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Motivated by the recent experimental progress in the search for Majorana fermions, we
identify signatures of topological superconductivity and propose realistic experiments to
observe these signatures. In the first part of this thesis, we study charge transport through
a topological superconductor with a pair of Majorana end states, coupled to leads via
quantum dots with resonant levels. The nonlocality of the Majorana bound states opens
the possibility of Cooper pair splitting with nonlocal shot noise. In the space of quantum
dot energy levels, we find a characteristic four-peaked cloverlike pattern for the strength
of noise due to Cooper pair splitting, distinct from the single ellipsoidal peak found in the
absence of Majorana end states.

Semiconductor-superconductor hybrid systems are promising candidates for the realiza-
tion Majorana fermions and topological order in solid state devices. In the second part, we
show that the topological order is mirrored in the excitation spectra and can be observed in
nonlinear Coulomb blockade transport through a ring-shaped nanowire. Especially, the ex-
citation spectrum is almost independent of magnetic flux in the topologically trivial phase
but acquires a characteristic h/e magnetic flux periodicity in the nontrivial phase. The
transition between the trivial and nontrivial phase is reflected in the closing and reopening
of an excitation gap.

In the third part, we investigate characteristic features in the spin response of doped
three-dimensional topological insulators with odd-parity unequal-spin superconducting
pairing, which are predicted to have gapless Majorana surface modes. These Majorana
modes contribute to the spin response, giving rise to a characteristic temperature behavior

of the Knight shift and the spin-lattice relaxation time in magnetic resonance experiments.
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1. Introduction

The search for new states of quantum matter is one of the central pursuits in modern
physics. In condensed matter physics we know in principle the Hamiltonian exactly, at
least in the simplification which is relevant for the vast majority of applications. The fun-
damental constituents of any condensed matter system are nuclei and electrons which are
bound together by the Coulomb interaction. As a consequence, the underlying theory is
quantum electrodynamics with a trivial extension for several species of charged particles
(electrons and nuclei). However, we also know that at low temperature many systems ex-
hibit quantum phases which behave dramatically different compared to their fundamental
constituents. This phenomenon is called emergence [1,2], and the list of examples is long
and ranges from crystallization and magnetism to high-temperature superconductivity and
quantum Hall effects.

The traditional paradigms to characterize such emergent quantum phases are Landau’s
Fermi liquid theory [3] and the Ginzburg-Landau theory of symmetry breaking [4]. In
Fermi liquid theory, the interacting many-body problem is significantly simplified by iden-
tifying the interacting fermions with effectively noninteracting quasiparticles with renor-
malized parameters such as mass, velocity, and other dynamical properties. This theory
was particularly successful in describing the normal-state properties of liquid *He and
metals. However, at low temperatures some systems provide instabilities towards phases
which are characterized by a local order parameter and in these cases the paradigm of
the noninteracting electron picture fails. The phase transitions are usually well described
by the Ginzburg-Landau theory where an effective field theory for the order parameter of
the interacting fermion system is investigated. This field theory is determined by general
properties such as the symmetry of the order parameter and dimensionality, and gives
a universal description of the broken-symmetry phase. The classification of phases with
broken symmetries is well described by the mathematical concept of group theory which
describes the physical system in terms of symmetry groups. Together, Fermi liquid the-
ory and the theory of symmetry breaking were successful in the explanation of a series
of interacting many-body problems. Examples are crystalline solids, where translational

symmetry is broken, magnets, where spin rotation symmetry is broken, and superconduc-



tors, where the global gauge symmetry is broken leading to exotic phenomena such as

Josephson effects and flux quantization.

Over the last thirty years, there were several experimental and theoretical discoveries
which did not fit into this simple traditional picture. Until the discovery of the quantum
Hall effect in a two-dimensional electron gas subjected to a strong perpendicular magnetic
field [5], it was conjectured that most states of matter can be classified in terms of the
Ginzburg-Landau theory of symmetry-breaking, i.e., by local order parameters. However,
for the quantum Hall states there is no local order parameter, instead, each state is char-
acterized by a global topological invariant [6]. Topology is a mathematical concept to
characterize different geometrical objects and to classify them into broad classes. Topo-
logical classification and in particular homotopy theory discards small details and focuses
on the fundamental distinction of shapes. In the quantum Hall effect, the topological in-
variant n is given by a Brillouin zone integral over the Berry curvature and determines
the precisely quantized transverse conductance o,, = ne?/h [6]. This topological invariant
cannot change unless the energy gap between electronic bands closes and reopens. In par-
ticular, it remains unchanged by small perturbations in the physical system. Similarly to
order parameters in systems with broken symmetry, the topological invariants act as topo-
logical order parameters in systems without symmetry breaking. The transition between
two phases, which can be distinguished by a topological invariant, is called topological

phase transition.

With the theoretical prediction and the experimental confirmation of the two-dimensional
quantum spin Hall effect in HgTe/CdTe quantum wells [7,8] and its three-dimensional coun-
terpart in bismuth chalcogenides [9,10], the search for topological phases attracted much
interest [11,12]. While the quantum Hall states belong to a class of topological states which
explicitly breaks time-reversal symmetry, these new quantum states called topological in-
sulators belong to a class which is invariant under time reversal and in which spin-orbit
coupling plays a key role. The topological insulator can be distinguished from the trivial
band insulator by a Z, topological invariant which is determined by the electronic band
structure. It is well-known that the electronic band structure of trivial insulators is char-
acterized by a band gap and hence has vanishing longitudinal conductivity for sufficiently
small voltages and temperatures. In contrast, the topological insulator has a band gap
in the bulk, but has gapless surface states consisting of an odd number of Dirac fermion
modes which give rise to quantized electronic transport. With surface we here mean any
interface between the topological and the trivial insulator (including vacuum). The ex-
istence of the surface states is deeply related to the Z, topological invariant because the

topological invariant can only change when the excitation gap closes. As a consequence,



Introduction

there is a region between the topological and the trivial insulator where the excitation gap
closes giving rise to low-energy electronic states [11].

Shortly after the prediction and the experimental confirmation of topological insulators,
theorists generalized this concept to superconductors where we distinguish between topo-
logically trivial and nontrivial superconductors [12-15]. The situation in superconductors
is analogous to insulators because the Bogoliubov-de Gennes Hamiltonian for the quasi-
particles of a superconductor is equivalent to the Hamiltonian for an insulator, with the
band gap replaced by the superconducting gap and the electrons replaced by quasipar-
ticles. However, despite the recent efforts on topological phases of matter, a complete

classification of topological phases which also captures interacting systems is still missing.

1.1. Topological superconductivity and Majorana fermions

Topological superconductors are one type of topologically nontrivial states of quantum
matter. They are particularly interesting because they host Majorana fermions as low-
energy quasiparticle excitations. Majorana fermions [16] are particles which are their own

antiparticles. In the notation of second quantization, this yields the simple relation

=" (1.1.1)

where v denotes the quasiparticle operator for the Majorana fermion. The anti-commutation

relation for Majorana fermion operators has the unusual form

YV + Vn¥m = 20mn- (1.1.2)

This relation is strikingly different from the usual fermion anti-commutation relations

ConCn + CuCpy = 0 and ¢l ¢, + ¢l = 8,,, for fermion operators c,,. Majorana fermions
were originally proposed as real-valued solutions of the Dirac equation describing charge
neutral fermionic fields in the context of high-energy physics [16]. However, it is still
unclear if there are elementary particles which are Majorana fermions. Ettore Majorana
suggested that neutrinos could be described by Majorana fermions, but the experimental
verification (as well as the falsification) of this hypothesis is still elusive.

More than five decades later, it was proposed that Majorana fermions might emerge as
exotic quasiparticle excitations in certain condensed matter systems [17-19]. Being its own
antiparticle implies that the Majorana fermion can be represented as equal superposition
of electron and hole components. Therefore, Majorana fermions are likely to exist as

quasiparticle excitations in superconductors where particle-hole symmetry relates states
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with positive energy and states with negative energy. More precisely, in superconductors
creating a quasiparticle with energy FE is equivalent to annihilating a quasiparticle with
energy —F/

+(E) = +'(~E). (1.13)

As a consequence, the states with zero-energy are special as they are by default charge
neutral superpositions of electrons and holes. The most common type of superconductors
is characterized by pairing between electrons with opposite spin directions forming a sin-
glet. In second quantization, the Bogoliubov quasiparticles describing singlet pairing read
Y= uc$ + vey, where cl creates an electron with spin o =1, ]. For u = v*, the operator
74 describes a neutral fermion at zero energy, but it is not a Majorana fermion due to
the spin degree of freedom. A Bogoliubov quasiparticle, which satisfies for £ = 0 the
Majorana criterion by construction, is v = uc! + vc, where fermions with the same spin
direction are paired into Cooper pairs with triplet symmetry. This type of pairing does
not occur in conventional superconductors and was first predicted to be realized in the
fractional quantum Hall state at filling fraction v = 5/2 [19,20]. Before we discuss the
details of the experimental realization of Majorana fermions, we will concentrate on their
exotic properties.

Recently, Majorana fermions have attracted much interest, mainly because of their spe-
cial exchange statistics [21-23]. It is well known that the many-body wave function for
bosons is invariant under exchange of two bosons and the many-body wave function for
fermions acquires a minus sign under exchange of two fermions. In three spatial dimensions,
the statistics of bosons and fermions are the only possible statistics of particle exchange
since the fermion and boson statistics are the only one-dimensional representations of the
permutation group of indistinguishable particles. In contrast, in two dimensions, exchange
of two identical particles is not only described by the change of the order of the parti-
cles, i.e., the permutation group, but it is also necessary to specify the paths along which
the particles are exchanged. As a consequence, in two dimensions particle exchange is no
longer described by the permutation group but by the braid group. The braid group is
much richer than the permutation group and in addition to bosons and fermions, there are
more general types of wave functions called anyons. We distinguish between abelian [24,25]
and non-abelian anyons [20]. Abelian anyons acquire a complex phase exp(if), which is
described by the statistical angle 6, under particle exchange and therefore interpolate be-
tween # = 0 for bosons and # = 7 for fermions. It was shown that certain fractional
quantum Hall states have anyonic quasiparticles with abelian statistics, e.g. the v = 1/3
state with 6 = 7/3 [26]. In addition, there are non-abelian anyons which necessarily have a

degenerate space of ground states and whose many-body wave functions are more generally
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Figure 1.1.1.: Sketch of a two-dimensional topological superconductor with well-
separated vortices binding Majorana fermions. (a) Under the counter-
clockwise exchange of two Majorana fermions j and k, the many-body
wave function is transformed by the unitary operator Bj,. (b) Two
exchange paths of Majorana fermions with identical initial and final
Majorana configuration. The two paths are described by the unitary
operators U; and Us which do not commute UyUs # UsUy.

transformed by matrices within the ground-state space. Since matrix multiplication is in
general non-commutative, the outcome of the exchange of non-abelian anyons depends on

the order of how the particles are exchanged.

Majorana fermions are one particularly simple type of non-abelian anyons. In the follow-
ing, we consider the exchange statistics of Majorana fermions which are bound to defects in
a two-dimensional system as illustrated in figure 1.1.1(a). The adiabatic counter-clockwise

exchange of two Majorana fermions «y; and ~; is described by the unitary operator

™

Bjk :€Xp< 1

’Vﬂk) : (1.1.4)

Thus, two consecutive exchanges return both Majorana fermions to their initial positions,
but the final state is | f) = B2 [i) = —v;v/i), which is in general not identical to the initial
state |i). A transformation of the form Eq. (1.1.4) is fully determined by the topology of
the exchange paths and does not depend on details of the paths [27].

In the following, we consider an example which illustrates the non-abelian character of
the Majorana exchange statistics. We consider four Majorana fermions which are bound
to some defects and which are not coupled to each other. As illustrated in figure 1.1.1(b),
we consider two exchange paths with the same initial and final configuration of Majo-
rana fermions. For exchange U;, we directly move Majorana 2 counter-clockwise around
Majorana 3. For exchange U,, we first move Majorana 2 counter-clockwise around Majo-

rana 4 and then we move Majorana 2 counter-clockwise around Majorana 3. These two
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interchanges are described by the unitary operators

Uy =B = —727, (1.1.5a)
Uy =B3,Bis = (—7274) (—7278) = =747 (1.1.5b)
and [Uy,Us] = —27y2774 # 0, i.e., the transformations U; and U; do not commute. We

note that the operator Uy is identical to the operator B%; which describes the counter-
clockwise exchange of Majoranas 4 and 3 despite the fact that both Majoranas have not
been moved physically according to the exchange trajectories in figure 1.1.1(b). Realizing
this unconventional exchange statistics stimulated huge research efforts in the condensed

matter community [21-23].

1.2. Proposed realization of Majorana fermions

The first system, which was proposed to realize Majorana fermions, is the fractional quan-
tum Hall state at filling fraction v = 5/2 [20]. The insight of Moore and Read was to
identify the many-body wave function of the v = 5/2 state with chiral correlators (con-
formal blocks) in a two-dimensional conformal field theory and quasiparticle excitations
with Ising anyons (Majorana fermions bound to vortices). Greiter et al. [28] and Read
et al. [19] more generally suggested that Majorana fermions appear as vortex excitations
in spin polarized superconductors with p + ip pairing and that the v = 5/2 state can be
described by a condensate of composite fermions with p 4 i¢p pairing symmetry. Later, it
was proposed that this unconventional pairing symmetry and hence Majorana fermions
also appear in other systems such as the A-phase of 3He films [18], in Sro,RuOy [29], and in
cold atoms in optical traps [30]. However, despite the intense research efforts over the last
years clear signatures of Majorana fermions and the topological superconducting state in
these systems are still missing.

In 2007, Fu and Kane proposed in a pioneering work [31] that the p+ip superconducting
pairing can be induced on the surface of a strong topological insulator which is strongly
coupled to a conventional s-wave superconductor. The surface of a topological insulator
is described by a single Dirac cone with a helical band structure. Because of the single
electronic band, the system is effectively spinless and because of the helical spin structure,
there is a finite antiparallel spin component between states with opposite momenta. The
underlying ingredient for induction of p + ip pairing is the strong spin-orbit coupling of
the topological insulator which gives rise to momentum dependent spin directions. Later,

it was realized that the same mechanism can be used to induce p + ¢p pairing symmetry in
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more conventional semiconductor nanowires with strong Rashba spin-orbit coupling such
as InSb and InAs in proximity to an s-wave superconductor [32-37]. There, the system
becomes effectively spinless by applying a strong magnetic field which opens a Zeeman
gap. The large spin-orbit coupling guarantees that there is a finite antiparallel spin com-
ponent between opposite momenta within each electronic band and the superconducting
pairing opens a quasiparticle excitation gap. Based on these proposals, a large number
of possible systems was suggested including vortices in topological insulators [38], cold
atomic gases [39], carbon nanotubes [40], chains of quantum dots [41], and domain walls
in topological insulator nanowires [42].

Currently, it was proposed that Majorana fermions might also occur as surface states
on three-dimensional topological superconductors with intrinsic odd-parity pairing sym-
metry [43,44]. Fu and Berg [45] showed that the strong spin-orbit-coupled bands of a
doped topological insulator indeed favor an odd-parity pairing symmetry which gives rise
to the existence of surface Majorana modes. The advantage of this system is the intrinsic
superconductivity which does not require the superconducting proximity effect. On the
other hand, the Majorana fermions in this system are delocalized on the entire surface and

thus magnetic films are necessary to bound the Majorana fermions to some defect.

1.3. Experimental situation

Before coming to the recent experimental findings, we briefly recap the characteristic sig-
natures of Majorana fermions and what needs to be shown experimentally to verify the
existence of Majorana fermions. The defining properties of Majorana fermions are, for
system sizes much larger than the superconducting coherence length, zero excitation en-
ergy and non-abelian braiding statistics. The ultimate proof for the existence of Majorana
fermions would be the demonstration of non-abelian statistics by using them to build a
quantum computer [27,46]. However, experimentally this has not yet been realized and
the high level of difficulty makes it challenging that the non-abelian statistics (and the
Majorana quantum computer) will be realized in the near future. Therefore, a legitimate
goal is to study other consequences of Majorana fermions and to show that these conse-
quences can be clearly distinguished from the situation without Majorana fermions [47-54].
Recently, a series of experimental works presented first evidence for Majorana fermions in
semiconductor-superconductor hybrid devices. We divide the experiments into two classes
studying the local density of states via tunneling experiments and studying supercurrents
via Josephson effects. A detailed analysis of the experiments goes beyond the scope of this

introduction, but we still want to discuss some questions and potential difficulties with the
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interpretation of these experiments in terms of Majoranas fermions.

Mourik et al. [55] investigated the differential conductance for tunneling into an InSb
nanowire proximity coupled to a NbTi superconductor. They showed evidence for the zero-
energy nature of Majorana fermions in the form of a zero-bias anomaly in the differential
conductance above a certain critical value of the Zeeman field. The behavior of this zero-
bias feature under rotations of the magnetic field and against local variations of gate
voltages is consistent with the theoretical predictions. Later, these findings have been
confirmed by other experimental groups in similar systems [56-58]. However, there are
several features in the experimental data which shed doubt on the interpretation in terms of
Majorana fermions, in particular since these features appear in all published experimental
data. These features include: (i) the absence of a clear signature associated with the
closing of the quasiparticle excitation gap at the topological phase transition separating
the topologically nontrivial from the trivial phase; (ii) the measured zero-bias conductance
is more than an order of magnitude smaller than the expected quantized value 2¢?/h;
(iii) the observation of a soft superconducting gap instead of a hard gap with suppressed
differential conductance for voltages smaller than the gap and sharp coherence peak. In
addition to these unexpected experimental observations, theorists proposed a number of
alternative scenarios which explain the appearance of the zero-bias anomaly based on more
conventional physical phenomena. These scenarios involve pair-breaking effects by strong
nonmagnetic disorder [59], smooth confinement potentials [60], weak antilocalization [61],
Kondo physics [62], or the 0.7 anomaly in nanowires [58]. Therefore, we conclude that
tunneling experiments alone are not sufficient to verify the existence of Majorana fermions

and that complementary experiments are desirable.

So far, one experiment reported evidence of unconventional Josephson effects in semi-
conductor-superconductor nanowires [63]. In conventional superconductivity, the only
low-energy charge carriers which can tunnel across the junction between two supercon-
ductors are Cooper pairs with charge 2e which give rise to a 27 periodic Josephson current
I o sin(¢), where ¢ denotes the superconducting phase difference across the junction. In
contrast, the presence of Majorana fermions enables the tunneling of single electrons with
charge e across the junction between two topological superconductors. This halving of the
transferred charge from 2e to e yields a doubling of the Aharonov-Bohm phase for con-
structive interference. Therefore, the periodicity of the Josephson current I o sin(¢/2) is
47 and hence doubled as compared to conventional superconductors. However, this effect
cannot be seen in dc Josephson experiments where fluctuations between the two degenerate
ground states screen the 47 periodicity. In contrast, in the ac Josephson effect the 47 pe-

riodicity is not screened and gives rise to unconventional Shapiro steps [64]. It was shown
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experimentally that above some critical value of the Zeeman field, the height of the first
Shapiro step is doubled which is a signature of the topological phase transition. However,
in a recent theoretical work it was shown that fractional Josephson effects can also appear
in high-transparency conventional superconductor-normal-state-superconductor junctions
as a result of Landau-Zener processes associated with the Andreev bound states of the
junction [65].

We conclude that despite the recent experimental progress clear experimental signa-
tures of Majorana fermions and the topological superconducting state are still absent. We
believe that additional theoretical work is necessary in order to identify complementary
experimental signatures and to clearly distinguish the case with Majorana fermions from

the case without Majorana fermions.

1.4. This thesis

In the following, we give a brief description of the content of this thesis. In chapter 2,
we begin with an introduction to the basic physics and concepts of topological supercon-
ductivity. There, we provide the basic theoretical methods to distinguish between trivial
and nontrivial superconducting states and we show how to obtain ground-state properties
of the superconductor. In particular, we note that the following main chapters of this
thesis build on the concept introduced in chapter 2. In the three main chapters, we study
physical consequences of topological superconductivity and their experimental signatures.

In the following, we briefly present the content of the main chapters.

1.4.1. Transport signatures of Majorana bound states coupled to

guantum dots

In chapter 3, we consider transport through a three-terminal normal-state-topological
superconductor nanowire-normal-state device. The topological superconductor nanowire
is characterized by a pair of Majorana fermions which are bound to the two ends of the
nanowire. Because of the finite length of the nanowire, the Majorana bound states are tun-
nel coupled to each other and have a finite energy splitting ey ~ A exp(—L/&snm) sin(kpL),
where &gy is the superconducting coherence length and kp the Fermi momentum in the
semiconductor. A possible probe for the nonlocal nature of Majorana bound states is
Cooper pair splitting [66-68]. The electrons in superconductors form Cooper pairs and the
process of converting a Cooper pair into two electrons in spatially separated normal metal

contacts is called Cooper pair splitting. To realize Cooper pair splitting, a tunneling ma-
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trix element is required, which allows a pair of electrons to leave the superconductor into
two separate contacts. One particular realization of such a matrix element is the Majorana
energy splitting €;;. It has been shown theoretically that at sufficiently low voltages and
small level broadening, Cooper pair splitting by the pair of Majorana bound states is the
dominating transport process and gives rise to positive current cross-correlations [69, 70].
For voltages larger than the Majorana energy splitting €,,, resonant tunneling of electrons
and holes gives rise to negative current cross-correlations, and the total current cross-

correlations vanish.

r ¢ ¢ r
Left Lead Right Lead

€r €R

Ifs @13

Figure 1.4.1.: Illustration of a system with a pair of Majorana bound states coupled to
quantum dots which themselves are coupled to lead electrodes. Cooper
pair splitting can be detected by correlating the currents I;, and I that
flow via Majorana bound states into the superconductor nanowire.

