the Skorohod topology implies sup;<,, |[|Wx(t)||

is stochastically bounded in n for each a and hence there exists ¢, so that
P{rf* <a} <1/a.
With 77 = 75+, we get
P{r} <a} <1/a.
Since W, is a locally square integrable martingale, we get

sup E[[Walis(¢ A 72)) = sup EL(Wa)ss (¢ 4 72)] = Eldig(¢ A 72)] < .
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For (y,t) € Dgz2 [0,00) X [0, 00), define

Fuly,t) = Guly(t),t) = e PO\ /(D (1), (1)),

and

F(y,t) = Gy(t),t) = e "U/(D(t), y (1))

The next lemma gives the properties of F,,(y) and F(y) under transformations of the

time scale.

Lemma 4.4.5. Assume that for each T > 0, limy, ;o sup;<p || Bn(t) — B(t)|| = 0, and
limy, 00 SUP;<7 [[Dn(t) — D(t)|| = 0 where D is a continuous function of t. Then F,
and F' satisfy the following conditions denoted by (C3):

(C3)(i) For each compact subset H C DRi [0,00) x A1[0,00) and T > 0,

sup sup |G (y(A(?)), A(t)) — G(y(A(?)), A#))] = 0,
(y,\)eH t<T

where Ay denotes the collection of nondecreasing mappings A of [0,00) onto [0,00)
(in particular, A(0) = 0) such that \(t + h) — A(t) < h for all t,h > 0.

(C3) i) For {(yns M)} € D [0,00) x A1[0,50), suprer 19 (An(8)) — y(A(®) | = 0
and supy<r [An(t) — A(t)] = 0 for each T' > 0 implies

sup 1G(Yn(An(t)); An(t)) — Gly(A(®)), AE))]| — 0.
Proof. (1) Let H; be the sectional set of H.

sup sup [|Gn (y(A(1)), A1) — G(y(A(1), A(H))

(y,\)eH t<T

< sup sup [Galy(1). 1) — Gly(1), )]
yeH1 t<T

= sup sup||e =5 /(D, (), y(®)) — e PO/ (D(B), (1)) |
yEH1 t<T

— 0,

since limy, ;00 SUp;< || Bn(t) — B(t)|| = 0, limy, 00 Sup;<7 [ D (t) — D(t)|| = 0 for each
T >0.
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(2) Since D has continuous paths, the function G is continuous. Therefore,

sup 1G(n(An(t)); An(t)) — Gly(A(®)), A = O

when sup,<r [[yn(An(t)) — y(A(t))]| = 0 and sup,<p [An(t) — A(t)| — O for each T >
0. O

Now we are ready to show the weak convergence of the sequence X,, in the case of

nonrandom environment.

Theorem 4.4.2. Assume that Agﬁ; (t) is a realization of the stochastic process Agﬁ

i

e
satisfying conditions (C1), for each i € S and o € Z. Assume that for each T' > 0,
limy, 00 SUPy< | Bn(t) — B(t)|| = 0, and limy, o0 sup;<7 [[Dn(t) — D(t)|| = 0, where
D s a continuous function of t. Let W be a two-dimensional standard Brownian

motion. If there exists a global solution X of

X(t):eB(t)(m+/0te—B(s) <D(3),X(5)>dw(s)), (4.4.11)

and if weak local uniqueness holds for (4.4.11), then X,, converges in distribution to

X.

Proof. The proof follows from Theorem 5.4 in [KP91]. Firstly, by Lemma 4.4.1 and
4.4.2, we get

t
Xa(t) = B0 (x+ / e B /(D (57), X(5=))dWa5))
0
t
= B <x+/ Fn(Xn,s—)de(s)).
0
By Lemma 4.4.3, we obtain
W, =W,

where W is a two-dimensional standard Brownian motion.

Secondly, for b > 0, define

Gn = it {t | [[Fn(Xn, )] V | Fa(Xir, )] > b

85



and let X? denote the solution of

Xb (t) = Brlt) (x+ /0 X[O,Cg)(s—)Fn(Xg,8—)de(S)) (4.4.12)

that agrees with X,, on [0, ¢%). We want to show that {(X2,W,,)} is relatively compact
and any limit point (X°, W) gives a local solution (X°, 7) of the equation (4.4.11) with
= =inf{t | |[F(Xb )| V ||F(X° t—)| > ¢} for any ¢ < b.