In this chapter, we study the effect of quantum dots on the transport signatures of Ma-
jorana bound states. In particular, we focus on the physics of coupling a pair of Majorana
bound states at the ends of a quasi one-dimensional topological superconductor nanowire
to lead electrodes via quantum dots in the Coulomb blockade regime. The proposed ex-
perimental setup is illustrated in figure 1.4.1. As demonstrated in recent experiments with
similar systems [71-73], the quantum dots suppress local Andreev reflection and thus pro-
vide a suitable tool to probe current cross-correlations. Building on this observation, we
investigate the effect of quantum dots on the differential conductance and on the current
cross-correlations in topological superconductors. We underline our findings for an effec-
tive low-energy model with numerical results for a microscopic model of a spinless p-wave
superconductor [19] and the more realistic semiconductor-superconductor hybrid system

discussed above.
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1.4.2. Signatures of topological order in Coulomb blockade transport

through semiconductor — superconductor nanowire rings

In chapter 4, we investigate signatures of topological order and the topological phase transi-
tion in quasi one-dimensional ring shaped superconductor nanowires in nonlinear Coulomb
blockade transport. Here, we associate topological order with the existence of ground-state
degeneracies which depend on the manifold on which the system is defined. We focus on
a regime in which the quasiparticle gap A is larger than the single-particle level spacing
d. In the Coulomb blockade regime, the total particle number and hence the parity of the
superconductor nanowire are fixed by the charging energy E. > A, and the degeneracy
of grand canonical ground states is reflected in the excitation energies, which can be ob-
served in nonlinear Coulomb blockade transport [74,75]. The lowest excited states above
the ground state of a trivial superconductor with even parity involve two quasiparticles and
thus breaks a Cooper pair, incurring an excitation energy 6 F ~ 2A, which is essentially
independent of magnetic flux. In contrast, the ground state for odd parity always has one
quasiparticle, and hence the lowest excited state involves both annihilating and creating a

quasiparticle which costs the excitation energy 0F ~ d*/A < 2A.

Source

—

Figure 1.4.2.: Cross section of the experimental setup for a ring shaped
semiconductor-superconductor hybrid system. We consider a quasi
one-dimensional semiconductor (SM) nanowire with strong spin-orbit
coupling and a magnetic field B perpendicular to the plane of the semi-
conductor ring. The superconductor (SC) is sputtered on top of the
semiconductor which itself is deposited on a gate electrode. The semi-
conductor is weakly tunnel coupled to source and drain electrodes.

For nontrivial topological superconductors, the situation is very different. Here, ground
states without unpaired particles at the Fermi energy have odd parity for periodic boundary
condition, and even parity for antiperiodic boundary condition. Therefore, the excitation
energy dF oscillates between d?/A and 2A as function of magnetic flux with period h/e
which is doubled as compared to trivial superconductors. This connection between the

ground-state degeneracy on manifolds with nonzero genus and the h/e flux periodicity of
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ring structures demonstrates that these properties are a general consequence of topological
order and that nonlinear Coulomb blockade transport is a suitable tool to investigate this

order.

We propose an experiment which directly investigates consequences of topological order
on a nontrivial manifold. For this purpose, we use the Coulomb energy as a tool to fix
the parity of the hybrid system and thus, to observe the above discussed ground-state
degeneracy. Our analysis is based on the identification of the pfaffian Z, invariant for
Hamiltonians in class D, i.e., Hamiltonians whose only symmetry is particle-hole symme-
try [76], with the parity Q of the grand canonical ground state. Thus, we use this key
piece of information about the grand canonical ground state to construct two classes of
states with parity Q and —Q, where the class of states with parity Q (—Q) contains all
eigenstates with an even (odd) number of quasiparticle excitations. We find two types of
excitation spectra which display trivial or nontrivial superconductivity depending on pa-
rameter values. The transition between the different topological phases is characterized by
the closing and reopening of an excitation gap. As these findings only rely on the existence
of a superconducting gap A > d and the S! topology of the system, the excitation spectra
are robust against nonmagnetic disorder, spatial variations of the superconducting pairing

potential, geometry details, and the existence of additional transverse subbands.

1.4.3. Spin response in three-dimensional topological superconductors

Recent experiments showed first evidence for unconventional superconductivity with a
critical temperature T, ~ 4 K in the electron doped topological insulator Cu,BisSes [43].
Based on specific heat measurements, it was proposed that this system possibly shows
a fully-gapped, time-reversal invariant p-wave superconducting state [77]. By now, the
existence of surface states in Cu,BisSes has been probed by photoemission [78] and point
contact spectroscopy [79-83]. Currently, the experimental situation for the superconduct-
ing state of Cu,BiySe;s is rather controversial [84]. While recent point contact spectroscopy
experiments [79-81] showed signatures of subgap surface states, no such signatures were
found in references [82,83]. As a consequence, at the moment the superconducting pairing
symmetry of Cu,BisSe; cannot be unambiguously determined from tunneling spectroscopy,
and data obtained by complementary experimental techniques are desirable.

Nuclear magnetic resonance and quadrupole resonance, as well as the electron and muon
spin resonance are another class of powerful techniques to investigate the electronic prop-
erties locally. The Knight shift for example is determined by the static spin susceptibility,

which is directly connected to the spin structure of the superconducting pairing. In conven-
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Figure 1.4.3.: (a) Cut through the quasiparticle excitation spectrum for a topological
insulator with odd-parity interorbital pairing. The energy band within
the superconducting gap reflects the surface states. (b) Local density
of states as function of distance from the surface and energy. Note the
subgap states near z = 0 which decay exponentially into the bulk.

tional s-wave superconductors with spin-singlet pairing, the Knight shift is significantly
reduced and vanishes for zero temperature because spins pair up and longitudinal spin
excitations cost the pair-breaking energy 2A. However, in superconductors with strong
spin-orbit coupling the spin susceptibility is suppressed as compared to the normal state,
but does not vanish for zero temperature due to coupling between up and down spins.
In chapter 5, we study characteristic features in the spin response of odd-parity pairing
in doped topological insulators and predict clear signatures for the above resonance tech-

niques.

Fu and Berg [45] showed that strong spin-orbit-coupled bands indeed favor an odd-parity
interorbital unequal-spin pairing [85,86]. To gain insight into its topologically nontrivial
nature, we map this pairing Hamiltonian onto the conduction band, which yields an effec-
tive time-reversal invariant p £ ip pairing in three dimensions. Because of this topology,
there is a pair of Majorana zero-energy modes located at each surface and protected by
time-reversal symmetry. Additionally, there are unconventional surface Andreev bound
states originating from the band inversion as shown in figure 1.4.3(a). In addition to terms
linear in momentum, we here consider quadratic momentum terms, which determine the
energy range of coexistence between Dirac modes and unconventional surface Andreev
bound states, and which may give rise to other species of zero-energy surface Andreev
bound states. The main motivation for introducing the quadratic terms is the possibility

to investigate the competition between the different surface states and the bulk.

The coexistence of the Majorana zero-energy modes and the surface Andreev bound
states originating from the band inversion [87] gives rise to two characteristic length scales.

The Dirac modes decay on the nanometer scale £, whereas the decay length & for the Ma-
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jorana zero-energy modes is hundreds of nanometer as shown in figure 1.4.3(b). Hence,
the local spin susceptibility shows different characteristic behavior in the bulk, at the
surface, and within & into the bulk. Conventional bulk nuclear magnetic resonance can
distinguish between competing pairing symmetries by the characteristic temperature de-
pendence of the Knight shift and the spin-lattice relaxation rate. We propose that nuclear
magnetic resonance in thin films of several hundred nanometer thickness, or depth con-
trolled probes [88,89] allow to clearly determine the pairing symmetry and investigate the

Majorana zero-energy modes.
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2. Introduction to topological

superconductivity

In this chapter, we give an elementary introduction to topological superconductivity with
the focus on the most important aspects for understanding the basic physics. Our goal is
to provide basic concepts and tools which are useful to describe superconductors in gen-
eral and to discriminate between topologically distinct superconducting phases in special.
In section 2.1, we begin with an introduction to general superconducting Hamiltonians
and discuss how to obtain various ground-state properties of superconductors, such as the
energy, mean particle number, and parity. In particular, we show that the parity of the
many-body wave function determines the topology of the superconducting state, and we
formulate a criterion for topological superconductivity. Then, in section 2.2 we discuss in
some detail a toy model for a one-dimensional superconductor and show that this model
is characterized by two classes of ground-state wave functions with distinct topology. In
section 2.3, we generalize this toy model by extending the model to two dimensions, and
we discuss the topological order of this system in section 2.4. We conclude this chapter
in section 2.5 with the introduction of an experimentally promising system in which topo-
logical superconductivity can be engineered using a semiconductor nanowire with strong
spin-orbit coupling, exposed to a magnetic field, and proximity coupled to a conventional

s-wave superconductor.

2.1. Topological invariant for bilinear Hamiltonians

We begin our discussion with an abstract introduction to the zero-temperature formalism
of how to calculate ground-state properties and excited states of a general superconducting
system described by a bilinear Hamiltonian. In the mean-field approximation, supercon-
ductors are characterized by nonvanishing anomalous expectation values of operators which
annihilate or create pairs of electrons. These anomalous expectation values result from the
decoupling of an attractive electron-electron interaction and give rise to the superconduct-

ing order parameter. The consequence of the anomalous expectation values is the violation
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of particle-number conservation in the mean-field ground-state wave function which is a
coherent superposition of states with different particle numbers. Instead of a certain par-
ticle number, the mean-field wave function is characterized by particle-number parity, i.e.,
particle number modulo two. In this section we will discuss a connection between the
parity of the wave function and the topological properties of the superconducting state.
In the following, we consider a superconducting system which is described by a bilinear
Hamiltonian in the mean-field approximation. In second quantization, we write the general

Hamiltonian as

H = C'TC + %chT)T + %CTNC, (2.1.1)

where C' = (cy,¢s,...,cx)7 is an N-component column vector of fermion annihilation
operators ¢;, and CT is the corresponding N-component row vector of fermion creation
operators. Here, we do not specify the number N, however, for electrons the ¢ operators
are typically labeled by momentum and spin, and then N is two times the number of
momenta. The Hermitian N x N matrix T contains the kinetic and potential energy
terms, which describe the normal-state properties, and the N x N matrix A contains
the superconducting pairing potential. In addition, the pairing matrix is skew-symmetric
AT = — A which is a direct consequence of the anti-commutation relations of fermions.

It is standard practice to consider the so-called Nambu space representation of the
Hamiltonian in Eq. (2.1.1) by including fermion creation and annihilation operators into

a single 2/ N-component vector. Hence, we rewrite the Hamiltonian in matrix form as

H = % (C’T C’T) Hpaa <(C€)T> + %TY(T), (2.1.2)

where Hpqq is the Hermitian 2NV x 2N matrix denoting the single-particle Hamiltonian,

T A
Hpaq = : 2.1.3
Bac <_N _T*> (2.1.3)

and Tr(7T') denotes the trace of the matrix 7. Here, the trace term is a real number and
appears because to obtain Eq. (2.1.2) we split the kinetic energy into two parts. Then,
we used the fermionic anti-commutation relations to interchange the order of creation and
annihilation operators in one of the parts. This interchange gives rise to a minus sign in the
second line of Eq. (2.1.3) and in addition, it yields a constant rest term when interchanging
creation and annihilation operators which describe the same fermion.

The entries in the basis vector (CT CT) are not independent of each other and can be

transformed into each other by applying a particle-hole transformation C' — (CT)T and
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CT — (C)T. In matrix notation, the particle-hole operator is given by

1
o= (0 D) "
1 0

where I denotes an operator which applies complex conjugation to all elements on the right
and 1 (0) denotes the N x N identity matrix (zero matrix). Applying the transformation
P to the Hamilton matrix, we find P Hpag P! = —Hpag. From this relation, we conclude
that for all positive eigenvalues F; of Hpqq, there is a negative counterpart —FE; which is
also an eigenvalue of Hpgg. In addition, the corresponding eigenvectors |¢g) and |¢_g)

can be transformed into each other by applying the operator Plvg) = |[¢_g).

The Hamiltonian Eq. (2.1.1) can be diagonalized by a unitary transformation described
by N x N matrices U and V which transform the fermion operators C' and C' into new

fermion operators A and A’ by
C=UA+ V(AN (2.1.5)

This transformation is called Bogoliubov transformation and the operators A are called
Bogoliubov quasiparticle operators. The conditions for the unitarity of transformation
Eq. (2.1.5) are

UUT+vvi=1, (2.1.6a)
uvt+vut =o. (2.1.6b)

With this transformation, we write

C u Vv A
()0 08 .
and hence,

1 N (U0 VT u v A 1
H= 5 (AT A ) (VT UT> Hpac (V* U*) ((AT)T> + §Tr(T). (2.1.8)

In the following, we demand that the Hamiltonian is diagonal in the new operators,
H = A'DA + E|, (2.1.9)

with the diagonal matrix D = diag(FE, ..., Ey), which has nonnegative entries only, and

17



Topological invariant for bilinear Hamiltonians

with the ground-state energy Fy. This demand yields the eigenvalue equation

o (U VY_ (v vY(D 0 2.1.10)
PGy ) " \ve ) Lo =D o

and the ground-state energy is given by

B = %Tr(T) _ %Tr(D). (2.1.11)
The eigenvalue equation (2.1.10) is called Bogoliubov-de Gennes equation. The ground-
state many-body wave function |¢) of Hamiltonian Eq. (2.1.1) is given by the state for
which all quasiparticle states A; with quasiparticle energy F; > 0 are empty, i.e., A;[1)) = 0.
According to Eq. (2.1.9), the Hamiltonian is the sum over occupied quasiparticles with
nonnegative energy plus the residual energy Fj. Since the ground state is characterized

by zero quasiparticles, the terminology ground-state energy is justified for Ej.

To further investigate the ground-state properties, we distinguish two generic cases:

(i) All quasiparticle energies are positive, E; > 0, and the superconductor is fully gapped
with the energy gap Eg = min(FE;). As a consequence, the many-body ground-state
wave function is uniquely defined by the state without quasiparticles A;. This situation
is for instance realized in conventional s-wave superconductors where electrons form spin
singlet Cooper pairs and where the superconducting gap is protected against nonmagnetic
perturbations according to Anderson’s theorem [90].

(ii) Some excitation energies vanish, i.e., E; = 0 for 7 in some set S of indices. In this case,
the ground state is not uniquely defined and there is a 2"-dimensional space of ground
states where n denotes the number of elements in S. To further discuss this situation, we
specify the set S and assume that the energies E; = 0 for ¢ = 1, ..., n. By definition of the
operators A;, there is one ground state [¢(0)) for which A;|1(0)) = 0 for all i. Starting

from this specific state, we construct new states

() = (AD)™ ... (A1) [(0)) (2.1.12)

with s = {s1, ..., s,} and s; € {0, 1}. On the first view, this space of degenerate ground
states looks rather artificial for superconducting systems. However, in the following sec-
tions we will show that this situation is for instance realized in topological superconductors

where zero-energy states exist in defects.

For the rest of this section, we consider systems which fall into class (i) where all energies

E; > 0 and where the ground state is unique. In most problems, the ground-state wave
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Introduction to topological superconductivity

function is highly complicated and usually we are not interested in the explicit form of the
wave function itself. Instead, we are interested in some specific properties of the ground
state such as its energy FE, which is determined by diagonalizing the matrix Hpqg. In
addition, we are interested in the mean particle number and the parity of the ground
state. Similarly, we are not interested in the explicit form of the wave functions for the
excited states. Again, we are only interested in the excitation energies F; and in the
operators A; which describe the quasiparticle excitations. In the following, we show how
all these quantities can be derived from the Bogoliubov-de Gennes matrix Hgqg without

knowing the explicit form of the ground-state wave function.

The ground-state electron number is given by the expectation value of the particle-
number operator N = C'C in the state where all quasiparticle levels are empty. Rewriting
the particle-number operator in terms of quasiparticle operators and taking the expectation
value with respect to the ground state ((A!A,) = 0), we find

Ny = Tr(VTV). (2.1.13)

For superconductors, the particle number operator N does not commute with the Hamil-

tonian and as a consequence, there are states which do not have a definite mean-field

N commutes with the Hamilto-

particle number. In contrast, the parity operator P= (—1)
nian because all terms in the Hamiltonian contain two fermion operators and each fermion
operator changes the parity. Hence, two fermion operators change the parity twice which is
equivalent to no change of the parity. As a consequence, the eigenstates of H can be divided
into two classes ¥, and ¥, with even ((.|P|tb.) = 4+1) and odd parity ((1,|P|t) = —1).

The parity of the unique ground-state wave function is determined by the number

o — P 0teacir’) (2.1.14)

v/ det (%BdgiTz) 7

where 7 denotes the Pauli matrix acting on the particle-hole space introduced above. Pf

denotes the so-called pfaffian which is defined for 2N x 2N skew-symmetric matrices as

N
1 .
Pf(A) = ON N1 Z 51gn(0) H ao-(gl',l)’o(m'). (2115)

UESQN =1

Here, Son denotes the permutation group and sign(e) is the signature of the permutation
0. One special property of the pfaffian is Pf(A4)? = det(A) which is a crucial relation
to see that Q is dimensionless and in particular, @ = +1. As noted above, for systems

with gapped quasiparticle excitation spectrum the number Q = +1(—1) corresponds to
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One-dimensional lattice model of spinless fermions

the even (odd) parity of the ground state. For a proof of Eq. (2.1.14), we refer the reader
to reference [91].

For superconducting systems without time-reversal symmetry, i.e., systems in class D
of the Altland-Zirnbauer classification of Hamiltonians [13,92], the parity Q becomes par-
ticularly interesting. It was proposed that Q is a topological invariant which is intricately
related to the topology of the superconductor. This topological invariant is robust against
weak perturbations of the system, where weak is defined in comparison to the supercon-
ducting gap Eg, and cannot be changed in a continuous way without closing the excitation
gap of the superconductor.

If we apply Eq. (2.1.14) to an ordinary s-wave superconductor (without or very weak
magnetic perturbations) described within the BCS framework, we always find Q = +1, i.e.,
an s-wave superconductor has always even parity independent of the microscopic details.
The origin of the even parity is that all electrons near the Fermi surface form Cooper pairs
and pairs have by definition an even parity. However, below we will show that theoretically,
there are also more exotic superconductors with @ = —1 and that these systems behave

very different as compared to conventional s-wave superconductors.

2.2. One-dimensional lattice model of spinless fermions

In this section we introduce a simple toy model for a one-dimensional superconductor and
we apply the concepts discussed above in section (2.1) to this model. We consider a one-
dimensional chain of N spinless fermions as illustrated in figure 2.2.1(a). The fermions
can hop between nearest-neighbor lattice sites and exhibit long-range-ordered p-wave su-

perconductivity. We write the Hamiltonian as

N-1 N
Hyi = — Z <toclcx+1 +toch e, + AOCLCL_H + Az‘)cmﬂcm) — Lo Z ce,, (2.2.1)
=1 =1

where 1y denotes the chemical potential, ¢, the hopping amplitude between nearest neigh-
bors, and A, the superconducting pairing potential between nearest neighbors. The opera-
tor ¢, (c!) denotes the annihilation (creation) operator for a spinless fermion on site x. We
stress that for spinless fermions onsite pairing is not possible since Pauli’s exclusion princi-
ple forbids doubly occupied sites. Hence, pairing between nearest neighbors is the simplest
possible pairing term for spinless systems. We note that the Hamiltonian Eq. (2.2.1) is
sometimes dubbed Kitaev model since Kitaev introduced this model to describe Majorana

bound states in quantum wires [76].
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Figure 2.2.1.: (a) Illustration of the one-dimensional chain of spinless fermions
Eq. (2.2.1) with nearest-neighbor hopping potential ¢, nearest-neighbor
superconducting pairing potential Ay, and chemical potential pg.
(b) Bare dispersion relation e = —2tgcos(k) for a half filled one-
dimensional tight-binding model with band width 4¢,.

At first, we consider the limit that the chain forms a closed loop with periodic bound-
ary conditions. This limit allows us to study the properties of the superconducting bulk
without perturbations from the ends of the chain. Therefore, it is appropriate to consider
Hamiltonian Eq. (2.2.1) in momentum space by Fourier transformation of the fermion

operators

1 —ikx
Cp = WZ@ ke, (2.2.2)
k

In the following, we assume that the number of lattice sites NV is even which yields the
allowed momenta k = 27mn/N with n € {—N/2+1,—-N/2+2,...,N/2}. The analysis of
the chain with an odd number of lattice sites is analogous and therefore we neglect this

case here. We rewrite the Hamiltonian as
Hyg = Z {ekc,tck + Agsin(k)clel , + A Sin(k)cikck} (2.2.3)
k

with the kinetic energy e, = —2tgcos(k) — uo. From the pairing term, we see that there
are two special momenta k£ = 0 and £ = 7, which do not contribute in the pairing since
sin(0) = sin(m) = 0. All other fermions are paired with their time-reversed partners,
i.e., pairing is between momenta k and —k. According to Eq. (2.1.8), we rewrite the

Hamiltonian as

Hy :% > C’,i?—lka—F% > <cj cl) (‘Z _0 > (c;) +% > e (2.2.4)

O<k<m =0, €1 G —n<k<m
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Figure 2.2.2.: (a) Quasiparticle excitation spectrum E}, as function of momentum k for
the one-dimensional Kitaev model Hamiltonian Eq. (2.2.3) with po = 0.
The solid line is the spectrum for Ay = typ/4 and the dashed line is the
spectrum for Ag = 0. (b) Quasiparticle excitation spectrum as function
of chemical potential. The black area is characterized by a continuum
of quasiparticle states bounded from below by a quasiparticle gap for
|po| # 2tg. For |ug| = 2to, the quasiparticle gap closes.

with the Bogoliubov-de Gennes matrix

€k 0 0 Agsin(k)
0 _ —A,sin(k 0
My, = ok osin(k) (2.2.5)
0 —Ajsin(k) —é€p, 0
Afsin(k) 0 0 —€_j
and the vector
C,i = (CL cT_k Ck c_k> . (2.2.6)

By diagonalizing the matrix Hy, we find the quasiparticle energies

B = \/ (= 2t cos(k) — o) + [ o] sin? (k). (2.2.7)

As shown in figure 2.2.2, for |A¢| < to the quasiparticle spectrum has a superconducting
gap of magnitude Eg = [Ag|+/|1 — pd/4t3| which is finite for all |pg| # 2to.

Since for |ug| # 2ty all quasiparticle energies are nonzero and the spectrum is fully

gapped, we can calculate the topological number Q introduced above in Eq. (2.1.14),

€0 E2
Q——(H 7

= 2
’€0| O<k<m K

> Cn = sign(€péy ). (2.2.8)

Jexl

1
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If we insert the expression for the single-particle energies ¢g = —pg—2ty and €, = — o + 2to,
we find Q = sign(u2 — 4¢2) which yields Q = +1 for |ug| > 2tg and Q = —1 for |ug| < 2to.
Thus, we find that the one-dimensional spinless p-wave superconductor has two topolog-
ically distinct phases which are both characterized by the same superconducting order
parameter Ag. For |ug| > 2tg, the superconductor is in the trivial phase which is topo-
logically equivalent to the vacuum. This equivalence becomes immediately clear when
considering the limit pug — —oo, in which the system becomes fully depleted, and in the
limit g — 400, in which the system becomes fully occupied. However, for || < 2t
the situation is different. Here, we find a topological number Q = —1 and therefore, the
superconducting state cannot be continuously transformed into the vacuum state without
closing the energy gap. Equivalently, we could argue that in this case, the Hamiltonian
Eq. (2.2.3) cannot be continuously transformed into the vacuum Hamiltonian |uo| - cle,
without closing the energy gap.

So far, we have shown that the spinless superconductor with periodic boundary condi-
tions shows two phases which can be distinguished by the topological number Q. Except
for the topological number, both systems show a superconducting gap characterized by
Ag, and so far, we have not seen a way to experimentally distinguish between the two
phases. For that purpose, we now consider a finite chain with open boundary conditions.
It will be instructive to consider two special limits. As illustrated in figure 2.2.3(a), for
Ag =ty = 0 the Hamiltonian is just a sum over local chemical potentials and the ground
state is the completely empty (filled) wave function for gy < 0 (uo > 0). Obviously, this
describes the trivial phase which was characterized by the topological invariant @ = +1

in the last paragraph.

YB,1 VA1 VB2 VA2 YB,N YA,N
(= (@ @@ @ @ . . @
—Ho —Ho —Ho —Ho —Ho —Ho
(a)

VB1VA1 VB2 VA2 YB,N YA,N
(D@ D D D@ O ... @

0 0 0 0

(b)

Figure 2.2.3.: Illustration of the Hamiltonian Eq. (2.2.1) and the ground state (a) for
to # 0 and Ay = t9 = 0, and (b) for ugp = 0 and Ay = ty. The green
bonds describe pairs of Majorana fermions which form a finite energy
quasiparticle. Note that in (b), there are two uncoupled Majorana
operators yg 1 and 4 y which give rise to a zero-energy quasiparticle
state.
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To understand the physics of the topologically nontrivial phase more easily, we consider
the special limit Ay = t5 > 0 and py = 0. To diagonalize Hamiltonian Eq. (2.2.1), we

decompose the fermion operators into a sum of Majorana operators [76],

1

cb =5 (Vas+i78.4), (2.2.9a)
1 .
Cp = 5 (714,:)3 - ZVB,x) . (229b)

This decomposition can be understood as decomposition of a complex Dirac fermion into
real and imaginary parts which correspond to Majorana fermions. The Majorana operators
can be obtained by inverting the transformation, i.e.,

YAz = Cp T Cpy VB = rat (2.2.10)

Hence, it can be easily seen that the v operators are Hermitian and satisfy the Majorana
anti-commutation relations {v;,7v;} = 26;; for ,j € {(Az), (Bz)|z € {1,...,N}}. Using

the definitions Egs. (2.2.9), we rewrite Hamiltonian Hy as

N-1
Hy =ty Z YAz VBz+15 (2.2.11)

z=1

where only Majorana operators on adjacent lattice sites are coupled and form bonds be-
tween (A, x) and (B,z + 1) as sketched in figure 2.2.3(b). However, we note that the
operators yp 1 and 4 n are not coupled to any Majorana operator and thus commute with

the Hamiltonian.

In the next step, it is useful to define new fermion operators d, and dj, by

Yaz =d, +d (2.2.12a)

)
1

VBa+1 = (2.2.12b)

for 1 < ¢ < N — 1. The fermion operators d, are defined on the bond between two
adjacent lattice sites and satisfy fermionic anti-commutation relations. In addition, we

define another fermion operator f = (yan + 4yp1)/2 which yields

yan = f+ [, (2.2.13a)

VB = f=r (2.2.13b)
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This fermion operator describes a highly nonlocal state since yp 1 and 4 y are localized

at opposite ends of the chain. With these definitions, we finally rewrite the Hamiltonian
N-1

Hy =2tg Yy _did, —to(N — 1), (2.2.14)
=1

with the ground-state energy Fy = —to(/N — 1). Hence, it is obvious that the ground state
|thas) is characterized by the empty single-particle states d,|vgs) = 0 and the d, cor-
respond the Bogoliubov quasiparticle annihilation operators. However, since the fermion
operator f is absent from Hamiltonian Eq. (2.2.14) occupying the corresponding quasipar-
ticle state requires zero excitation energy. As a consequence, the ground state is two-fold
degenerate and the corresponding wave functions can be distinguished by the occupancy
of the f-fermion. As discussed above in Eq. (2.1.12), the two ground states are given by
[1) and |¢g) = fT]e1) with (1| fTf|1) = 0 and (| fTf|1oe) = 1. This behavior is very
different from conventional gapped superconductors, where there exists a unique ground
state with even parity such that all electrons form Cooper pairs.

In the more general case |pg| < 2ty and Aq arbitrary, the Majorana bound states are
no longer simply given by v4n and 7yp; but decay exponentially into the bulk of the
chain. The physically relevant parameter regime |Ag| < ¢y is characterized by a supercon-
ducting gap which is typically much smaller than the width 4ty of the electronic bands.
In this limit, the Majorana wave functions decay exponentially on the length scale of
the superconducting coherence length . Here, £ is given by the ratio of Fermi velocity
vp = O0€/0k(ex = 0) and quasiparticle gap Fg. Consequently, this yields for the Kitaev
model £ = vp/A = 2ty/Ap in units of the lattice distance. The overlap of the Majorana
wave functions results in an exponentially small energy splitting €,; between the states
|¢1) and [12). However, if the nanowire becomes much longer than the superconducting
coherence length, the splitting becomes so small that the states [¢)1) and |i) are quasi de-

generate for all temperatures which are relevant for experiments and possible applications.

2.3. Two-dimensional topological superconductor

Aside from the special choice of parameters ty = Ay and po = 0, it is difficult to investigate
the Kitaev model Eq. (2.2.1) analytically. For arbitrary parameters, the decomposition of
the Hamiltonian into a sum over bonds between adjacent lattice sites is not possible and
diagonalizing the Hamiltonian requires the diagonalization of the N x N matrix Hpqg.

However, in many cases it is easier to study differential equations instead of large systems
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of algebraic equations.

In this section we consider the continuum limit of the model introduced in the last
section and in addition, we extend the system into two spatial dimensions. To derive the
continuum model from the tight-binding Hamiltonian Hy, we consider the case that the
wave functions change slightly on the length scale of the lattice constant a. For realistic
semiconductor systems this assumption is justified since the lattice constant is the distance
between atoms, and the Fermi wavelength A\r is typically at least one order of magnitude
larger than the distance between the atoms. For the tight-binding dispersion relation
ex = —2tgcos(ka) — pp, this condition is satisfied if pg ~ —2tg, i.e., if the number of
electrons in the system is small compared to the number of lattice sites.

In this low-density limit, we approximate the lattice fermion operators ¢, by electron field
operators () with the continuous space-variable z. Henceforth, we replace the fermion
anti-commutation relations for the lattice operators by the anti-commutation relations for

the field operators
{¥(2), ¥¥(a")} = 6(x — 2 (2.3.1)

and

{t(z),v(2")} =0, (2.3.2)

and we approximate the sum over lattice sites by an integral Y~ [ dz/a. Moreover, we
expand all nearest-neighbor terms in powers of a < A\r and keep the lowest nonvanishing

powers only,

Clcx—l-a ~ a¢T(x)¢($ + CL)

~ ab (@) (0le) + a(a) + 52 (), (2:3.3a)
chel o~ at (@)1 + ) = a0 (@) (01(2) + -0t (a)). (2.3.3b)

Here, the appearance of the lattice distance a as prefactor is necessary for dimensional
reasons, since the field operators have units 1/4/a and the operators in the lattice model
are dimensionless. Applying these replacements to the individual terms in the lattice
Hamiltonian Eq. (2.2.1), we find

che, = ay!(z)y(x), (2.3.4a)
clepintcle, o~ awf(x)@ () + 2a1pT () (z), (2.3.4b)
e, ~ aZwT(x)é%wT(x). (2.3.4¢)
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This yields the one-dimensional continuum Hamilton operator for spinless fermions with

p-wave superconducting pairing,

o = [[as ') (e~ ) 0o

2m* 02
+ /dx {A@N(az)%w(az) + A* (%d)(x)) ¢(x)} , (2.3.5)

where m* = h?/2a%*ty, A = al\y, and p = g + 2tg. The first line in Eq. (2.3.5) is the
usual Hamiltonian for a one-dimensional spinless electron gas with effective mass m* and
Fermi energy p. The second line describes the p-wave pairing with superconducting order
parameter A. The p-wave symmetry can be easily seen if one Fourier transforms the
Hamiltonian and therefore replaces the first derivative terms by linear momentum terms
which are odd under £ — —k.

In the following, we extend this model by adding the y direction to the Hamiltonian.
We assume that the kinetic energy of the electrons in the x-y plane is isotropic, i.e., the
effective mass m* is the same for x and y directions, and we assume that the pairing
potential also has p-wave symmetry in y direction with the same order parameter A as
for the x direction but with a phase shift of 7/2. With these assumptions, we write the

Hamiltonian for spinless fermions with p, + ip, pairing symmetry in the convenient form

Hap = [ @rot(e) (~ g s = ) vl

2m* Or?
—|—/d2r {Aw(r) (5% + ia%) Yi(r) + A* Ka% - i%) ;z)(r)] ¢(r)} . (2.3.6)

The topological number Q for the infinitely large one-dimensional (two-dimensional) sys-

tem described by Eq. (2.3.5) (Eq. (2.3.6)) can again be determined by Fourier transforming
the Hamiltonian and applying Eq. (2.1.14). Simplifying the expression for Q consequently,
we find that the parity is entirely determined by the quasiparticle energy at zero momen-
tum. This yields the final result @ = —sign(u). In the context of the continuum model,
the topologically nontrivial phase for © > 0 is usually called weak pairing phase and the
topologically trivial phase for u < 0 is called strong pairing phase [19].

2.4. Ground-state degeneracy on nontrivial manifolds

Topological phases are quantum phases which cannot be described by the Ginzburg-Landau

theory with a local order parameter. Instead, the defining order of topological phases is a
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pattern of long-range quantum entanglement which is called topological order [93-95]. One
characteristic property of a topologically ordered state is the dependence of the ground-
state degeneracy on the topology of the manifold on which the system is defined [96]. This
degeneracy on manifolds might also serve as a starting point for a general classification of
topological phases of strongly correlated quantum matter, in contrast to the topological
band theory which is only applicable to noninteracting systems [11,31,98,99]. In this sec-
tion we investigate the degeneracy of the two-dimensional spinless p, +ip, superconductor
Eq. (2.3.6) on the torus and discuss differences to the findings for conventional s-wave

superconductors [19,96].

I'

T

Figure 2.4.1.: Illustration of the bijective mapping from a square with periodic bound-
ary conditions onto the torus. Under this mapping, both green (red)
lines are mapped onto one of the fundamental circles on the torus. The
loops I'1 and I'y describe the two holes piercing the torus and are iden-
tified with magnetic flux lines 0 or ®; 5 = h/2e.

Before discussing superconducting systems on the torus, we briefly discuss some prop-
erties of the torus and its relation to squares. It can be shown that a torus is topologically
equivalent to a unit-square with periodic boundary conditions in both z and y direction.
The bijective map from the unit square to the torus embedded into a three-dimensional

space can be easily written down as

(R + rcos(2mx)) sin(27y) | , (2.4.1)
7 sin(27y)

(x) (R + rcos(2mz)) cos(2my)
N

where R denotes the major radius and » < R denotes the minor radius of the torus as
depicted in figure 2.4.1. Hence, instead of considering Hamiltonian Hsp on the torus,
it is sufficient to consider the system on a square with periodic boundary conditions. In
addition, we may imagine that either zero magnetic flux or half of a magnetic flux quantum
Prjp =" /2e threads either of the two fundamental cycles I'; or I'y in the torus. The effect of
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the magnetic flux @4, is the multiplication of the wave function by exp(27ie®;,5/h) = —1
if a particle of charge e encircles the magnetic flux once. Hence, we can represent the
magnetic flux @/, through one of the fundamental cycles either by a vector potential
and periodic boundary conditions, or by no vector potential and an antiperiodic boundary
condition. These two choices are related by a gauge transformation and thus are fully
equivalent. In our analysis, we choose to incorporate the magnetic flux via changing
the boundary conditions along the two fundamental cycles. Hence, we identify the four

magnetic flux configurations on the torus with boundary conditions on the square,

{(0,0), (0, @12), (®12,0), (Prja, P1j2)} ={(++4), (+=), (=), (=)}, (242)

where the + (—) refers to (anti-) periodic boundary conditions along the respective direc-
tion on the square. For each of the four boundary conditions, the allowed values for the
momenta k = (k,, k,) run over the usual sets, k; = 2mn; for + and k; = 27w (n; + 1/2) for
—, where n; € Z and i = z,y. In particular, the special momentum k = (0, 0) is a member

of the set of allowed momenta only in the case ++.

In the following, we consider a superconducting system on the torus with a nonvanishing
quasiparticle excitation gap above the ground state. As elementary low-energy excitations,
the superconductor has Bogoliubov quasiparticles and vortices with magnetic flux @, ;.
We introduce the process B; (i = x,y) which creates a vortex-antivortex pair, followed by
the vortex encircling the torus in ¢ direction and finally the pair annihilation. We may
imagine the vortex and the antivortex as the two points where a closed h/2e magnetic flux
tube pierces the torus. Under the process B;, we create such a closed flux tube, move one
of the punctures around the torus, and thereby deform the flux tube. Finally, the vortex-
antivortex pair is annihilated which can be understood by smoothly fusing the punctures.
However, this leaves a closed flux tube through one of the holes of the torus which cannot
be smoothly contracted to a point without crossing the torus and thereby creating new
vortices. Therefore, the process B; introduces a magnetic flux ®,/, into the hole of the
torus which is not encircled by the vortex. Consequently, we may identify B; with an

operator which changes the boundary condition 4 <+ — for the other cycle i.

Before discussing the spinless p, + ip, superconductor, we consider the conventional
s-wave superconductor which has two electronic bands, one for each spin direction and
the pairing is between electrons with (k, 1) and (=k,}). In particular, for ++4 boundary
conditions the electrons with (0,1) and (0,]) pair. As a consequence of the two spin
bands, the ground-state wave function is a product over all pairs (k, 1) and (—k, ), and in

particular, for the parity of the ground state it is irrelevant whether the k = 0 state is one
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of the allowed momenta or not. Thus, all four combinations of boundary conditions are
characterized by a wave function with even parity corresponding to @ = +1. In addition,
the above introduced operators B, and B, allow to change the boundary conditions and
thus, they transform the different ground states into each other. We conclude that the
ordinary s-wave superconductor shows a four-fold degeneracy of the ground state on the
torus [97].

In contrast, for the p, + ip, superconductor the situation is richer. Depending on the
chemical potential, the ground state of the p, +ip, superconductor is realized by the weak
or the strong pairing phase. Here, aside from the unpaired state k = 0 all states k and —k
are paired. In the strong pairing phase p < 0, the single-particle state corresponding to the
momentum k = 0 is unoccupied and hence, all four combinations of boundary conditions
are characterized by a wave function, which contains only pairs k and —k, with even parity
similarly to the conventional s-wave superconductor. As a consequence, the strong pairing
phase possesses the same four-fold degeneracy as the ordinary s-wave superconductor and

the operators B; transform between the different ground states.

In contrast, the ground state of the weak pairing phase on the torus depends on boundary
conditions for each of the two primitive directions. Here, the ground state with only
periodic boundary conditions is special and shows an odd parity since all momenta k and
—k are paired except for k = 0 where a single electron resides. In contrast, the three
ground states with at least one antiperiodic boundary condition are described by an even
parity since there, the momentum k = 0 does not correspond to a single-particle eigenstate.
The operators B; now behave very different as compared to the trivial superconductor. If
we apply the operators to the ground state | — —) for antiperiodic boundary conditions in

both directions, we find a new ground state

Bo| — =) =|—+), (2.4.3a)
By ——)=|+-). (2.4.3b)
However, the consecutive application of both operators B,B,| — —) is blocked because

applying B, changes the boundary condition in y direction and then B, would no longer
give a new ground state since Q(++) # Q(—+). Instead, the final state would be an
excited state which contains a Bogoliubov quasiparticle above the superconducting gap.
As a consequence the vortex/antivortex pair is blocked from the pair annihilation and
hence the consecutive operation B,B, is not a mapping from the ground-state space into

itself [96].

We conclude that there are in total four ground states, three for boundary conditions
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+—, —+, —— which are linear combinations of states with even values of the fermion
number in both phases, and for ++ boundary conditions the ground state has odd (even)

fermion number for > 0 (u < 0).

2.5. Semiconductor-superconductor hybrid systems

While superconductors with p, +ip, pairing symmetry have been investigated theoretically
for a long time, so far, it is not clear whether there is a realization in nature. Candidate
materials for systems with p, + ip, pairing symmetry are the Pfaffian quantum Hall state
at filling fraction v = 5/2 [19], superfluid *He A [18], and SroRuOy4 [29]. However, ex-
periments on the systems are all highly complicated and despite intensive experimental
work, direct signatures of topological superconductivity and of Majorana fermions remain
elusive. In recent years, a series of theoretical works established that one can engineer
the topological superconductor in more conventional materials. The common ingredient
in these proposals is the use of semiconducting materials with strong spin-orbit coupling
and proximity coupling to an ordinary s-wave superconductor. These proposals are based
on two material classes: (i) topological insulator materials with protected surface Dirac
fermion states [31,38] and (ii) semiconducting quantum wires with strong Rashba spin-
orbit coupling and induced magnetization [32-36]. In the following, we only discuss the
second type of proposals of a semiconducting quantum wire, however, the physics is very
similar for the Dirac surface states of topological insulators.