Let Hy(t) = sups<; ||X[o,gg)(3)Fn(Xz, s)||. Then {H,(t)} is stochastically bounded
for each ¢. Define

Yh (1) = /0 Xy (5= Fn(XE, 5—)dWi(5).

By Lemma 4.4.4 we have that W, satisfies the condition (C2). Then by Lemma
4.1 in [KP91], there exist nondecreasing, adapted processes 7,, with 7,(0) = 0 and
Yn(t + ) — 4 (t) < h for all t,h > 0, such that, {(W,, 0 vn, Y2 0 vn, )} is relatively
compact in Dg2yp2ygr[0,00). By the continuity and convergence of B,, it is obvious
that {(W, o Yn, X% 0 4, 7))} is relatively compact in Dg2yg2yg[0,00). {Xo,czy ©
YnFn(X2) 0 v} = X0y © YnGrn (XL 0 4, vn)} is relatively compact in Dgax2[0, 00)
since {F,} and F satisfy the conditions (C3) by Lemma 4.4.5. Applying Corollary
4.5 and Proposition 4.3 in [KP91], we get the relative compactness of {(X%,W,,)} in
Dpg2yr2[0,00). The sequence {(X2, W, (%)} is relatively compact in Dg2y [0, 00) x
[0,00). Let (X°, W, ¢%) denote a weak limit point. To simplify notation, assume that
the original sequence converges and (with reference to the Skorohod representation
theorem) assume that the convergence is almost sure rather than in distribution. Note

that ¢b = inf{t | |F(X°,8)|| V [|F(X° t—)|| > b} < ¢ Tt follows that
¢Bn (x+ / Fn(Xg)de) B (x+ / F(X”)dw).

Since

X2 (1) = Bn(t) (x+ /0 t Fn(xg,s—)dwn(s)) (4.4.13)

for t < ¢b, we get
t
Xb(t) = B <x+/ F(Xb,s—)dW(s)> (4.4.14)
0
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for t < (8. Let ¢ < b. Tf ¢° < (Y, then (4.4.14) holds for ¢ < ¢¢. Tf ¢¢ = ¢, then F(X?)
has a discontinuity at (¢ with || F(X®, ¢¢—)|| < ¢ and ||F(X®,¢°)|| > b. It follows that
for ¢ < d < b, (X5,(¢H), W (G, Wa(¢i—), Fu(X5, (1), Fu(XD, Gim), G) converges to
(X(¢h, W(¢h), W (=), F(X",¢), F(X",¢?=),¢?) and

Cd
bcdy = BE (x b g— s 4.
Xb(¢%) ( +/0 F(XP, s—)dW( )), (4.4.15)

so that (4.4.14) holds for t < ¢¢(= ¢%). Consequently, (X?,¢¢) is a local solution of
the equation (4.4.11).

Finally, we will show that {(X,,,W,)} converge in distribution to (X, W) if there
exists a global weak solution X for (4.4.11) and weak local uniqueness holds.

Note that (¢ is a measurable function of X (say h.(X?)). Consequently, if there
exists a global weak solution X for (4.4.11) and weak local uniqueness holds, then
(X?,¢¢) must have the same distribution as (X, h.(X)) for all ¢ and b with ¢ < b.
Since X is a global solution, h.(X) — 0o as ¢ — oo. Convergence in distribution of

(X, Wy,) follows. O

Now we could easily deduce the corresponding conclusion in the case of random
environments by the Skorohod representation theorem and the technique of condi-
tioning on the intensity processes. Recall that the intensity processes A satisfy the

assumptions (C1).