In figure 2.5.1(a), we illustrate the basic setup required to engineer a spinless p, + ip,
Hamiltonian [32-36]. We consider a one-dimensional semiconductor nanowire aligned along
the x direction with strong Rashba spin-orbit coupling with spin in the y direction. We
assume that this nanowire is deposited on an s-wave superconductor and that a magnetic
field is pointing in z direction. We model this system by the Hamiltonian H = Hgy + Hsc

with the normal state Hamiltonian

n* o2 -0
Hqy = /dZL‘ Z’l/):i,(l') (— o wUO — 1O — Za/h%ay + EZUZ> /¢UI($) (251)

a0

and the superconducting proximity Hamiltonian

Hso = [ do (Buy(@)0.@) + A6 [(@)w()) (25.2)

Here, Hamiltonian Hgy; contains four terms: the kinetic energy of free electrons with

effective mass m*, the chemical potential p, which determines the filling of the nanowire,
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the Rashba spin-orbit velocity «, and the Zeeman energy E; = gupB/2. The matrices
o, and o, denote the 2 x 2 Pauli spin matrices and o( the corresponding identity matrix.
The operator 9] (x) (¢,(r)) creates (annihilates) a fermion with spin ¢ at position x. The

Hamiltonian Hgc describes the spin-singlet pairing between electrons in the nanowire with

proximity induced

superconductor is good enough Cooper pairs tunnel between these two systems with the

pairing potential A. If the interface between the nanowire and the

effect that electrons in the nanowire feel an effective pairing potential.

ls

V4
y(semiconductor ()
=

| superconductor

(a)
n
S, % 1 2 3

(c) (d) Ez/ /A2 + 12

Figure 2.5.1.:

Let us first consider the case A = 0 and investigate the Hamiltonian Hgy which describes

the normal state of the nanowire. As above, we consider a translationally invariant system
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(a) Schematic sketch of the semiconductor-superconductor heterostruc-
ture. A semiconductor nanowire with strong spin-orbit coupling is prox-
imity coupled to an s-wave superconductor which itself is located in the
x-y plane. A magnetic field is applied in z direction. (b) Dispersion
relation of Hamiltonian Hgyy for finite Zeeman energy (solid lines) and
vanishing Zeeman energy (dashed lines). The Zeeman energy Ez opens
a spin gap 2F7 at zero momentum. (c) Expectation value of the spin
operator for the two energy bands for Ez > 0 and o < 0. (d) Quasi-
particle excitation spectrum as function of Zeeman energy. The grey
area is the continuum of quasiparticle states bounded from below by
the quasiparticle gap. The dashed lines denote the energy gap at zero
momentum and at the finite Fermi momentum kg
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and Fourier transform the fermionic field operators ¢, (z) which yields

Ak ~—~ 1 (DR
HSM = % 2:/ ¢ka m* 0o — oo + O{FL]{?O'y + EZUZ wka’- (253)

2 oo’

Hence, we find two electronic bands with the dispersion relations

nk? /12 2
ex(k) = Syl + £/ E% + (ahk)?, (2.5.4)

which are shown in figure 2.5.1(b). The effect of spin-orbit coupling on the parabolic disper-

sion of the electron gas is a shift with respect to the origin by the momenta dky = +m*a/h
and by the energy 6 = m*a?/2. This creates two electronic bands which cross at k = 0
[see figure 2.5.1(b)] and the spin of the two electronic bands is aligned along +y. Switching
on a magnetic field now tilts the spins into z direction and thereby opens a spin gap 2E
at k = 0 which separates the two bands. For |u| > Ez, there are four Fermi points which
gives rise to a topologically trivial superconducting state. In contrast, when the Fermi level
resides within the spin gap at zero momentum, i.e., |u| < Ez, the number of Fermi points
is two and the nanowire appears to be spinless in the sense that just a single electronic

band is partially occupied.

In order to understand the effect of the superconducting proximity effect, we first con-
sider the spin structure of the lower electronic band. In figure 2.5.1(c), we sketch the spin
orientation of the electron wave function as function of momentum for o < 0. The situa-
tion for ae > 0 is equivalent with inverted y direction of the spin operator, i.e., S, — —5,,.
For positive momenta, the spins of the lower band are pointing in y direction since for large
momenta the spin-orbit term, which is linear in k£, dominates over the Zeeman energy. This
connection between the spin and the momentum direction is called helicity. In the limit
k — 0, the spin direction rotates in —z direction and for k£ = 0, the spins of the lower band
are perfectly aligned in —z direction. For negative momenta, the situation is now com-
plementary as for positive momenta but with y — —y spin direction. As a consequence,
despite the existence of an applied magnetic field, the states within the same electronic
band and with finite momentum k& and —k have a nonvanishing antiparallel component
which allows for s-wave pairing between the states of the lower electronic band. Similarly,

we find a nonvanishing antiparallel spin component for the upper helical band.

In the following, we consider the situation of a nonzero pairing amplitude A # 0. Di-
agonalizing the Hamiltonian using a Bogoliubov transformation, we find the quasiparticle

energies [35] by solving the corresponding 4 x 4 Bogoliubov-de Gennes equations. We find
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the energies

Bs = \/ (ahk)? + €& + E% + A2 + 2\/5,3 (ahk)? + E2E2 + ELA2 (2.5.5)

with &, = h%k?/2m* — p. The superconducting pairing modifies the energy spectrum in
a crucial way. In figure 2.5.1(d), we display the quasiparticle energies for fixed chemical

potential and fixed pairing amplitude as function of E;. Evaluating Eq. (2.5.5) at k =0

we find
EQ,_ = |EZ -\ A2 + ,u2| (256)

which vanishes for £%2 = A% 4+ u?. For E; = 0, the system is an ordinary s-wave super-
conductor with spin-orbit coupling and the superconducting gap at all four Fermi points
(40, +2m*a/h). Switching on the Zeeman field and considering the limit E; — /A2 + p2,
we find the closing of the excitation gap at k = 0 while the gap at the finite-momentum
Fermi points does not change qualitatively. For E, > \/m , the quasiparticle gap
at k = 0 opens again. With further increasing Zeeman field, the quasiparticle gap is de-
termined by the finite momentum Fermi points and decreases like Aahkr/E7 due to the
alignment of the spins in the lower helical band and the reduction of the antiparallel spin
components. The closing of the excitation gap for £2 = A? + p? is crucial for the topo-
logical properties of the semiconductor nanowire. If we determine the topological number
Q using Eq. (2.1.14), we find

Q =sign (u* + A* — E%). (2.5.7)

Hence, we conclude that the closing and reopening of the excitation gap is intricately
related to a change of the ground-state parity and therefore to a topological phase transition
between a trivial and a nontrivial superconducting phase similarly to the situation in

section 2.2. Therefore, we find that Eq. (2.5.7) yields the necessary condition
By > A* + (2.5.8)
for the existence of the topological phase in spin-orbit coupled systems.

In the following, we show that in the topological phase the semiconductor nanowire can
be mapped isomorphically onto the one-dimensional spinless superconductor Hamiltonian
Eq. (2.3.5) by projecting Hgc onto the lower helical band e_ j [33,34]. We consider this
mapping in the limit |u|,|A| < E; far away from the topological phase transition. We

approximate the spinful electron operators by the fermion operators x;, for the lower helical
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band,

==

(Zi) ¢1§ \/ V- Yo (25.9)

E§+ (ahk)?

In the next step, we rewrite the superconducting pairing Hsc in terms of the fermion

operators xj for the lower helical band

ahlk ahk
Hyo = X 4 A [V 2.5.10
sc Z{ e T A T k} (2.5.10)

which is nonzero for finite spin-orbit coupling. Hence, in the limit ||, |A| < Ez, the
semiconductor nanowire is described by a one-dimensional spinless superconductor with
the effective electronic band structure

h2k?
2m*

ep(k) = — u—/(ahk)? + EZ (2.5.11)

and with the effective p-wave superconducting potential

(0%
Ay (k)= A . 2.5.12
B =43 E% + (ahk)? ( )

If we further assume that m*a? < Ez, we approximate the denominator in Eq. (2.5.12) by

2FE ;. As a consequence, we find the effective parameters for the spinless superconductor
my, =m*, u, = —Ez, and A, = Aa/2E [36].
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3. Transport signatures of Majorana
bound states coupled to quantum
dots

In the introductory chapter we have argued that the defining properties of Majorana bound
states are zero excitation energy and non-abelian braiding statistics. Obviously, the ul-
timate proof for the existence of Majorana bound states would be the demonstration of
non-abelian statistics by using them to build a topological quantum computer. However,
experimentally this has not yet been realized and the high level of difficulty makes it un-
likely that the topological quantum computer will be realized in the near future. Therefore,
a legitimate goal is to study other consequences of Majorana bound states and to show that
these interesting and relevant consequences can be clearly distinguished from the situation
without Majoranas. While recent experiments show evidence for the zero-energy nature of
Majorana bound states in the form of a zero-voltage anomaly in the differential conduc-
tance in semiconductor-superconductor heterostructures [55-58], it has been demonstrated
in a series of theoretical works [59-62] that such a feature is not an unambiguous proof for
Majorana bound states and might also result from more conventional mechanisms.

In this chapter we identify signatures in nonlocal charge transport which we believe
are more specific of the Majorana nature than the zero-voltage conductance studied in
recent tunneling experiments. Due to the finite length of the topological superconductor
nanowire, the Majorana bound states at the ends are tunnel coupled to each other and
have an energy splitting ep; ~ Aegexp(—L/&) sin(kpL) [100,101]. Here, ¢ is the coherence
length and A.¢ the quasiparticle energy gap of the topological superconductor nanowire.
The Majorana energy splitting depends in an oscillatory manner on the distance between
the Majorana bound states with oscillation period 27 /kp. Since the Fermi momentum kg
depends on both chemical potential and magnetic field strength, the nonlocal transport,
i.e. transport involving quantum mechanical tunneling between the two localized Majo-
rana states, is expected to depend in an oscillatory manner on these parameters as well.

This characteristic aspect of Majorana physics is absent in samples where the splitting is
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suppressed due to the large distance between the Majorana bound states.

For a normal-state-Majorana bound state-normal-state device, it was shown theoret-
ically that at sufficiently low voltages eV < ¢€j; and small level broadening I' < ¢y,
crossed Andreev reflection by the pair of Majorana bound states is the dominating trans-
port channel and gives rise to positive current cross-correlations and a crossed Fano factor
of two [69, 70,102-106]. Crossed Andreev reflection denotes the nonlocal conversion of
an incoming electron into a hole excitation in a separate lead [107-109], in contrast to
local Andreev reflection where electron and hole reside in the same lead. Crossed Andreev
reflection is equivalent to Cooper pair splitting where a Cooper pair is converted into two
electrons in spatially separated leads. Similarly, we can identify local Andreev reflection
with the injection a Cooper pair in a single lead. The current cross-correlations mediated
by crossed Andreev reflection are positive since the charge of the incoming and the charge
of the outgoing particles are opposite. For eV > ¢,,, the current is dominated by local
Andreev reflection and resonant tunneling of electrons and holes gives rise to negative
current cross-correlations which exactly cancel the positive contributions from eV < €.

As a consequence, the total current cross-correlations vanish in the limit eV >> €.

Despite the theoretical prediction of positive current cross-correlations for eV < €, this
setup is of limited use to experimentally probe cross-correlations. As shown in recent tun-
neling experiments [55-58], the differential conductance of semiconductor-superconductor
heterostructures is characterized by a soft superconducting gap with a smooth subgap con-
ductance whose origin is not yet fully understood but most likely related to interface effects
between the superconductor and the normal-conducting lead [110]. As a consequence, the
current fluctuations are also determined by these interface effects which makes it experi-
mentally very difficult to detect current cross-correlations. In addition, we note that the
positive cross-correlations and especially the crossed Fano factor of two are difficult to
detect experimentally because for eV < €,,, the current mediated by the Majorana bound
states is nonresonant and thus suppressed. However, when approaching the resonance for
eV — €y, the negative cross-correlations due to fermionic statistics become important and

thus the crossed Fano factor vanishes.

In this chapter we study the effect of quantum dots on the transport signatures of Ma-
jorana bound states. In particular, we focus on the physics of coupling a pair of Majorana
bound states at the ends of a quasi one-dimensional topological superconductor nanowire
to leads via quantum dots in the Coulomb blockade regime. Recent experiments on simi-
lar three-terminal systems with ordinary s-wave superconductors [71-73] have shown that
quantum dots are suitable tools to generate Cooper pair splitting. In particular, quantum

dots suppress local Andreev reflection and allow for Cooper pair splitting with large ef-
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ficiency approaching 100% [73,111]. In addition, coincidence measurements have shown
positive current cross-correlation as expected for crossed Andreev processes [73]. Building
on these observations, we investigate the effect of quantum dots on the differential conduc-
tance and on the current cross-correlations in topological superconductors. Here, the key
role of the quantum dots is to stimulate an imbalance between the competing transport
processes with the goal to perturb the fine-tuning between positive and negative current

cross-correlations and thus to produce finite cross-correlations even for eV > €.

This chapter is organized as follows: In section 3.1, we introduce the proposed model
system and the theoretical method. We continue in section 3.2 with the study of the dif-
ferential conductance and current correlations in a simple normal-state-Majorana bound
state-normal-state structure. In section 3.3, we investigate the energy spectrum and the
charge transport in the two-terminal normal-state-quantum dot-Majorana bound state
device. Then, we continue in section 3.4 by considering two quantum dots coupled to
the Majorana bound states and compare the results to the simpler setup without quan-
tum dots and with one quantum dot. In our numerical analysis, we concentrate on the
semiconductor-superconductor heterostructure which we was introduced in chapter 2.5,
however, our main results are more general and can also be applied to other (quasi) one-
dimensional topological superconductor systems. Finally, we consider the case of interact-
ing spinful quantum dots in section 3.5 and discuss the differences which originate from

the spin degree of freedom. We summarize our results in section 3.6.

3.1. Model system and theoretical methods

3.1.1. Model system

As illustrated in figure 3.5.1, we investigate a three-terminal normal-state—quantum dot—
nanowire—quantum dot-normal-state device. In this section, we introduce the model for the
closed quantum dot-nanowire—quantum dot system without the coupling to the electron

reservoirs. We consider the Hamiltonians

€M .
Hy = TMWL% (3.1.1a)
Hp = Z {Eidgdi +tid]; + tmdi}, (3.1.1b)
i=L,R
Hs = A*d}dh + Adpd,,. (3.1.1c)
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Here, Hj; describes two Majorana bound states with an energy splitting (tunnel coupling)
enm- The Majorana bound states are described by Hermitian operators v, = ’yj which
satisfy the anti-commutation relations {v;,7;} = 2d;;. The Majorana operators can be
combined into a single fermion state described by the fermion operators fT = (v, +ivg)/2
and f = (v —ivr)/2. The chemical potential of the superconductor nanowire hosting the
Majorana bound state is zero. For the derivation of the Majorana energy splitting starting

from a microscopic model of superconducting spinless fermions, we refer to Appendix B.2.

gy, t — t gr
‘—\ ’/L—\‘ A,% {1
Left Lead — | Right Lead
€L €R
% [ s—wave SC | ?#

T A &

I @ L,

Figure 3.1.1.: Schematic setup for a system with a pair of Majorana bound states
(red dots) coupled to quantum dots which themselves are coupled to
lead electrodes. The leads are biased with the positive chemical poten-
tial eV. Crossed Andreev reflection can be detected by correlating the
currents I;, and Ii that flow into the superconductor nanowire via Ma-
jorana bound states. The nearby s-wave superconductor also induces a
proximity pairing A between the quantum dots.

Hamiltonian Hp describes two quantum dots and their coupling to the Majorana bound
states, where d, (d!) annihilates (creates) an electron with energy ¢; on quantum dot i.
We consider the regime where the quantum dot single-particle level spacing de satisfies
e > eV > kgT. We assume that the spin degeneracy is lifted by the Zeeman energy
splitting, and that the ground state of the quantum dot has an even number of electrons.
Then, Kondo physics is absent, and in the Coulomb blockade regime, it is justified to
consider only a single quantum dot level in Hp. The quantum dot ¢ is coupled to the
Majorana bound state ¢ with coupling strength ¢;. As long as A — 0, we choose the
tunneling matrix elements t; to be real and positive. This choice is justified, since a
complex phase |t;|e can be removed by the local gauge transformation d; — d;e’®:.

Hamiltonian Hg describes an additional proximity induced pairing between the quan-
tum dots with an amplitude A ~ pgexp(—L/&sc)sin(krpL)/(krpL) [108], where pg is the
normal-state quantum dot level broadening due to the coupling between superconductor

and quantum dot, kg the Fermi momentum, L the length, and &s¢ the coherence length
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of the superconductor. We have in mind that the superconducting pairing term may
mainly be due to a coupling between the quantum dots and the s-wave superconductor in
a semiconductor-superconductor heterostructure. For the derivation of the induced pairing
amplitude in a realistic system, we refer to Appendix B.3.

We diagonalize the Hamiltonian for the coupled Majorana bound state—quantum dot

system by the Bogoliubov transformation

U;
e = Z (5% +v,d; + wid;r). (3.1.2)

i=L,R

With the demand [Hp + Hy + Hg, ] = —ea,, we find the corresponding Bogoliubov-de

Gennes equation
1
h¥ = E(HD + §HM)\IJ (313)

with

(3.1.4)

0 —tR A 0 0 —€R

in the basis {v,, v, d}, d%, d;,dg}. Here, the 6 x 6 matrices I, = diag(0,0,1,1,1,1) and
I, = diag(1,1,0,0,0,0) denote the identity matrices in the dot and Majorana space. The
factor of 1/2 in the Majorana sector of the Bogoliubov-de Gennes equation originates from
the algebra {7;,7v,} = 20;; of Majorana fermions which differs from the algebra of ordinary
fermions. Since the two Majorana operators v, and vg can be combined into a fermion f,
it is also possible to express the Bogoliubov-de Gennes equations in terms of this fermion
without the factor of 1/2. For details about the alternative representation of the Hamilton

matrix Eq. (3.1.4), we refer to Appendix B.1.

3.1.2. Generalized scattering formalism

As shown in figure 3.1.1, we assume that the mesoscopic device introduced above is con-
nected to two electron reservoirs by means of two leads which are considered to be ideal
Fermi liquids. The reservoirs are held at the same chemical potential eV > 0. We model
the semi-infinite ideal leads ¢ = L, R by the energy independent density of states p; and
assume that the lead 7 is coupled to the quantum dot ¢ via the coupling strength g;. This

coupling strength has two effects, (i) it provides a matrix element for tunneling of an elec-
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tron/hole from the lead to the dot and (ii) in addition, it gives rise to the level broadening
[; = 27p;|gs)* in the quantum dots. We assume that the size L of the region between
the two electron reservoirs is much smaller than the phase breaking length [, and the en-
ergy relaxation length [, such that the electron motion can be regarded to be quantum
mechanically coherent.

In our analysis, we concentrate on the average current I, = <fz) in lead ¢, and on the

zero-frequency shot noise
Sij =2 / dt (61,(0)0;(t)), (3.1.5)
R

which measures the correlation of the current fluctuations in leads ¢ and j, where the
current fluctuation operator 5];- = ]AZ — I; measures the deviation of the current from the
average current. To compute the average current I; in lead 7 and the zero-frequency noise
S;; through the normal-superconductor-normal device, we use a generalized scattering
matrix approach which also allows for Andreev reflection processes.

In the following, we derive the expressions for the average current and the shot noise
starting from the multi-terminal Landauer-Biittiker single-particle approach for purely

normal systems [113-115],

€ i
== E/dﬁ;Ak7knk, (316&)

2¢?
Sij = =~ RdEZAklA{knk(l —ny), (3.1.6b)
where the roman indices denote the lead electrodes, A, = dixdy — s7s;,; contains the

scattering matrix elements, and where n;, is the Fermi function for electrons in lead k. To
extend this formalism to superconductors which explicitly mix electron and hole degrees
of freedom, Anantram and Datta [116] rewrote Eq. (3.1.6) by taking electron and hole
degrees of freedom explicitly into account. Thus, we decompose the current I; into the
electron current I¢ and the hole current I"". The same holds for the current fluctuations

and the noise correlator. Thus, we find

I = Q_a d€ Z Al(;%)y ks (3.1.7a)

«Q 2%%

Sijﬁ / de Z Akl«,é Zk(synkw(l—nl,é)a (3.1.7b)
k7,6

where the greek indices denote electron (e) and hole (h) degrees of freedom, ¢, is the charge

of particle type a, and with the matrix A,(;‘;f)ﬁ7 = 0ik0i10a800~y — ff*sf‘z We note that in
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Eq. (3.1.7) we integrate over positive energies since the negative energies are associated
with holes and therefore implicitly included via the hole index. For purely normal systems,
the expressions Eq. (3.1.6) and Eq. (3.1.7) are fully equivalent since sfﬁ = dapsiy. However,
in principle the matrix A in Eq. (3.1.7) also allows for scattering of electrons to holes and
vice versa via the matrix elements s and s)¢. As a consequence, Egs. (3.1.7) is also
suitable to describe superconducting systems. Superconductors are characterized by four
different types of transport processes. The matrix element s{f" is the reflection amplitude
of a particle « in lead 7. The matrix element si'y with ¢ # k is the transmission amplitude
of an « particle from lead k to lead 7. For a # 3, the matrix element s?f describes the
conversion of an incoming « particle in lead k into an outgoing [-particle in lead 7. For
© = k this conversion process is called local Andreev reflection and for ¢ # k£ it is called

crossed Andreev reflection.

Using the relations ¢. = e and g, = —e for the charge of electrons and holes, and
summing up the contributions of electrons and holes to the total current in lead i, we find
the final expressions for the average current in lead ¢ and the correlations between the

current fluctuations in leads 7 and 7,

e [ . ior
L=+ / de sign(a) Y AL i, (3.1.8a)
0 @ ks

2e2 [ . ‘o .
Sy =7 0 de> sign(aB) D ALY JAT s (1 ). (3.1.8b)
aMB

k.6

Here, the sign functions originate from the opposite charge of electrons and holes. As
before, roman indices denote the left (L) and right (R) lead, greek indices denote electron
(e) and hole (h) channels, sign(e) = +1 and sign(h) = —1, and

A](giz)ﬁ,»y — 5ik5il6aﬁ5a7 - Szf*sjﬁy (319)

The reservoir distribution functions ny., are Fermi functions with different chemical po-

tentials for the electron and hole bands

1

nkﬁ — 1 + eﬁ(e—sign('y)evk) . (3110)

For the setup in figure 3.1.1, we assume that V, = Vg = V. The coefficients sff are the

elements of the scattering matrix

-1
S(e) =1—2miWT G (e) +inWWT| W, (3.1.11)
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where W describes the coupling between the states of the system without leads and the

scattering states in the leads. The matrix

G7'(e) = elp + 5L — h (3.1.12)

is the inverse of the retarded electron Green function for the closed system Eq. (3.1.4), and
inWWT is the self energy due to the level broadening on the quantum dots. The factor of
1/2 in front of the unit matrix for the Majorana sector originates from the unconventional
form of the anti-commutation relations for the Majorana fermions as compared to the
ordinary fermion algebra. The coupling matrix W in the lead basis {1}, w%, Y, g} s
given by

Wias acs;, = sign(as, ) giv/Pidiia Oaviy uiy o (3.1.13)

where «;, (o) denotes the particle species of quantum dot igq (lead 7). The coupling
strengths g; give rise to the level broadening I'; = 27p;|g;|? in the dots. In the following,
we concentrate on the special case I', = 'r =T, t;, = tgr = t, and take the limit of zero
temperature. We note that, unlike the rate equation formalism, the scattering approach
does not assume weak coupling between the leads and the mesoscopic system and can also

be applied even to ballistic conductors [115].

In the following, we analyze the zero-temperature limits of Egs. (3.1.8). For that purpose,

we define the matrix
Ry = Z G S (3.1.14)

which only depends on the matrix elements describing the scattering of an incoming elec-
tron. With this definition and with ny ), = 0, ng. = O(eV — €), we write for the average

current in lead 1,

eV
I; = %/ de (1 —R5 +RE") . (3.1.15)
0

Similarly, we find for the current correlations

262 ee ee hh hh eh|2 he|2
where we used the unitarity of the scattering matrix to obtain the linear R terms. For
i = 7, we express Eq. (3.1.16) in terms of the scattering matrix elements and find the local
noise correlators

2
Sii = i deZ|s?,:*s?ﬁ (3.1.17)
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which is always nonnegative independent of the details of the mesoscopic system. In

contrast, the cross-correlations

262 eV
Sir=Sp = [ de{ = RGP — [RERP + [REGP + RIS} (3.1.18)
0
contain both positive and negative contributions. Therefore, the cross-correlations can
either be positive or negative [116] depending on the relative size of the positive and
negative terms in Eq. (3.1.18). This is in stark contrast to purely normal-conducting
systems where cross-correlations are always negative due to the presence of a single charge

carrier species [114].

In the following, we analyze the nature of the negative cross-correlation terms. We write

the negative contributions as

[RERI” = |st7s% + strskrl’, (3.1.19a)
T—
RGP = [sh5 s, + shsashial? 7= sty sy, + st skl (3.1.19b)

- ax 0o ax 0o
which are nonzero for s77s¢% # 0 or s§5s%; 7 0. Therefore, we conclude that resonant

tunneling of electrons and holes gives rise to negative current cross-correlations. In con-
trast, the existence of positive cross-correlations demands the existence of a nonzero matrix

element s describing Andreev processes,
eh |2 eex eh eex _eh |2
IRURI" = |sTLskL + STRSRRI™ (3.1.20)

The Fano factor F' relates the actual shot noise S to the Poisson noise that would be
measured if the system produced noise Sp due to single independent electrons [114]. The
Poissonian statistics of charge transmission requires the Poissonian noise Sp = 2el [117],

which yields the Fano factor
S

" el

For purely normal systems, the Fano factor assumes values between zero (all channels are

(3.1.21)

transparent) and one (Poissonian noise). For superconducting systems, the Fano factor
assumes values between zero and two, where the F' = 2 corresponds to the charge 2e of

Cooper pairs. In our analysis, we define a more general Fano factor

K S
Y 26]k’

(3.1.22)

which relates the current correlations between leads ¢ and j with the current in lead k. In
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most calculations we assume symmetric lead contacts and hence I, = Ir. In these cases,

we use the simplified notation Iy = Ff = Fj;.

3.1.3. Microscopic model

To make contact with possible experiments and to study the robustness of the results for
the effective Majorana model introduced above, we consider the Hamiltonian describing a
narrow semiconductor nanowire with strong spin-orbit coupling which is predicted to host
Majorana end states [32-35]. We describe the low-energy physics of the nanowire by the
tight-binding lattice Hamiltonian

with the normal-state Hamiltonian

HSM = - Z trl"clocr/a’ + Z (EZé-ga - + ‘/;‘> Clacra'

r,x’' o r,o
tha
ToAy PR BN PR Y™ T oax
2 <croo-m?cr+516 Craaaﬁcrféz& Cragoﬁchréy&+Crao-aé'cr75y6 ’ (3124>

r,o

where the operator c|_ (c,.,) creates (annihilates) an electron at site r with spin o and
mass m. The first term in Hgy; describes hopping on a simple square lattice with lattice
parameter a, tyri5 = to = h?/2m*a?® for the nearest—neighbor lattice vectors 8, = (a,0)
and 0, = (0,a), and t,, = —2t;. The second term in Eq. (3.1.24) contains the Zeeman
splitting £z = gupB/2 due to a magnetic field in z direction, the chemical potential ,
and the electrostatic potential V. which describes nonmagnetic disorder. The second line
in Eq. (3.1.24) represents the Rashba spin-orbit coupling with spin-orbit velocity «, and
0° are the Pauli spin matrices with s = z, y, z. The proximity coupling between the s-wave

superconductor and the nanowire is described by the effective s-wave pairing Hamiltonian
Hge = Age Z (CITCL + Crich> (3.1.25)

with the superconducting pairing potential Agc.

In our numerics, we use the lattice constant ¢ = 10 nm and the realistic material param-
eters h?/2m = 500meV - nm?, E; = 1meV, ha = 10meV - nm, and Agc = 0.5meV. We
consider a nanowire of length L = 520 nm and width 70 nm. For the above parameters and

p = 0, the superconducting coherence length is £ = vp/Agg = 150 nm where ve denotes
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the Fermi velocity and A.g the superconducting gap. For details about the numerical

calculations, we refer to Appendices A.1 and A.2.

3.2. Normal-state—Majorana bound state—normal-state

device

Before discussing the full model, we consider simpler systems for zero temperature without
quantum dots and with one quantum dot only. We begin our discussion with the limit
where the Majorana bound states are directly coupled to the leads as sketched in figure 3.2.1
and where no quantum dots are present, i.e., we consider ¢, = tg = 0. This situation was
studied for €y = 0 in reference [69] using the Keldysh Green function approach and for

arbitrary €,s in reference [70] using a scattering matrix approach.

gL gR
A'-\ (—A
Left Lead Right Lead

N/

Majorana bound states

I, @ I,

Figure 3.2.1.: Schematic setup of a topological superconductor nanowire with a pair
of Majorana bound states (red dots) coupled to lead electrodes. The
leads are biased with the positive chemical potential eV with respect
to the grounded superconductor nanowire.

In this limit, the Hamiltonian simplifies significantly to H = H); and the inverse Green

Gl (e) = % ( ‘ _i€M> (3.2.1)

1€EM €

function matrix is given by

in the basis {71, vg} for the Majorana bound states. This Green function describes a two-
level system where the tunnel coupling €;; splits the two zero-energy levels into a doublet

at +ep,. We describe the coupling between the leads and the Majorana bound states by

1[5 0 —/5 0
W=—|V* 2 (3.2.2)

r r
VEL 0y 0

in the basis {wz,wk, Yy, g} for the leads and {7, yg} for the Majorana bound states,

the matrix
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and with T'; = 47p;|g;|*. By inserting these expressions for W and G into Eq. (3.1.11), we

find the 4 x 4 scattering matrix

1+4A4 A
S(e) = ( L +A> (3.2.3)

with

. 1 (iFL (iTr+¢) —envTila ) | (324

e —(Tr+e€)(iCr+e€) \ envTilr  iTr(ilL +e€)

We note that this expression for the scattering matrix is different from the one in refer-
ence [70]. The differences originate from different definitions of €, and the I';, and have
no physical consequences.

Using Eq. (3.1.15) for the total average current I = I, + I that flows via the supercon-

ductor into the ground, we find the total zero-temperature differential conductance,

oI 2¢* (T +TR)e® +2I7T% + 264, Trl,

eV =9= v h <e?\4 — € —|—FLFR>2 +€2<FL+FR)2

(3.2.5)

Here, the first two terms originate from the scattering matrix element describing local
Andreev reflection and the last term originates from the matrix element describing crossed
Andreev reflection. In particular, we find that the crossed Andreev contribution is propor-
tional to €2, and hence is nonzero only for a finite coupling between the Majorana bound
states. In the limit where only one lead is coupled to one Majorana bound state, say
'y =T and I'g = 0, the differential conductance is determined by local Andreev reflection
only and acquires the form
2¢? €12

= = - . .2.
G(eV =) h (&, — &)+ eI (3.2.6)

We note that for €y = 0, we recover the quantized zero-bias conductance 2e*/h which
was predicted to be a signature of Majorana bound states [21,22] as discussed in the

introductory chapter 1.3.

In figure 3.2.2(a), we plot the differential conductance for extremely asymmetric cou-
pling, where only one of the Majorana bound states is coupled to the corresponding lead,
and for symmetric coupling, where each Majorana bound state is coupled to the corre-
sponding lead with the same coupling strength. For I'r = 0, the differential conductance
Eq. (3.2.6) has a peak at eV = €)s of quantized height G(ey) = 2€*/h whereas in the
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Figure 3.2.2.: (a) Total differential conductance as function of voltage for tunneling
into a pair of Majorana bound states. Gar (Gcoar) denote the differ-
ential conductance due to local (crossed) Andreev reflection. (b) Fano
factor as function of voltage. The x markers denote the results for the
microscopic model of the semiconductor-superconductor nanowire.

symmetric case the peak is not quantized and located at €>V? = 2e5r1/€3; + L2 — €3, — 2
for T < v3ey and at V = 0 for I' > /3¢y In addition, we find that the differential
conductance for symmetric coupling is dominated by crossed (local) Andreev processes for
e?V? < 3, —T?% (e?V?2 > 3, — T?).

Similarly, we determine the zero-temperature current correlations S;; = Oev de P;;(e)
using Eq. (3.1.16). We find

- o2 20262 (2 — €3, + F%)2 + [T Ré3, [(G?M — e+ FLFR)2 + (0 + FR)2}
iW\€) = —— )
h [(e?w—e2+FLFR)2+eQ(FL+FR)2r

(3.2.7a)

2FF€2|:€2 — 24T TR — (0, +T 2]
Pj(e) _ Ao P S La) (Ix f) : (3.2.7b)
[(e%w—€2+FLFR)2+€2(FL+FR)2]

where ¢ = L(R) for i = R(L). In the limit ey = 0, the current correlations become
particularly simple, P;;(€) = 6;;(8¢*/h)I'?€*/(T'? + €?)2. Thus, the cross-correlations vanish

exactly and the only nonzero Fano factors are

Sii Xz

Fi(eV = al; =1
ale zL) 2el; (1 + 2?) arctan(x)

(3.2.8)

with the limits F;, = 0 for eV < I'; and F}, = 1 for eV > T;. Here, the Fano factor is
bounded by one because after the resonance at eV = 0 the Fano factor for superconducting
systems typically assumes its normal-state value F' =1 [118].

For €); > 0, we distinguish between symmetric coupling to the leads and the extremely
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asymmetric limit when only one lead is coupled to one of the Majoranas. In figure 3.2.2(b),
we compare the crossed and the local Fano factors. For I'y =T and I'r = 0, we find that
the local Fano factor is two for eV < €, and decreases when approaching the resonance
at €p7. In the limit eV > €, the Fano factor converges to one in analogy to the situation
for vanishing Majorana energy splitting in Eq. (3.2.8). In contrast, for symmetric coupling
strengths I';, = I'r = I, the situation is much richer since there the cross-correlations Sy g
and as a consequence, the crossed Fano factor Fpg, are nonzero. For eV < €, we find
positive cross-correlations Frr ~ Fj; ~ 1, where F g = Spr/2el. This yields a total
Fano factor Fios = (Spz + Srr + Scr + Srr)/2e(Ip, + Ir) = 2 describing the transfer of
Cooper pairs with charge 2e into the grounded superconductor. The crossed Fano factor
Frr+ Frp, = 2 directly measures the transferred charge 2e of the crossed Andreev process.
As shown in figure 3.2.2(b), with increasing voltage Fpr significantly decreases and is
suppressed for eV = €,, in contrast to Fj; which is approximately independent of voltage
with a small valley at eV = €;;. The origin of the suppression of cross-correlations is
resonant tunneling of electrons and holes which gives rise to negative cross-correlations as
discussed in Eq. (3.1.19b). Since each Majorana bound state is an equal superposition of
electron and hole components, the negative contribution cancel the positive contribution

exactly.

In figure 3.2.3, we show the differential conductance and the Fano factor for the micro-
scopic model of the semiconductor-superconductor hybrid system with symmetric tunnel-
ing strengths ', = I'g. As discussed in chapter 2.5, the nanowire is in the topologically
trivial phase for £% < A + p%. There, the transport for eV < Eq = |Ez — /A + 12
is nonresonant and thus suppressed, G' oc psm where psy; denotes the normal-state density
of states of the semiconductor nanowire [118]. The local Fano factor Fj; is two and the
crossed Fano factor vanishes signaling that the transport is fully determined by nonreso-
nant local Andreev reflection. For eV > FEg, the current is carried by resonant Andreev
processes and as a consequence, the local Fano factor drops to one which gives rise to the

sharp yellow-red transition in figure 3.2.3(c).

In contrast, for £ > A%+ u? the nanowire is in the topologically nontrivial phase with
a pair of split Majorana bound states at ey ~ Aegexp(—L/€) sin(krpL) [see Appendix B.2
for details] which oscillates as function of magnetic field (chemical potential) [101]. In full
agreement with our results for the low-energy model discussed above, we find that the
differential conductance is peaked for eV = €); and that the crossed Fano factor is two

(zero) for eV < €y (eV > €pr) as shown in figure 3.2.2(d).

In addition, we find that the topological phase transition at FZ = AZ, + pu? clearly

shows up in the local and the crossed Fano factors. In particular, the crossed Fano factor

50



Transport signatures of Majorana bound states coupled to quantum dots
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Figure 3.2.3.: Transport properties of the microscopic model for the semiconductor-
superconductor nanowire in the three-terminal geometry illustrated in
figure 3.2.1 with symmetric coupling I';, = I'r. (a) Lowest excitation
energy, (b) differential conductance in the left lead, (¢) Fano factor in
the left lead, and (d) crossed Fano factor as function of voltage and
Zeeman energy.

increases if F; approaches the topological phase transition from below due to the closing
of the excitation gap in the nanowire which gives rise to a divergence of the superconduct-
ing coherence length and thereby allows for crossed Andreev reflection processes via the
bulk superconducting state. Hence, we propose that the appearance of cross-correlations
Fpr with increasing magnetic field signals the closing of the bulk excitation gap which is
intricately related to the bulk topological phase transition.

Despite the clear theoretical prediction of the crossed Fano factor of two for eV < ¢y,
we argue that this setup is of limited use for an experimental verification of Majorana
bound states. The major drawback in this proposal is that for eV < €);, the current is
nonresonant and hence very small. On the other hand, when approaching the resonance
eV = ey, the crossed Fano factor is almost completely suppressed. In order to observe
finite cross-correlations for eV > €),, we suggest to perturb the fine-tuning between the
different transport channels. Quantum dots are natural candidates to favor some transport
processes and suppress competing processes. In the following sections, we investigate the

effect of quantum dots on the differential conductance and on the current cross-correlations.
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3.3. Coupling one quantum dot to a Majorana bound

state

In this section, we consider the situation that one quantum dot is coupled to one of the
Majorana bound states. Especially, we consider tz = 0 and ' = 0. Throughout this
section, we set €5, = €4, d;, = d, and t;, = t. The excitation spectrum for the quantum dot—
Majorana bound state system can be calculated exactly by solving the 4 x 4 Bogoliubov-de
Gennes equation for the Hamilton matrix Eq. (3.1.4). This yields the two quasiparticle

energies

1
Ey = ﬁ\/e?\/[ +4[t]2 + e £ \/(eﬁ/[ +4t)% + 63)2 — 4€2,é2. (3.3.1)

For fixed |epr| > |t|, the quasiparticle energy spectrum has levels at |ey| and |e4|, with
avoided crossings where these two levels intersect each other. The energy splitting due
to the avoided crossing is £2|t|. However, for €y = 0 or ¢; = 0, there is one special
Bogoliubov quasiparticle at exactly zero energy which is described by a pair of Majorana
operators.

In the following, we concentrate on the situation e¢;; > 0 and ¢; = 0, where we find the

zero-energy Majorana operators

t*d" + td
"= %, (3.3.2a)
8|t12vp — dep (t*d — td
Yo = V81t — e ) (3.3.2b)
|t]\/€xr + 8t

Here, 71 is completely localized on the quantum dot, while 7, is partially delocalized, and
the weight of 79 on the quantum dot is determined by the Majorana energy splitting.
The existence of these zero-energy Majorana operators depends on the fine-tuning of the
quantum dot energy level and thus, they are not topologically protected. In particular,
we note that for finite ¢4, the Majorana operators are tunnel-coupled with coupling energy
OF =~ |eqen|/\/€5; + 4[t]>. We note that throughout this chapter, the name Majorana
bound state is used for the topological Majoranas ~;, and v which should not be confused
with the induced Majorana operators Eq. (3.3.2).

Pictorially, we can understand the formation of the zero-energy Majorana states by con-
sidering a mechanism similar to the one in the introductory chapter 2.2 when studying
the one-dimensional Kitaev chain. As illustrated in figure 3.3.1, we can decompose the

quantum dot fermion operators d and d' into a pair of Majorana operators. There exists
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eq =0
Y1 YLt YL YR
~

Y2

Figure 3.3.1.: Formation of the zero-energy Majorana operators for ¢; = 0. The quan-
tum dot fermion operators d and d' are decomposed into two Majorana
operators 1 and v ;. Due to the coupling (t*dt — td)y;, only ~r ¢
is coupled to ~y while y; commutes with the Hamiltonian indicating
zero energy. Since two Majorana operators are necessary to describe a
physical fermion, there exists another zero-energy Majorana operator
2 which is a nontrivial combination of vz ¢, v, and vg.

a special decomposition for which only one of the dot Majoranas couples to ;. In the
limit ¢4 = 0, the two Majoranas in the dot are not coupled to each other, such that an
uncoupled Majorana 7, resides on the quantum dot. Since the three other Majorana op-
erators cannot form a single physical fermion, there necessarily exists another zero-energy

Majorana operator v, which is in general not localized, as can be seen from Eq. (3.3.2).

In the following, we study the transport properties through the quantum dot—Majorana
bound state junction. By inserting the Bogoliubov-de Gennes Hamiltonian into Eq. (3.1.12)

and neglecting the uncoupled quantum dot, we obtain the inverse Green function matrix

£ g t
_Z‘m € 0 0
G (e) = 2 2 3.3.3
(€ —t 0 €e€—e¢qg 0 ( )
t* 0 0 e+eg

in the basis {7, Vg, d!,d}. The coupling of the quantum dot to the left lead is given by

the coupling matrix

0 0
0 0
w=| /7 (3.3.4)
L0
0~

in the basis {¢] 1, } for the lead. Inserting the expressions Egs. (3.3.3) and (3.3.4) into
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Coupling one quantum dot to a Majorana bound state

Eq. (3.1.11) for the scattering matrix, we find the 2 x 2 scattering matrix

1 [[e2 — €/][4e* — (2eq4 + )] — 16]t|*€? —&i|t|*Te
Sle) =~ 1112 221142 T2 2.2
Z —8ilt|*T'e [€? — ey/][4e® — (2e4 — iI')?] — 16]t|%€
(3.3.5)
with
7 = (65, — €)(4e5 — (2¢ +iT)?) — Se|t|*(iT + 2e¢). (3.3.6)

Using Egs. (3.1.15) and (3.1.16) for the zero-temperature average current I, which flows
via the superconductor into the ground, and the shot noise, we find the total differential

conductance and the current correlations

2¢?
GL = T TA‘E:EV’ (337&)
8e?
Prr = e Ts(1— TA)|6 oV s (3.3.7b)
where
64[t|* T2
Ta(e) = i 5 (3.3.8)

2
(€3, — €2) (2 — 4€? + 4€3) — 1662’t‘2:| + 16€2I2 [5%\4 — €2+ 2[t|?

is the probability that an incoming electron with energy € is Andreev reflected as a hole.
We note that the numerator of the Andreev probability is proportional to the square of
the voltage and thus vanishes for zero voltage despite the existence of a pair of zero-energy

Majorana operators y; and s.
SLL/2€IL

| - BN

—6 4 2 0 —6—4—20246
64/6]\[ 6d/EM

4 = 4

GV/GM
GV/GM

2

2

Figure 3.3.2.: (a) Differential conductance and (b) local Fano factor as function of
voltage and quantum dot level for the normal-state—quantum dot—
Majorana bound state device with t = €j; and I' = 2¢,,.