Proof of Theorem /.4.1. Since (B,,D,) = (B,D) with (B, D) having continuous

paths, we may assume by the Skorohod representation theorem that

lim sup || By(s) — B(s)|| =0 a.s., (4.4.16)
n—oo s<t
lim sup ||D,(s) — D(s)|| =0 a.s., (4.4.17)
n—oo s<t
for all ¢ > 0.
Let F/(\n) = U{Ag@;(s), s > 0,7 €S, ae€ I} From Lemma 4.4.3, one can

conclude that for every bounded continuous functional f on Dg2[0, c0)

lim E[f(wn) ‘ FM = E[f(W)] a.s. (4.4.18)

n—o0
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Consequently, it follows that

lim E[f(Wa)g(By, Dn)] = JgngoE[E{f(Wn)g(BmDn) Fﬁ”)ﬂ
= lim Blg(B. DE[1(7.) | F]]

= Elg(B,D)E[f(W)]]
= E[f(W)]E[g9(B, D)],

for all bounded continuous functionals f on Dg2[0,00) and g on Dpgax2g2x4[0, 00).
The weak convergence (W,, By, D,) = (W, B, D) follows. Meanwhile, we get the
independence of W and (B, D).

Let F[(\oo) = 0{B(s),D(s),s > 0}. By Theorem 4.4.2, for all bounded continuous

functional h on Dg2 [0,00), we get

lim E[h(Xn) ‘ F/(\”)] - E[h(X) } FX’O)} a.s., (4.4.19)

n—o0

where X is the solution of

X(t) = eB® (x + /0 t e B\ /(D(s), X(s)>dW(s)). (4.4.20)

Therefore,
lim Eh(X,)] = lim E[E [h(Xn) F/(\”)”
n—o0 n—oo
- fefion | ]
= FE[hX)].
Hence the conclusion of Theorem 4.4.1 holds. O

4.5 Examples

Example 1. One-dimension and random environment
Let Z(™(0) = nxo. Let (t) be a standard Poisson process. Let Aé") (t) =1, Agn) (t) =
14+n"12(=1)7® and A,gn) (t) =0 for k # 0,2. This gives

By (t) = /0 t nt/2(—1)""9) ds (4.5.1)
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and

Dy(t) =2 +n~/2(—1)7), (4.5.2)

Then (B, Dy) = (B, D) where B is a standard one-dimensional Brownian motion
and D(t) = 2. It is easy to verify the other conditions in Theorem 4.4.1 in one

dimensional case. Then X,, = X, where X is the solution of

X(t)=e <t>(x0+ / B(s)\ /2X (s)dW (s ) (4.5.3)

Note that B and M(-) = [, e~ B()\/2X(s)dW (s) are martingales with (B); = t,
(B,M); =0, and (M); = fo 2 2B(5)X(s)ds. Then by Itd’s formula, we see that X
is a solution of the martingale problem for L with

]. / 1 "
Lf@) = zaf (&) + (2 + 50°) (@), (45.4)

for f € C2(R,).
It is well known [KT81] that the extinction probability of the diffusion process

starting from state z is

alwo) = P{lim X(t) =0 X(0) = 0 }
= (1+4=z0/2)"

Example 2. Two-dimension and constant environment

Let Afghr = 1/2 —1/4n, Aphe = 1/2, A = 1/4n, AGE = 1/2 - 1/2n,
AEO)Q)T =1/2, A T =1/2n, and else 0.
Then
0 t/2 0 t/2
Balt) = %) % B - 2.
t/4 0 t/4 0
1 —1/4 10
DL(t) = ) S b ,
—1/4n  1/4n 00
and
1/2n  —1/2 00
2y = [ VP TR L pegy -
~1/2n 1 0 1
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The limit X then satisfies

t
X(1) = B0 | x + / ¢ B() aw(s) | . (4.5.5)
0

By It6’s formula, we see that X is a solution of the martingale problem in Ri as-
sociated with the diffusion operator L = ), aia%i + 2 bij% and with initial
condition x, where a1 = x9/2, ag = x1/4, bi1 = x1/2, bia = ba; = 0, bay = x2/2.