In figure 3.3.2, we show the differential conductance and the local Fano factor for the

normal-state-quantum dot—Majorana bound state device. In the €;-V plane, the differen-
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Transport signatures of Majorana bound states coupled to quantum dots

tial conductance shows peaks whenever eV ~ E. and hence displays the two electronic
bands of the quasiparticle spectrum. We find two different characteristic regimes. For
lea| > e, |t], the differential conductance is determined by virtual processes via the quan-
tum dot. As a consequence, the differential conductance has one sharp peak at eV = €,
of height & 2¢*/h and renormalized width T'(|¢|/e4)? and another peak at eV ~ |e4| of
suppressed height (16e¢2/h)(]t|/eq)* and width T.

In the opposite limit |4 < €pr, |t], the quantum dot is characterized by the formation
of the zero-energy Majorana states v; and 5. However, in contrast to a topological zero-
energy Majorana bound state, the Majorana states v; and v, do not show a zero-bias
conductance peak because they are partially localized on the same dot which gives rise
to destructive interference between the Andreev reflection due to v, and 7,. Instead, the
differential conductance is characterized by nonuniversal behavior for eV < €,; with a
plateau-like feature of height < e?/h and a wide peak of height ~ 2¢%/h and width T'|t|/exs
at eV = By = \/m .

In figure 3.3.2(b), we display the local Fano factor F, = 2 for eV < E_ which can be
directly seen from Egs. (3.3.7) for T4 < 1. With increasing voltage, the quadratic term
in Eq. (3.3.7b) becomes important and gives rise to Fr, ~ 1 for eV > E_. At eV ~ E_,
we find a sharp crossover between the two behaviors. Therefore, the local Fano factor is
mainly determined by the lowest excitation energy as it is usually the case for tunneling

into a superconductor [118].

3.4. Coupling two quantum dots to a pair of Majorana

bound states

In this section, we consider the full system containing two quantum dots and the pair of
Majorana bound states. In the case A = 0, the quasiparticle energy spectrum has levels at
e, |er|, and |er|, with avoided crossings where these levels intersect each other as shown
in figure 3.4.1. If at least one of the quantum dot levels resides at the chemical potential
of the superconductor, e.g. €, = 0, we always find one zero-energy state described by the

Majorana operators

tidl +trdy
T ul
~ VBJL( w4+ trdr — eryr) + 5T (t7d} — trdy)
- VR, + SItLP (6, + S[ta]?) |

N (3.4.1a)

V2 (3.4.1Db)
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Coupling two quantum dots to a pair of Majorana bound states

Figure 3.4.1.: Quasiparticle energy spectrum for the quantum dot—Majorana bound
state-quantum dot system with t;, = tg = €jr/4 as function of eg. (a)
er, = 2epr and (b) €, = 0. The red dashed lines denote the uncoupled
case t;, = tgp = 0. Note the existence of a zero-energy quasiparticle in
panel (b) for all values of €.

Here, 7, is localized on the resonant dot, while v, is partially delocalized, and the weight
of 75 on the resonant dot is determined by the energy er of the nonresonant dot. In the
limit €, = eg = 0 and t;, = tg = t € R, the Majorana operators acquire a particularly

simple form and we find

1 1

1Tz NG

In this limit, both zero-energy Majorana operators are fully localized on the two separate

(d} +dr), 2 = —=(dy + dg). (3.4.2)

quantum dots and thus form a nonlocal fermion state. Pictorially, we can understand the
formation of the zero-energy Majorana states by considering a mechanism similar to the
one in section 3.3. As sketched in figure 3.4.2, we can decompose the quantum dot fermion
operators into a pair of Majorana operators each. In the limit ¢, = eg = 0, the two
Majoranas in each dot are not coupled to each other, such that an uncoupled Majorana

resides on the respective dot.

=0 =0
€L tL tR €R

Y1 YLt YL YR YRt 2

Figure 3.4.2.: Formation of the zero-energy Majorana operators for e, = eg = 0.
The quantum dot fermion operators d; and d;r are decomposed into two
Majorana operators each. Due to the peculiar coupling (t;‘d} —t,d;)v;,
only 7; is coupled to 7; (i = L, R) while v; and 2 commute with the
Hamiltonian indicating zero energy.
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Transport signatures of Majorana bound states coupled to quantum dots

The superconducting pairing potential A gives rise to the formation of quasiparticles
which are superpositions of electron and hole components from different quantum dots.
Thus, it couples the quantum dots if they are close to the chemical potential of the su-
perconductor, i.e., for |er], |eg| < |A|, or if they are anti-symmetrically aligned, i.e. for
€, = —€g. As a consequence, for ¢, = eg = 0, the pairing term competes with the
formation of the zero-energy Majorana states and and therefore gives rise to an effec-
tive Majorana energy splitting A which couples the zero-energy Majorana operators in

Eq. (3.4.2).

3.4.1. Weak quantum dot—lead coupling

We begin our analysis of charge transport through the quantum dot—Majorana bound
state—quantum dot system in the regime A =0 and I' < t < €);. In figure 3.4.3, both dif-
ferential conductance and cross-correlations Sy are displayed as a function of bias voltage
for several characteristic points in the e;-eg plane. The differential conductance is peaked
at the eigenenergies of the Bogoliubov-de Gennes Hamiltonian in Eq. (3.1.4). The peak
width is determined by the level broadening I' and the quantum dot-Majorana coupling ¢.
If one of the dot levels is aligned with the chemical potential of the superconductor, say

er, = 0, we always find a zero-bias peak with height

4e? 1
h 1+ A (e%—i—%)

I8t tr|?

Gy =

(3.4.3)

because of the existence of the induced Majorana states Eq. (3.4.2). For details about the
derivation of Eq. (3.4.3), we refer to Appendix B.4.

In the special limit €, = eg = 0, the zero-voltage differential conductance is approxi-
mately quantized with value 4e¢?/h which is identical to the zero-energy limit of Eq. (3.2.5)
for two uncoupled Majoranas and hence describes two zero-energy Majorana states, one
at each each end of the nanowire. For ez # 0, we find that the differential conductance is
suppressed since in this limit both Majorana zero-energy states have finite weight on the
left quantum dot and thus, destructive interference reduces the differential conductance,
similar to the situation in section 3.3 for a single quantum dot coupled to one of the Ma-
jorana bound states. Since the existence of zero-energy Majorana states implies a strongly
reduced coupling between the ends of the nanowire, we find that these resonances yield
only a small contribution to the cross-correlations despite their large conductance.

In contrast, we do not find a zero-bias conductance peak if both quantum dots are non-

resonant. In this regime, there is a striking difference between symmetric (e, = eg) and
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Figure 3.4.3.: Current cross-correlations Spr in the weak quantum dot—lead cou-
pling regime with I' = €,,/8, t = 2¢€p//5, and A = 0. The lines for
panel (b) are defined in (a), those for panel (c) in (d). The x and *
markers denote the results for the spinless superconductor model with
er = 0.01 meV and I' = €, /5.

antisymmetric (e, = —eg) positions of the dot levels. In both cases, we find contributions
to the differential conductance and Spr due to the hybridization between the quantum
dots and the Majorana bound state. However, in the antisymmetric case both the differ-
ential conductance and Spg are much larger than in the symmetric case, and additional
resonances close to the quantum dot energies contribute to cross-correlations. This is due
to the fact that Cooper pairs have zero energy, which leads to a suppression of transmission
through two quantum dot levels which have both the same energy in the symmetric case,

but allows passage through quantum dots with opposite level energies in the antisymmetric

case.

As shown in figure 3.4.3, these findings agree very well with results for the microscopic
model of a spinless p-wave superconductor defined in Eq. (3.4.6). The only small deviation
in Spr can be seen if both quantum dots are tuned to the chemical potential of the super-
conductor, where the effective model has a small negative Sy for large bias voltage, while
it approaches zero for the microscopic model. This deviation has its origin in the presence
of an additional transport channel due to a proximity coupling A in the microscopic model,
which in principle could be described by the Hamiltonian Hg in Eq. (3.1.1¢), but which is

not included in the effective model H = H,; + Hp considered in this section.
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Transport signatures of Majorana bound states coupled to quantum dots

3.4.2. Strong quantum dot—lead coupling

In this section, we consider the case t < €); < I' and begin with the situation A = 0.
In figure 3.4.4(a), we show the current cross-correlations Sypg for €y < eV =1/2 in the
er-€r plane. We find a characteristic four-leaf clover feature with a suppression of cross-
correlations along lines with either ¢, = 0 or eg = 0, and peaks at |e;| = |eg| = I'/2. The
height of the peaks scales like €3,/I" and therefore directly reflects the Majorana energy
splitting. The width of the clover feature is determined by the broadening I' and hence
much larger than the Majorana energy splitting. Similarly to the situation in the last
section, we find a suppression of the cross-correlations along ¢;, = 0 and e = 0 which
is mediated by the formation of zero-energy Majorana states by virtue of the quantum

dot—Majorana bound state coupling.

S_l16mel 7e?/hr] S_pl16mel e?/hr]
2 1 2 1
0.8 0.8
5 06 L 0.6
= 0 e 0
¢ 0.4 . 0.4
0.2 0.2
2 0 2 0
%2 0 2 <
(a) & /T (b) g /T

Figure 3.4.4.: Current cross-correlations Sy for strong quantum dot—lead coupling.
(a) Effective model with eV =T/2,t =T1/20, ey =T'/5, and A = 0.
(b) Spinless superconductor with ej; = 0.01 meV and I" = 3¢ys. For
both (a) and (b), the pattern changes little for larger bias voltages.

We find an approximate symmetry between symmetric and antisymmetric positions of
the quantum dot levels. This symmetry was absent in the weak-coupling limit I' < ¢ and
can be understood as follows. For I' > t, the quantum dots are strongly coupled to the lead
electrodes and effectively become part of them. As a consequence, there are no separate
resonances at the positions of the quantum dot levels anymore, and only a single resonance
due to the Majorana bound states in the topological superconductor nanowire survives.
The broadening of this resonance is renormalized by the quantum dot—lead coupling and
becomes ¢? /T, which much smaller than T'. As the quantum dot levels can neither resolve
this small broadening of the resonance, nor resolve the location of the resonance, the
distinction between symmetric and antisymmetric quantum dot levels becomes blurred,

and the approximate symmetry arises. On the other hand, the emergence of the Majorana
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Coupling two quantum dots to a pair of Majorana bound states

zero-energy state Eq. (3.4.1), which appears for e, = 0 or eg = 0 and resides on the
respective quantum dot, is not qualitatively affected by the large broadening I', and the
current cross-correlations are still suppressed in this case, giving rise to the four-leaf clover
pattern in figure 3.4.4(a).

In figure 3.4.4(b), we complement these findings for the low-energy model with results
for the microscopic model Eq. (3.4.6) for a spinless p-wave superconductor, for which a
similar four-leaf clover structure emerges. However, similarly to the weak quantum dot—
lead coupling regime, there are small deviations with respect to the effective model near
e, = eg = 0, mediated by the superconducting proximity effect.

To gain insight into the effect of an additional proximity term Hg, we first discuss the
situation without Majorana bound state, H = Hp + Hg. In figure 3.4.5(a), we show the
cross-correlations for the superconducting proximity case. Here, S;r has a single peak of
height oc A?/T" near €, = eg = 0, with broadening T" along the direction ¢;, = €, and
width eV along the direction €, = —eg. In contrast to the Majorana bound state case,
there is no additional structure in this peak. For details about the transport properties of

mediated by the superconducting proximity effect, we refer to Appendix B.5.

S, 4na%e?/hr] S, l16mes /e
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Figure 3.4.5.: Current cross-correlations Sy for eV = I'/2. The quantum dots are
coupled (a) via the superconducting proximity effect with A = I'/10
and (b) via superconducting proximity effect and with coupling to a pair
of Majorana bound state with t =I'/20, A =1'/20, and e); = I'/5.

In figure 3.4.5(b), we consider the combined Hamiltonian H = Hy; + Hp + Hg which
allows for crossed Andreev reflection via the Majorana bound states and additionally via
the superconducting proximity effect. As function of quantum dot energy levels, we also
find a four-leaf clover feature similar to the case A = 0 studied above. However, here we
find that the center of this feature acquires a peak of height A? /T" due to the proximity term

in Hg. From this, we conclude that the contributions from the superconducting proximity
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Figure 3.4.6.: Finite temperature current cross-correlations Sy g for strong dot—lead
coupling with eV =T1'/2,¢t =1/20, epy =T'/5, and A = 0. (a) kT =0,
(b) kgT =T/10, (c) kgT =T/2, and (d) kgT =T'. In our numerical
calculations, we used an energy cutoff €. = 5eV in the energy integrals
of Eq. (3.1.8).

L

effect and the Majorana bound state mediated crossed Andreev reflection approximately

add up. The relative peak heights in the cross-correlations reflect the ratio of A% and €%,.

3.4.3. Effect of finite temperatures

In this section, we study the current cross-correlations through the quantum dot—Majorana
bound states—quantum dot device for finite temperatures T'. We determine the current and
the current correlations for finite 7" using the finite temperature expressions in Eq. (3.1.8).
As shown in figure 3.4.6(a), for kT < eV the cross-correlations show the characteris-
tic four-leaf clover feature with equal peak heights. With increasing temperature [Fig-
ures 3.4.6(b) and (c)] the amplitude of the symmetrically arranged peaks in the cloverlike
pattern decreases and becomes negative while the height of the anti-symmetrically ar-
ranged peaks remains constant. Here, we observe that finite temperatures break the 90°

rotation symmetry of the cross-noise pattern. For kg1 > eV, the cross-correlations also
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Coupling two quantum dots to a pair of Majorana bound states

show a cloverlike pattern, but now with negative height for symmetric and positive height
for antisymmetric dot levels. We attribute the negative cross-correlations for symmetric
dot levels €, &~ e to resonant tunneling of electrons and holes. For antisymmetric dot
levels €;, &~ —ep, this resonant tunneling is suppressed and crossed Andreev reflection with
zero total Cooper pair energy is enhanced, giving rise to positive cross-correlations. Hence,
we conclude that for kg7 > I' the pattern from figure 3.4.4(a) is modulated in such a way
that the peaks for symmetric dot levels become negative of same height.

Above, we have found that for 7' = 0 the cross-correlations are significantly reduced
when at least one of the dot levels lies at the chemical potential of the superconductor.
For kgT' > T", this suppression becomes complete with vanishing cross-correlations along

the lines ¢, =0 and ez = 0.

3.4.4. Amplitude of the current cross-correlations

For zero temperature, we find the maxima of the cloverlike pattern at |e;| = |eg| = I'/2

with amplitude
22 ¢2 42
S o = 8 AL
s h 1_‘3

for ey, tyy < I'. This analytical result is exact for zero temperature. However, for finite

(3.4.4)

temperatures the cross-correlations are still proportional to the Majorana energy splitting
€2, which is also confirmed by the numerics in figure 3.4.7 where we plot the Majorana
bound state mediated cross noise as function of €;;. In particular, we find that the cross-

correlations vanish for vanishing Majorana energy splitting independent of temperature.
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Figure 3.4.7.: Current cross-correlations Spp for strong quantum dot-lead coupling
with eV =T/2,t =T1/20, epy =T'/10, A = 0, and kgT =T as function
of the Majorana energy splitting €;;.
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For cross-correlations induced by the standard superconducting proximity effect, we find

for the case eV/I" — 0o a maximum along €, + eg = 0 with amplitude

ST Rmax = 27— — (3.4.5)

for A < I". Thus, the current cross-correlations vanish for A = 0 similarly to the Majo-
rana bound state case. For details about the system in which the topologically nontrivial
nanowire is replaced by an ordinary superconductor and the derivation of Eq. (3.4.5), we

refer to Appendix B.5.

3.4.5. Spinless p-wave superconductor

We complement our calculations for the effective low-energy Majorana model by the anal-

ysis of a microscopic lattice model for a spinless p-wave superconductor with Hamilto-
nian [76],

N-1

N
Hy =— Z (tKC;[-_HCj + Akcej + H.C.) — UK Z c;cj, (3.4.6)
J

j=1
where the c¢; annihilate a spinless fermion on site j with nearest-neighbor hopping tx
and nearest-neighbor pairing amplitude Ag. This model describes the low-energy physics
of a nanowire in the topologically nontrivial phase. In the numerical analysis, we use
the parameters L = 1000 nm for the nanowire length, N = 200 sites, tx = 20 meV,
Ax = 0.8 meV, and px = 39.4 meV. These parameter values yield the superconducting
gap Agc = 0.3 meV and the Majorana energy splitting €); = 0.01 meV. For the coupling
of the operators ¢; and cy to the dots, we use tp x = 0.025 meV. The results for this
model agree very well with those for the effective model Eq. (3.1.1) as can be seen from
figures 3.4.3 and 3.4.4.

In addition, we study the effect of additional transverse channels N, in the nanowire
and estimate a critical channel number for which the cross-correlations induced by the
proximity effect and the Majorana bound state are equal. The coupling Hamiltonian

between a multichannel nanowire and a quantum dot can be written as
Hy = Tsp (dw(r —0)+¢f(r = o)d), (3.4.7)

where d (¢(r = 0)) denotes the annihilation operator for the dot (nanowire at site r = 0)

and Tsp the coupling matrix element. We decompose the operator ¢ (r = 0) into Majorana

63



Coupling two quantum dots to a pair of Majorana bound states

bound state and delocalized states,

oy e b
P(r=0) = N \/zkm%wz/zk,n (3.4.8)

where vy, , denotes the operator for an electron with transverse channel index n and lon-
gitudinal momentum k. If the energy difference between the subbands is larger than the
superconducting gap, we write the coupling Hamiltonian Eq. (3.4.7) as sum of the coupling
between the dot and the Majorana bound state and the coupling between the dot and the

Bogoliubov quasiparticles,

Tsp Tsp
Hy = —=(d' —d)y,+ == ) T d+diy, ). 3.4.9
T \/2—5( )'YL NG e <¢n,k (G k) ( )

Hence, we find the quantum dot—Majorana bound state coupling strength ¢y = Tsp/v/2€
and the quantum dot-quasiparticle coupling strength tg = Tsp/v/L.

In the previous section, we have determined the amplitude of the current cross-correla-
tions mediated by Majorana bound state and the superconducting proximity effect. Using
this result, we find that the relative strength of the Majorana and the proximity induced
cross noise is determined by the ratio of Eqgs. (3.4.4) and (3.4.5). There, the Majorana
energy splitting is

e ~ Agesin(kpL)e /¢ (3.4.10)

and the proximity induced pairing potential is
A = pgt? cos(kpL)e /¢, (3.4.11)

where Agq denotes the quasiparticle gap, kr the Fermi momentum, and pg = LN, /27vp
the normal-state density of states of the nanowire [108]. For details about the analytical
derivation of the expressions for the Majorana energy splitting €,; in Eq. (3.4.10) and the
proximity induced superconducting pairing A between the quantum dots in Eq. (3.4.11),
we refer to Appendices B.2 and B.3.

In the following, we approximate the sin and the cos term by one and only compare the
maxima of A and €);. With vr denoting the Fermi velocity and N, denoting the number

of partially occupied transverse channels, this yields

S, :< 4mvrAge )2'

3.4.12
SP N, TspV/ET ( )
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For the observation of the clover like pattern in the current cross-correlations, we demand
that the Majorana bound state mediated cross noise is larger than the one mediated by
the superconducting proximity effect, i.e., S, > S7,. In this way, we obtain the condition

that
vpAgc

VETspT
For the parameters used in figure 3.4.4(b), this yields the condition N, < 7.

N, < dn (3.4.13)

3.4.6. Realistic semiconductor-superconductor hybrid system

In the following, we study the current cross-correlations for the realistic semiconductor
model introduced in section 3.1.3. In particular, we investigate the effect of small changes
of the chemical potential or the external magnetic energy, different numbers of transverse
channels, and nonmagnetic disorder on the cloverlike cross-correlation pattern. For de-

tails about the numerical diagonalization of the Hamiltonian, we refer to Appendices A.1
and A.2.
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Figure 3.4.8.: Lowest quasiparticle energies of the semiconductor model as function
of chemical potential u. The numbers denote the number of partially
occupied subbands. Even numbers correspond to the trivial supercon-
ducting phase with a quasiparticle gap ~ Agg. Odd numbers corre-
spond to the nontrivial phase with an oscillating subgap state at €.
The transitions between odd and even numbers are characterized by a
topological phase transition which shows up as closing and reopening
of the quasiparticle excitation gap.

Variation of the chemical potential

In this section, we consider the influence of small changes of the chemical potential on the

current cross-correlations. In figure 3.4.8, we plot the two lowest quasiparticle energies for
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Coupling two quantum dots to a pair of Majorana bound states

Hamiltonian Eq. (3.1.23). Here, a topologically nontrivial phase exists in sectors with a
subgap state of energy €); < Aqg. This low-energy state corresponds to two coupled Ma-
jorana bound states with energy splitting €,,. Such a state always exists if an odd number
of subbands is partially occupied. As function of the chemical potential the Majorana
energy splitting oscillates with period 27vgr/L and with energy minima of €, = 0.

In figure 3.4.9, we plot the current cross-correlations for two values of the chemical po-
tential for which the Majorana energy splitting has a local maximum and a local minimum.
We find that the patterns in the current cross-correlations are very different in the two
cases, with a cloverlike pattern for e;; # 0 and an ellipsoidal pattern for e;; = 0. This is
in full agreement with our findings that the Majorana induced current cross-correlations
are proportional to €2,. Thus, we conclude that small variations of the chemical potential
can be used as a tool to switch between different patterns of current cross-correlations.
Such a switching mechanism does not exist in the topologically trivial phase and is thus
a signature for Majorana bound states with oscillating Majorana energy splitting. The
change of the chemical potential can be realized by applying a global gate voltage. An
alternative route to demonstrate the oscillations is a change of the magnetic field which

gives rise to oscillation of periodicity wp = 4nvr/gupL.

2.2 .2, 3 2.2
S, g [64me e /hl] S g [4mA%e/hr]
1

(b)

Figure 3.4.9.: Current cross-correlations Sprp for Tgp =0.12 meV - nm!/?2  and
I'=0.04 meV. (a) Cloverlike pattern for ¢ = 0.1 meV with
enm = 0.01 meV and (b) elliptic pattern for g = 0 with ey = 0.001 meV.

Above we have discussed that the proximity induced pairing oscillates as function of kr L
which changes when changing the chemical potential. However, for the standard proximity
coupling in semiconductor nanowires we do not find a unique Fermi momentum because of
the spin-orbit coupling. Thus, the oscillation of the proximity induced pairing potential is
smeared out and we always find a nonzero contribution of the superconducting proximity

effect to the cross-correlations.
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Multiband systems

Due to the finite extension of the nanowire in y direction, we expect to find a multiband
system where the bands have a separation of several meV. For an even number of occupied
transverse channels, the nanowire is in the topologically trivial phase, i.e., the Majorana
bound states are absent and thus, we find a single ellipsoidal cross-noise pattern similar to
the one in figure 3.4.5(a) where we studied the current cross-correlations through a pair of
quantum dots with superconducting pairing. For an odd number of occupied transverse
channels, the nanowire is in the topologically nontrivial phase with Majorana end states.
In figure 3.4.10, current cross-correlations are shown for 4 = 4.1 meV and width 70 nm
which corresponds to the three-band case and for ¢ = 6.1 meV and width 90 nm which
corresponds to the five-band case. In both case, we still find the characteristic four-leaf
clover pattern in current cross-correlations, similar to the single-band case. However, the
amount of noise for €, = e = 0 is increased by a factor of = 9 in the three-band system
as compared to the single-band case, as expected from the estimate Eq. (3.4.12). This
numerical finding confirms our analytical result Eq. (3.4.12) that the cloverlike pattern is

not restricted to the single-band nanowire and can also be found in multiband nanowires.
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Figure 3.4.10.: Current cross-correlations Spr for Tsp = 4v/10eps nm!/2  and
I' =4ep. (a) Three-band semiconductor of width 70 nm with
pw=4.1meV and (b) five-band semiconductor of width 90 nm with
©=6.1 meV.
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Nonmagnetic disorder

In this section, we address the question of how robust the cross-correlation pattern is

against nonmagnetic disorder. We consider a spatially fluctuating disorder potential with
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mean value (V(r)) = 0 and random variations with
(V(E)V(r)) = U?(r —1'). (3.4.14)

We here consider the regime of disorder strengths U < U, with U,, = v/ahAgc, since
strong disorder U > U,, breaks the nanowire into topological and nontopological domain
walls and thereby gives rise to additional localized subgap states. For a detailed discussion
of the physical interpretation of U,,, we refer to section 4.3.2. In figures 3.4.11(a) and (b),
we display the disorder averaged current cross-correlations for disorder strengths Agcv/a/4
and Agcy/a/2. We here averaged over 50 random disorder configurations, and find that

the cloverlike pattern is robust with respect to moderate nonmagnetic disorder.

S_l16nel t°e?/hr) S, ql16mes 1Pe’/hr]
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Figure 3.4.11.: Current cross-correlations Spp of the single-band semiconductor
model with 4 = 0 for various disorder strengths. Ensemble aver-
aged cross-correlations for disorder strengths (a) U = Agcy/a/4 and
(b) U = Agcv/a/2. Cross-correlations for a characteristic disorder
realization with (¢) U = Agcv/a/4 and (d) U = Agcv/a/2.

In figures 3.4.11(c) and (d), we display the current cross-correlations for single character-
istic disorder configurations of strengths U = Agcv/a/4 and U = Agcv/a/2, respectively.
When comparing the cross-correlations for a random configuration with the clean case,

we find that nonmagnetic disorder distorts the cloverlike pattern and disorder averaging
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averages over distortions which restores the cloverlike pattern as shown in figures 3.4.11(a)
and (b).

Variation of the Zeeman field

In figure 3.4.12, we display the local and nonlocal current correlations and the correspond-
ing Fano factors for the microscopic model of the semiconductor nanowire as function
of Zeeman energy and voltage for e, = —egr = Agc/10. As discussed in chapter 2.5, the
nanowire is in the topologically trivial phase for £% < A2+ p? and in the nontrivial phase
for 2 > A%, + . We find different characteristic behavior of the current correlations in

the topologically trivial and nontrivial superconducting phases.

2 -3
S, /(26% 107°A/h)
2
]
0
2 -3
s, /(2¢% 107°A/h)
. 2
N J
> > 0.2 1
0 0

0 2 4 0 2 4
(©) E_/A (d) E_/A

Figure 3.4.12.: (a) Current cross-correlations, (b) crossed Fano factor, (c¢) local cur-
rent correlations in the left lead, and (d) Fano factor in the left lead
for the microscopic model for €, = —ep = Agc/10 as function of
magnetic field and voltage.

In the trivial phase for FZ < A%, + p?, the current correlations and the corresponding
Fano factors are qualitatively similar to our findings in section 3.2 where the nanowire was
directly coupled to the normal-conducting lead electrodes. In particular, we find that the
cross-correlations as well as the crossed Fano factor vanishes and that the local Fano factor
is two (one) for eV < \/m — E7 and drops to one above this threshold. In addition,
we also find that the topological phase transition at FZ = A+ u? clearly shows up in the
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local and the crossed Fano factors. In particular, the crossed Fano factor increases when
E%Z — AZ, + p? due to the closing of the excitation gap in the nanowire, which gives rise
to a divergence of the superconducting coherence length and thereby allows for crossed

Andreev reflection processes via the bulk superconducting state.
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Figure 3.4.13.: (a) Current cross-correlations, (b) crossed Fano factor, (c¢) local cur-
rent correlations in the left lead, and (d) Fano factor in the left lead
for the microscopic model for eV = Agc/5 as function of magnetic
field and quantum dot energy level e;, = —ep.

In contrast, for 3 > A%+ u? the nanowire is in the topologically nontrivial phase with
a pair of split Majorana bound states at ey ~ Aggexp(—L/€) sin(krpL) [see Appendix B.2
for details] which oscillates as function of magnetic field. In this phase, we find that the
quantum dots qualitatively affect the cross-correlations as compared to the case with-
out quantum dots. Our main observation is the existence of oscillating cross-correlations
Str o €2, for eV > €y which directly reflects the Majorana character of the subgap state.

In figure 3.4.13, we show the current correlations and the Fano factors for eV’ = Agc/5
as function of Zeeman energy and antisymmetric quantum dot energy e¢;, = —egr. We find
that both the cross-correlations and the crossed Fano factor show finite contributions for
eV > epr and clearly display the oscillating Majorana energy splitting. In particular, we
find that the cross-correlations are suppressed for ¢; — 0 and show a peak of height o< €3,
for |eq| = €pr. Similarly, we also find that the auto-correlations S reflect the oscillating

Majorana energy splitting.
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3.4.7. Relation to previous work

In the recent work [119] (short LLS in the following), current cross-correlations in a setup
similar to ours were studied by using the diagonalized master equation approach in the
sequential tunneling regime. In particular, for €); = 0 finite current cross-correlations were
found, in disagreement with our result that current cross-correlations are proportional to
€2, and should thus vanish in the limit ¢y, — 0. In the following, we discuss possible
reasons for this discrepancy.

The physical conditions under which the diagonalized master equation approach is jus-
tified are (i) that the bath correlation time is small compared to the relaxation time of the
quantum dot—Majorana bound states—quantum dot device, i.e., weak coupling between the
leads and the dot-Majorana bound state-dot system I' < kgT', and (ii) that the excita-
tion energies AE within each parity sector are large compared to I' [120]. For €3, = 0, the
states with different parity are always degenerate, which should be unproblematic since the
coherent superposition between these states is unimportant for electronic transport. How-
ever, for energies €y = €, = eg = 0, LLS find in their Eq. (16) an additional degeneracy of
the two lowest lying states in each sector, which is problematic since it violates condition
(ii). Thus, we conclude that for the energy spectrum used by LLS the diagonalized rate
equation approach is not appropriate in the vicinity of this point.

Nonetheless, if one forgoes the question of whether the diagonalized master equation ap-
proach is applicable, we can compare the single-particle energy spectrum we find by solving
the Bogoliubov-de Gennes equations with the many-particle energy spectrum discussed by
LLS when diagonalizing the Hamiltonian in the eight-dimensional many-body Fock space.
Since parity is a good quantum number for the isolated dot-Majorana bound state-dot
system, it is possible to decompose the Fock space into two four-dimensional subspaces
with even and odd parity, and to diagonalize the Hamiltonian in each subspace separately.
Then, the ground state is given by the vector with lowest energy, and the parity changing
excitations are described by many-body wave functions with a parity different from that
of the ground state. In particular, for €y; = ¢, = eg = 0 and || = |tg| = ¢, LLS find in
their Eq. (16) that the states for even and odd parity are degenerate, and that each sector
has energies {—+/2t, —/2t,v/2t,+/2t}. Thus, the excitation energies for parity changing
excitations of the ground state are {0,0,2v/2t,2v/2t}.

In contrast, in this thesis we use the Bogoliubov-de Gennes formalism to diagonalize the
Hamiltonian. The Bogoliubov-de Gennes formalism is a single-particle formalism based
on the single-particle Schrodinger equation and describes quasiparticle excitations above
the ground state. Since the Bogoliubov-de Gennes formalism doubles the physical Hilbert

space, only three out of the six eigenvalues obtained by diagonalizing the Hamiltonian
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Eq. (3.1.4) are independent solutions. Excited states can be constructed by adding one
quasiparticle (three possible states), two quasiparticles (three possible states), or three
quasiparticles (one state). Thus, together with the ground state, these states span an
eight-dimensional Fock space, in agreement with LLS. Using the Bogoliubov-de Gennes
formalism, we find for parameters €); = ¢, = eg = 0 the single-particle excitation ener-
gies {0,2t,2t}, and as a consequence the three-particle excitation energy 4¢t. Thus, the
energy difference between the many-body ground state and parity changing excited states
should be {0, 2t,2t,4t}, different from the excitation spectrum obtained above by using
the energies of LLS. This discrepancy in the energy spectrum casts additional doubt on
the results of LLS and their interpretation. In addition, even when using the correct en-
ergy spectrum, there exist degeneracies between excited states within each parity sector
for the choice of parameters |eg| = |e|, where the current cross-correlations are strongest.
Therefore, it seems that the applicability of the diagonalized rate equation approach to

the three-terminal quantum dot—Majorana bound states—quantum dot device is limited.

3.5. Spinful quantum dots with finite Coulomb repulsion

Above, we have investigated the effect of coupling quantum dots to Majorana bound states
with a nonzero Majorana energy splitting €,; in sections 3.3 and 3.4. There, we have as-
sumed that the quantum dots are fully spin polarized and that the Coulomb charging
energy of the quantum dots is infinitely large. We have shown that, when aligning the
quantum dots with the chemical potential of the superconductor, a pair of exactly zero-
energy Majorana states is induced on the quantum dots. In addition, we have shown that
the induced pair of Majorana operators significantly affects the nonlocal transport prop-
erties of the three-terminal norma-state—-quantum dot—Majorana bound states—quantum

dot—normal-state device.

In this section, we study the effect of finite Coulomb repulsion on the induced Majorana
states. For that purpose, we modify the Hamiltonian for the quantum dots by considering
spinful quantum dots with finite Coulomb repulsion. Hence, we replace the Hamiltonian
Hp from Eq. (3.1.1b) by

Hp =Y (Hp,+ Hr,) (3.5.1)
i—L.R
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with
Hp,; = Z Eiad;’[adio + Uid;erdeLdiw (3.5.2a)
o=
HT,’i = Z (tiad-irar}/i + t:a"}/idL0'> . (352b)
o="4

The operator Hp,; denotes the Hamiltonian for the quantum dot ¢ with the fermion an-
nihilation (creation) operators d,, (d! ) with spin ¢. The quantum dots are characterized
by the single-particle energy levels ¢;, and the Coulomb energy U; > 0 which penalizes
double occupancy. The operator Hp,; denotes the coupling Hamiltonian with coupling
strength t¢;, between the quantum dot ¢ and the corresponding Majorana bound state ;.

In figure 3.5.1, we show a schematic illustration of the system.

GLT+€L¢+UL —— GRT+€R¢+UR
Left Lead | L2 ‘Ro Right Lead
g, ot th g,

IL®IR

Figure 3.5.1.: Schematic setup of a topological superconductor nanowire with a pair of
Majorana end states (red dots) coupled to quantum dots. The quantum
dots are characterized by single-particle levels €;, and by the Coulomb
energy U; for ¢ = L, R. The parameter ¢; is the coupling between the
quantum dot ¢ and Majorana 1.

In total, the system now contains the four fermions describing the two quantum dots and
one fermion describing the Majorana bound states. FEach of these five fermions is defined
on a two-dimensional Hilbert space F) which is spanned by the basis vectors for zero and
single occupancy. Hence, Hamiltonian H = Hy; + Hp itself is defined on a 2°-dimensional
Hilbert space F = @) Fy where ) denotes the direct product. The Hamiltonian does not
conserve particle number since Majorana bound states are a equal superposition of electron

and hole degrees of freedom. However, the Hamiltonian commutes with the parity operator

P=(1-2fH][Q-2d,d,), (3.5.3)

1,0

and hence conserves particle number modulo two. The reason for the vanishing of the

commutator of H and P is that all individual terms in the Hamiltonian contain two fermion
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operators. Since each fermion operator changes the parity, two fermion operators change
the parity twice which is equivalent to no change of the parity. Because of this commutation
relation, the Hilbert space can be decomposed into two 2*-dimensional subspaces F, and
F, with even and odd parity, i.e., F = F. & F, where & denotes the direct sum of two
vector spaces. Here, even parity corresponds to Py, = +1. for ¢, € F. and odd parity
corresponds to Py, = —, for ¢, € F,.

To diagonalize the Hamiltonian for arbitrary parameters, we use an unbiased exact
diagonalization technique. For that purpose, we construct two classes of ansatz wave

functions with even and odd parity,

0y =[u® + > ofalb 4+ 30w aliclal] jo), (3.5.4a)
a<b a<b<c<d
00) =[S ulal + 37 oSatbie + wd]d, fldfdiy | 0). (3.5.40)
a a<b<lc

Here, the summation indices correspond to the fermion operators {dTLm dTLT, 1T, dET, d}u}
and we formally introduce an order of fermion operators, dTLT < dTLT < ff < dET < dE%L'
The ket vector |0) denotes the vacuum which is defined by d;,|0) = f|0) = dg,|0) = 0
for 0 =1 (}). In total, each wave function for odd and for even parity is characterized
by 16 coefficients (u;,v;,wy). We then derive the many-body Schrodinger equation by
minimizing the energy expectation values (¥¢|H|¢*®) and (¢°|H [)°) with respect to the
coeficients (u;,v;,wy). By solving both resulting matrix equations, we find the ground
state and all excited states. This is an exact diagonalization method in the many-particle
Hilbert space which yields the full energy spectrum and the corresponding wave functions.
We note that by applying this method to the bilinear Hamiltonians in Eq. (3.1.1) studied
above and simplifying the matrices consequently, we obtain exactly the Bogoliubov-de

Gennes equations in Eq. (3.1.4).

3.5.1. One spinful quantum dot coupled to a Majorana bound state

In the following, we consider the situation where one Majorana bound state is coupled
to a quantum dot, i.e., Hpr = 0. The Hilbert space for this system is eight-dimensional
containing four states with even and four states with odd parity, respectively. For this

system, the ansatz wave functions |¢*) and [¢)°) for the even and odd parity states become
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particularly simple,

[¥°) = [“(e) oy diydy, + o vi?dhf*} 10, (3.5.5a)
0% = |ufdly +ufdl, + a5+ ol dldl £110). (3.5.5b)

For e;y = €1, = g and ¢} = t7, = t?, we solve the many-body Schrédinger equation
and we find the energies

1
Erip= 3 [EM +e £ \/8252 + (€ +peM)2} : (3.5.6a)
1
Ersp =3 [EM + U +3eq £ \/(U +eq—pen)’ + 8t2} : (3.5.6b)
where even (odd) parity corresponds to p = +1 (p = —1). The energies are mainly

determined by the energies of the left quantum dot {0, €4, 2¢; + U} and the energies of
the Majorana level {0, €),}. When these energies cross, the coupling ¢ splits some of them
and gives rise to avoided level crossings in the energy spectrum. In figure 3.5.2, we show
the eigenenergies and the energies of the parity changing excitations as function of the
quantum dot level ¢;. We here concentrate on parity changing excitations since they are
the relevant excitations in transport processes. While the energy spectrum itself does not
look very symmetric, the spectrum for parity changing excitations is mirror-symmetric
around ¢, = —U/2. The origin for the mirror symmetry is the particle-hole symmetry
(d;, < d ) of Hamiltonian Eq. (3.5.1) with the replacements U — —U and e; — ¢4+ U.

0.5

EJU
o

—Q85 0 0.5 —85 0 0.5
a)

( €a/U (b) €a/U

Figure 3.5.2.: (a) Energies F; + + of the quantum dot-Majorana bound state system
for even parity (solid lines) and odd parity (dashed lines). (b) Ex-
citation energies for parity changing excitations between the ground
state and the lowest excited states. The excitation spectrum is mir-
ror symmetric around ¢ = —U/2. The system parameters are
EM = tLa == U/lO and €L+ = €L| = €4-

The ground state shows different characteristic behavior in the three regimes (i) ¢, < —U,
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(ii) —U < €4 < 0, and (iii) € > 0. In our discussion of the energy spectrum, we focus on
the limit 0 < ¢t < €)y < U, in which we can identify the eigenstates with the occupation
of the bare fermion states. The regime (i) ¢, < —U is characterized by a unique ground
state with even parity. For weak coupling ¢, this ground state corresponds to the doubly
occupied quantum dot and empty Majorana level with ground-state energy Fs_ ., and
the lowest excited state corresponds to occupying the Majorana level and thus, costs the
excitation energy Es_, — Es_ .. At the special point ¢, = —U, this excitation energy
vanishes and the ground state is two-fold degenerate with one even and one odd parity
ground state. In the regime (ii) with —U < €; < 0, the ground state and the first
excited state have odd parity corresponding to one fermion which is mainly localized on
the quantum dot. For ¢; < —U/2 (¢4 > —U/2), the ground state is the antisymmetric
(symmetric) superposition of spin up and down quantum dot electron, and the first excited
state is then the opposite superposition. The second excited state has even parity and in
the weak ¢ limit, it corresponds to occupying the Majorana level. At the second special
point €4 = 0, the energy E; _ . — E) _ , for the lowest parity changing excitation vanishes
and the ground state is again two-fold degenerate with one odd and one even parity ground
state. In the regime (iii) with ¢4 > 0, the parity of the ground-state wave function is again
even corresponding to a completely empty system. Here, the lowest excited state with odd

parity has excitation energy E) _ , — Ey _ . and describes occupying the Majorana level.