The uniqueness of the solution of the martingale problem in Ri associated with the
diffusion operator L =), aia%i + i bij% and with initial condition x is easily
seen in the following way [JMS86]. It is a standard result in the study of martingale
problems that, if the solutions ®, of the martingale problem (L, Cp,x) for all x € Ri
are such that for any ¢ > 0 the law X, Lo Py is uniquely determined, then the
marginals (X, Lo Py, Xy Lo Px) are uniquely determined for all x and any finite
family o < t1 < -+ < t,. Therefore Py is unique for any initial condition x. If
P is any limit law of the laws P, of the processes X,,, we need only to check that
the moments of the X; under P are uniquely determined. But if t is a monomial of

degree k, the particular form of L gives
t ' ¢ '
B(X0] = 0) = [ 3D ot B = [ 37 Bt () = o

where {¢*}; is the family of all monomials of degree k, and a,lf and ﬂf are constants
bounded by Kk(k—1). The moments of order k are therefore recursively determined.

Hence by Theorem 4.4.1, X,, = X, where X is the unique solution of the equation
(4.5.5).

It is interesting to study the extinction probability of the diffusion process X. From
the differential form of the stochastic equation of X, it is easy to know that 0 is an
absorbing state of the process X and that the process returns to the interior of the
domain Ri once it hits the boundary of the domain Ri except for 0. We will show the
difficulty to calculate extinction probability which also appears in the next example

in the next subsection. Let ¢(x) be the extinction probability of the diffusion process
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g(x) = P{ lim X(t) = 0 ‘ X(0) = x}.

t—r00
Let uqp(x) = P{r, < 1 | X(0) = x}, for 0 < a < b < o0, where 7, = inf{t >
0| [|X()| = a} and 7, = inf{t > 0 | || X(t)|| = b}. Then ¢(x) = limg0 ptoo Ua,b(X)-

uq,b(x) satisfies the equation
Lugp(x) =0, for a < ||x]| < b, (4.5.6)

with u,p(x) =1 for ||x]| = a and ugp(x) = 0 for ||x|| = b. So the difficulty lies in: on
the one hand, what kind of boundary conditions is reasonable?; on the other hand,
what about the existence and uniqueness of the solution with a degenerate elliptic
operator?
Example 3. Two-dimension and random environment

Let n(t) be a standard Poisson process. Let AEg’)Ol)T (t) =1, AE;,)OI)T (t) = 14n~1/2(=1)®),
A (8) = n7 AP (8) = 1, Al (1) = 14 n~Y2(=1)10, ATE (1) = (2n) 7Y,
and else 0.

By the definition of B,,, we have

B.(t) = Jyn2(~1)1)ds — t t/2
" ¢ JEnl2(— 1y ds — /2

Then the commutative property holds, i.e.
Bn(t)Bn(t) = Bn(t)Bn(t) (4'5'7)

Remark: Condition (4.5.7) helps to make sure that the two intensity stochastic
processes are driven by the same underlying environmental process. For example,

if there are two independent standard Poisson processes 71 (t) and n3(t) such that

Mopyr(®) = 1, Ay () = 14+ n72(=1 0, ADL (1) = n7, AQE-(0) = 1,
Agg);)T(t) = 14 n2(=1)r®), AET)(%T(t) = (2n)7! , and else 0, then Condition

(4.5.7) holds if and only if n;(t) = n2(t).
Similarly, we have

2+n—1/2(_1)n(nt)+n—1 _n—l

—n~1 n-t

D(t) =
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and

(2n)~! —(2n)~!

Dy (t) = . 1 -
—(2n)"1 240 V2(—1)1) 4 (2p) 1

Let & denote a one-dimensional standard Brownian motion. Then we get the con-

vergence of (B, D,,) as follows:

t)—t t/2
Ba(t) = o) = | /
t £(t) —t/2
2 0
Dy (t) = D'(t) = ,
00
and
0 0
Dj(t) = D*(t) =
0 2
Therefore the limit X satisfies
t 2X 0
X(t) = PO | x —I—/ e BE) 1(s) dw(s) | . (4.5.8)
0 0 2X2(8)

By Ito’s formula, we see that X is a solution of the martingale problem in Ri asso-
ciated with the operator L =, aia%i + 2 bij%ij and with initial condition x,
where a1 = x2/2, ag = 1 +x2/2, b11 = 11 +22/2, b1z = by = 1122/2, bao = w2 +73/2.
The uniqueness of the solution of the martingale problem follows the same argument
as in the last example. Then by Theorem 4.4.1, X,, = X, where X is the unique
solution of the equation (4.5.8).
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