In the following, we further investigate the special points ¢;, = 0 and ¢;, = —U where
the ground state is two-fold degenerate. For ¢;, = 0, we find the odd and the even parity

ground-state wave functions

(e = 0) = [Tl + i) = A7) (3:5.72)
ea =) = [ = 25 (dls + )11 0 (35.70)

where A, = \/ 1+ ep/+/€3, + 812/+/2. Both wave functions have only contributions from
the empty and the single-occupied quantum dot in order to minimize the Coulomb energy.
The unitary operator «;, which describes rotations 7 |¢°(e; = 0)) = |¢°(e; = 0)) and

M |¢(eq = 0)) = |¢°(eq = 0)) in the two-dimensional space of ground-state wave functions

is given by
1
= —=(dl, +d}, +dp,+dp). 3.5.8
T \/5( Lt Ll Lt LJ,) ( )
This operator satisfies the Majorana criteria ﬂ = v, and 7? = 1. Similarly, we de-
fine another unitary operator v, by the rotations v,|1°(eq = 0)) = —i|)°(eq = 0)) and
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Y2l (eq = 0)) = i|tp°(eq = 0)) in the two-dimensional space of ground-state wave func-
tions. We find

; do+d —d.—d,,) —8t(f —
WQZ—LEM( LT+ Ll Lt L,L) \/_ (f f), (359)

V2 NG &

which is also a Majorana operator. However, in contrast to ~y;, this operator also has weight

from the Majorana bound state vz = (fT— f)/i. The origin for the formation of this pair of
Majorana operators is the peculiar coupling between the quantum dot and the Majorana
bound state. For ¢, = 0, the Coulomb charging energy blocks the quantum dot from
being doubly occupied and therefore the three quantum dot states |0), | 1) = dTLT|0), and
| 1) =dl 110) are degenerate. When coupling the quantum dot to the Majorana bound state
v, this degeneracy is partially lifted and a two-fold degenerate ground state survives. For
t < €y, these two ground states correspond to |0) and | 1) 4| |), while the state | 1) —| |)
obtains a finite excitation energy ¢ due to the coupling Hr ; in Eq. (3.5.4b). In contrast, in
the strong coupling limit ¢ > €/, the ground states correspond to (| 1) +| 1))/v/2 — f7]0)
and |0) — (| 1) +| 1)) ® £7]0)/v/2, where again only the state with even spin superposition
contributes. In both limits, the degeneracy is described by the Majorana operators ; and
v2 given by Egs. (3.5.8) and (3.5.9). Thus, we conclude that by adjusting the energy levels
of the quantum dot to the degeneracy point €; = 0, a pair of exactly zero-energy Majorana
states is produced similarly to the situation in section 3.3.

Similarly, for €;, = —U the ground state of the quantum dot is degenerate with respect
to being single or double occupied. Here, the empty state is blocked by the large negative

quantum dot energy €4. In analogy to above, we find the ground-state wave functions

E
V2
(e = ~U)) = | = Avdlydi, +

(g = —U)) = [ (df, —dl,) — A di.d}, fq 0), (3.5.10a)
di — dh)f*] 0). (3.5.10b)

As before, these two states span a two-dimensional ground-state space and the unitary
operators 7, and 7, which describe rotations in this two-dimensional space of ground

states are identical to the ones introduced above for ¢;, = 0 in Egs. (3.5.8) and (3.5.9).
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3.5.2. Two spinful quantum dots coupled to a pair of Majorana

bound states

In this section, we consider the full system containing two interacting quantum dots and
each dot is coupled to a Majorana bound state. Similarly, to the quantum dot—Majorana
bound state system studied in the last section, we find a two-fold ground-state degeneracy
for ¢;, =0 and ¢;,, = —U, for : = L, R.

In the following, we explicitly consider the special case €¢;, = 0, t;, = t, and U; = U for

i =L, Rand o =7, |. We find the lowest eigenenergies for even and odd parity,

1
B = 5 [EM +4/€, + 321&2} , (3.5.11a)

€,0 1
Eé,s,j):,ﬁ: = 5

em+ U+ \/634 + 1612+ U2 + 2\/64t4 +e2,U?+82U%| . (3.5.11b)

In analogy to the quantum dot—Majorana bound state system studied in the last sec-
tion, the ground state does not contain contributions from doubly occupancy of the quan-
tum dots due to the blocking by the Coulomb energy U. When solving the many-body
Schrodinger equation analytically, we find the ground-state wave functions for odd and

even parity,

°(eq = 0)) = [A+ (dly +db, —idh, —idl,)

+ %( —2ft +i(dl, + db ) f(df, + d}u))] 10), (3.5.12a)
% ea = 00) = [ 5 (2 =ity + ey + )

— A ((dh, 4 d} ) =il d}u))] 10). (3.5.12b)

with AL = \/ 1+ eM\/e?W + 32t2/ V8. The operators which describe the transformation

between the two ground states are again given by a pair of Majorana operators

1
=5 (d*m +dl +dp, + du) , (3.5.13a)
(gt gt

Here, the operator 7, (72) is entirely located on the left (right) quantum dot in full analogy
to section 3.4 where we modeled the quantum dots by single resonant levels. Thus, we

conclude that for ¢;, = 0 the formation of the zero-energy Majorana states on the quantum
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dots also appears in the case of interacting quantum dots. Numerically, we have also
confirmed that these states exist for finite Zeeman energy splitting €;+ — €;;. Therefore, we
argue that the formation of the induced zero-energy Majorana states is a robust feature
of quantum dots coupled to a pair of Majorana bound states and does not depend on the

details of the system.

3.6. Summary

In this chapter, we have identified signatures in nonlocal charge transport which we believe
are more specific of the Majorana nature than the zero-bias anomaly studied in recent
tunneling experiments. The nonlocality of the pair of Majorana bound states can be
probed by crossed Andreev reflection, i.e., the conversion of an incoming electron into a
hole excitation in a separate lead electrode. We have shown that at sufficiently low voltages
and small level broadening, crossed Andreev reflection by the pair of Majorana bound states
is the dominating transport process and gives rise to positive current cross-correlations.
In contrast, for large voltages the current is dominated by local Andreev reflection, and
resonant tunneling of electrons and holes gives rise to negative current cross-correlations
which exactly cancel the positive contributions. Because of the vanishing total cross-
correlations for large voltages, we argue that coupling Majorana bound states directly to
lead electrodes is not suitable to observe current cross-correlations.

Instead, we have suggested to connect the lead electrodes with the Majorana bound
states via quantum dots in order to suppress local Andreev reflection and thus to provide
a suitable tool to probe current cross-correlations even for large voltages. In our analysis,
we have distinguished two parameter regimes. In the case of weak coupling between the
quantum dots and the lead electrodes, we find a set of discrete transmission resonances in
the differential conductance. However, we find that one type of resonances is special as it
does not contribute to current correlations. When at least one of the quantum dot levels is
tuned to the chemical potential of the superconductor, a zero-energy Majorana state forms
in the respective quantum dot. Since the existence of zero-energy Majorana states implies
a strongly reduced tunneling matrix element between the quantum dots, we find that these
resonances yield only a small contribution to the current cross-correlations despite their
large conductance. In the strong quantum dot-lead coupling regime, the current cross-
correlations show a four-leaf clover pattern as function of quantum dot energies. This
feature shows an approximate symmetry between symmetric and antisymmetric positions
of the quantum dot levels due to the large level broadening of the quantum dots. The

clover pattern can be clearly distinguished from the single ellipsoidal peak found without
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split Majorana bound states.

In our numerical calculations, we have shown that the cloverlike pattern can be observed
for realistic material parameters and can be clearly distinguished from the situation with-
out split Majorana fermions. This pattern is robust against nonmagnetic disorder, a finite
number of transverse subbands in the nanowire, and finite temperatures kg1 < €pr. In
particular, we have shown that by varying the external magnetic field, the cross-correlation
pattern oscillates between the cloverlike pattern for split Majorana bound states and a sin-
gle ellipsoidal pattern originating from the superconducting proximity effect. We propose
that the oscillation between the two different shot noise patterns is a robust signature of

Majorana bound states in short topological superconductor nanowires.
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nanowire rings

Identifying unambiguous experimental signatures and verifying their experimental real-
ization is a key problem in the study of topological phases of matter. In chapter 3, we
have investigated current and noise characteristics of Majorana bound states and com-
pared the results with the characteristics for conventional superconductors. In particu-
lar, we have emphasized that tunneling experiments, which probe only one normal-state—
superconductor junction, do not yield a definite proof of Majorana fermions since mundane
physical effects such as nonmagnetic disorder [59], interface effects [61], and Kondo [62]
yield similar tunneling characteristics under certain conditions. In contrast, normal-state—
superconductor—normal-state systems are more suitable to probe the existence of Majorana
fermions via current cross-correlations.

Recent experiments [55-57,63] showed first evidence for Majorana end states in super-
conductors which were proposed to be topologically nontrivial. However, so far there are
no experiments which directly investigate the topology of the superconducting state. In
this chapter we propose an experiment which directly investigates the topological super-
conducting state rather than Majorana bound states. As pointed out in chapter 2.4, one
characteristic property of topological phases is the dependence of the ground-state degen-
eracy on the topology of the manifold on which the system is defined. We consider a quasi
one-dimensional ring-shaped superconductor in the limit where the gap A.g is much larger
than the single-particle level spacing d. In the Coulomb blockade regime, the total electron
number and thus the parity of the superconductor nanowire are fixed by the charging energy
E. > A and the degeneracy of grand canonical ground states is reflected in the excitation
energies, which can be observed in nonlinear Coulomb blockade transport [74,75]. In our

numerical analysis, we concentrate on the semiconductor-superconductor heterostructure
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which was introduced in chapter 2.5 and studied in a series of recent experiments. However,
our main results are more general and can also be applied to other (quasi) one-dimensional
topological superconducting systems.

This chapter is organized as follows: In section 4.1, we introduce the model system and
the proposed experimental setup. We begin our analysis with a idealized one-dimensional
ring-shaped nanowire in section 4.2. We then continue in section 4.3 with single-subband
nanowires and study the robustness of the results from section 4.2 against details of the
geometry, nonmagnetic disorder, and local variations of the superconducting pairing poten-
tial. In section 4.4, we make a departure from the case of strict one-dimensional nanowires
and consider the experimentally realistic case of quasi one-dimensional nanowires with
several partially occupied subbands. In section 4.5, we compare the current for the single-
electron tunneling with the current due to cotunneling of Cooper pairs which turns out
to be the transport channel which competes with sequential tunneling of single electrons.
We make a connection to possible future experiments and discuss the expected differential
conductance pattern in section 4.6. We conclude with a summary of the main results of

this chapter in section 4.7.

4.1. Model system

4.1.1. Setup and Coulomb Hamiltonian

We consider a quasi one-dimensional semiconductor nanowire with strong spin-orbit cou-
pling which is proximity coupled to an s-wave superconductor. The nanowire forms an
annulus in the z-y plane with radius R and radial extension L, < R. We assume a strong
confinement in z direction, i.e., the extension perpendicular to the plane of the annulus
L, < L, such that only the lowest subband with momentum in z direction is occupied.
This hybrid system is separated from a back-gate by a thin insulating layer and weakly
tunnel-coupled to source and drain electrodes with symmetric electric potentials +eV//2.
The proposed experimental setup is illustrated in figure 4.1.1

Assuming a strong capacitive coupling between the nanowire and the superconductor,

the total number of electrons in this system is determined by the Coulomb Hamiltonian
He = E,(N + Ngc)? — eVg(N + Nsc), (4.1.1)

where E. denotes the charging energy and N (Ng¢) the number of excess electrons in the
semiconductor (superconductor) attracted by the back-gate. Varying the gate potential

eVq allows to change the total electron number N + Ngc in discrete units. A single-

82



Signatures of topological order in Coulomb blockade transport through
semiconductor—superconductor nanowire rings

Source

—_—

Figure 4.1.1.: Cross section of the experimental setup for a ring-shaped
semiconductor-superconductor hybrid system. We consider a quasi
one-dimensional semiconductor (SM) nanowire with strong spin-orbit
coupling and a magnetic field B perpendicular to the plane of the semi-
conductor ring. The superconductor (SC) is sputtered on top of the
semiconductor which itself is deposited on a gate electrode. The semi-
conductor is weakly tunnel coupled to source and drain electrodes.

electron current through this island involves changing the electron number from N + Ngc
to N + Ngc + 1 and creating or annihilating an odd number of quasiparticle excitations.

Thus, resonances in the differential conductance appear when the condition

6V/2 == EN+NSC:|:1 - Ejg\fs-FNsc (412)

is satisfied, where Ey ng, is the total energy of a state with N4 Nsc electrons and ER7, v
is the respective ground-state energy. The spacing between the resonance peaks for fixed
Vg is independent of the charging energy E. and displays the excitation spectrum for fixed

electron number,

5EN+NSC = ENiNge — E;g\?-i-Nsc' (4'1'3)

In figure 4.1.2(a), we illustrate a typical result for the nonlinear conductance pattern
as function of gate and bias voltage. A finite single-electron conductance (yellow area) is
only found for a set of bias and gate voltages (V, Viz) which satisfy the resonance condition
Eq. (4.1.2). In the white areas, called Coulomb diamonds due to their shape, the current is
fully suppressed by the Coulomb charging energy. The edges of the Coulomb diamonds are
found from Eq. (4.1.2) if the state with N+ Ngc=£1 electrons is a ground state. The distance
between the diamonds as well as their height is mainly determined by FE.. For larger
voltages (orange area) the transport is dominated by processes which change the electron
number in the ring system by two or more. If we consider the nonlinear conductance for
single-electron tunneling through an s-wave superconducting grain with quasiparticle gap

Eg, we typically find a diamond pattern similar to the one in figure 4.1.2(b). Here, we find
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2 o 1 2
(b) V) E.

Figure 4.1.2.: Illustration of a stability diagram as function of gate potential
edVa = eV — NE, and bias voltage V. (a) In the white area, transport
is blocked by the Coulomb charging energy Eq. (4.1.1). In the yellow
area, tunneling of single electrons is possible if the resonance condi-
tion Eq. (4.1.2) is satisfied. In the orange area, two-electron processes
contribute to transport. (b) Idealized stability diagram for an s-wave
superconducting grain (see e.g. reference [121]) with quasiparticle gap
E¢ = E./5 and single-particle level spacing d = E./10. The black lines
denote resonances of the differential conductance. In the white areas of
height 2FE¢ in the downward pointing diamonds centered around odd
N, the current is suppressed by superconducting gap and hence there
are no resonance lines. Note the different resonance pattern for tunnel-
ing from grains with odd to even parity with energy gap 2E¢ and from
even to odd parity without energy gap between the resonances.

a characteristic even-odd effect with an energy gap between the two lowest resonance lines
for tunneling processes which change the parity from odd to even. In the opposite case, for
tunneling processes from states with even to odd parity, this energy gap is absent and the
separation between the resonance lines displays the single-particle level spacing. This even-
odd effect was experimentally confirmed in ultrasmall superconducting aluminum grains
by Black et al. [74]. In addition, we note that the location of the Coulomb diamonds is
slightly shifted and the separation between two diamonds becomes 2FE,. —2Es (2E.+2E¢)

for the diamond centered around a ground state with odd (even) parity.

In our analysis, we assume that both the charging energy E. and the quasiparticle gap Ag
in the superconductor are larger than the effective gap A.g in the semiconductor. Hence,
for small voltages eV < E., A, all electrons in the superconductor are paired and unpaired
electrons as well as breaking of Cooper pairs can only show up in the semiconductor. As
a consequence, the parity in the superconductor is always even and the parity in the semi-
conductor nanowire is determined by the total parity of the hybrid system. The Coulomb
Hamiltonian Eq. (4.1.1) fixes the total electron number while the electron number in the

semiconductor fluctuates because of the strong coupling between the semiconductor and
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the superconductor. In the following, we assume that the average electron number in the
semiconductor is fixed and whenever we refer to the electron number in the semiconductor,

we refer to its average.

4.1.2. Hamiltonian for the semiconductor-superconductor hybrid

system

We describe the low-energy physics of the semiconductor nanowire by the continuum

Hamiltonian H = Hsy + Hsc [32736] with

2 2
How = [ @r S l{ = g — i+ Vi) + B, 0, (0)

om* Or2

+iah / dr Y v (r) (&gaé% - &gaa%) W, (r), (4.1.4)

where the operator 9] (r) (1, (r)) creates (annihilates) an electron at position r with spin o
and mass m*. The first line in Eq. (4.1.4) describes the kinetic energy of a two-dimensional
electron gas, the chemical potential x, the nonmagnetic disorder potential V' (r), and the
Zeeman energy splitting F; = gupB/2 due to the magnetic field in z direction. The second
line in Eq. (4.1.4) represents the Rashba spin-orbit coupling with spin-orbit velocity «,
and ¢° are the Pauli spin matrices with s = x,y,2. In our analysis, we incorporate
the magnetic flux ®(r), which is enclosed by the ring, by the azimuthal vector potential
A(r) = ®(r)é,/2nr and the minimal coupling

—ih— — —ihg + eA(r), (4.1.5)

where e > 0 denotes the absolute value of the electron charge.
The proximity coupling between the s-wave superconductor and the nanowire is de-

scribed by the effective s-wave pairing Hamiltonian

Hse = / Pr (D)) () + A1), (1), (1)) (4.1.6)

with pairing potential A(r). We assume that the superconducting state of the s-wave
superconductor is not affected by the semiconductor. Thus, we describe the s-wave super-

conductor within the Ginzburg-Landau formalism by the real space free energy density

B2
2410

h2

fGL[|AS|7¢s] = f0(|A8’2) + 2,

( 9 +2¢(T)é9")AS 2 (4.1.7)

B Za ’I"CI)Q
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where fj is the free energy for zero magnetic flux, A, = |A,le’®s is the superconducting
order parameter, ®/®, is the magnetic flux in units of the flux quantum &, = h/e, and m
is the mass of the Cooper pairs [122]. Minimization of the Ginzburg-Landau free energy
Far, = [ dr far, demands that §Fgr,/d]As| = 0 and that 6Fgy,/d¢s = 0. In the following,
we neglect the small oscillations in |A,| and focus on the effect of magnetic flux on the
phase of the superconducting order parameter. The phase satisfies the periodic boundary
condition ¢s(¢ + 2m) = ¢s(p) such that the order parameter is a single-valued function.
Since the length of the superconductor is much longer than its radial extension, we assume

that d¢s/0r = 0 which simplifies the Ginzburg-Landau free energy density significantly,

fGLHAslv QSS(SO)] = f0(|As|2) +

h2‘As‘2 <8¢s +2Q)(T)>2+ 32 (418)

2mgr? \ Oy D, 240

Throughout this chapter, we assume that the s-wave superconductor fixes the phase of the

proximity induced pairing potential
A(r) = |A(r)|e=), (4.1.9)

while the amplitude |A(r)| might fluctuate locally due to inhomogeneities in the interface
transparency between the semiconductor and the superconductor. We note that in a
microscopic model, in which the semiconductor and the superconductor are coupled via
a single-particle tight-binding hopping Hamiltonian, the proximity induced gap is mainly
given by A = AN/ (Ag + A) with the interface transparency A [123].

We diagonalize the full Hamiltonian H by defining the Bogoliubov quasiparticle opera-

tors

o= [ 3 (610, 0) + )0 (4.1.10)
where {l} is a complete set of quasiparticle quantum numbers. This yields

H=> Eojo,+ Ege (4.1.11)
l

with the quasiparticle energies F; > 0 and the grand canonical ground-state energy

1 1 2 2
Eqo = —— E + - 2 — 2y . 4.1.12
e 2; l+2/dr;{V(r) ,u+2m*/dr } ( )

Here, the second term originates from the anti-commutation relation of the creation and

82(5(1‘ —r)

r

annihilation operators in the normal-state Hamiltonian Eq. (4.1.4). We note that the

86



Signatures of topological order in Coulomb blockade transport through
semiconductor—superconductor nanowire rings

evaluation of Eq. (4.1.12) is nontrivial because the first term yields —oo due to the infinite
number of quantum numbers [ and the last integral term yields 400 due to the derivative
of the delta function. To avoid the appearance of the diverging terms, we introduce an
energy cutoff £y and assume that all E; > FE, satisfy E; = h?l?/2m* with the momentum
[. This cutoff is justified since the kinetic energy term is the only second-derivative term
and will dominate the energy spectrum for large momenta. This assumption introduces a
characteristic lattice length scale a = 27/A = h//2mE, which allows us to approximate
the delta function by §(r — 1) = 6, 1, 0n,m; /a® with r = (n,a,n4a) and (n,,n,) € N*.
Similarly, we rewrite the derivative as differential quotient and the integral as sum over

lattice sites. With these approximations, we find the ground-state energy

A
uasi 1 "RL
o "0 =53 o+ [ Vi) -} + TR (41130
l
A
1 V2m*R
Boo -5 S i+ [ar{vie) - u} + 220 (4.1.1b)
l

for quasi one-dimensional and exactly one-dimensional semiconductor nanowires. We note
that in solid state systems the cutoff A naturally appears as the size of the first Brillouin

zone, i.e., as the inverse of the atomic lattice parameter.

The corresponding ground-state electron number is given by the expectation value of

the particle number operator
N = / dr Y i), (r) (4.1.14)

in the state where all quasiparticle levels are empty. Rewriting the particle number operator
in terms of quasiparticle operators Eq. (4.1.10) and taking the expectation value with

respect to the ground state (a]ay) = 0, we find

Ngc = /d% Z; |01 ()], (4.1.15)

The parity of the grand canonical ground state is determined by the pfaffian Z, topological

number

Pf (Hir®)

= i |

(4.1.16)

where H denotes the first quantized Bogoliubov-de Gennes Hamilton matrix in the basis
(wi(r), zﬂi(r), Y,(r), ¢, (r)) and 7° denotes the Pauli matrix acting on the particle-hole
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space [76,124]. Here, the topological number Q = +1(—1) corresponds to the even (odd)
parity of the grand canonical ground state. From the grand canonical ground state with
parity Q we construct two classes of states with parity P by creating Ny, quasiparticle

excitations. The parity P of these states is determined by
P = (—1)NrQ, (4.1.17)

i.e., depending on whether N, is even (odd), P = Q (P = —Q)).

The Coulomb Hamiltonian Eq. (4.1.1) fixes the parity in the nanowire since Ay > Ay,
and the total number of electrons in the hybrid system. Because of the strong tunnel
coupling between the semiconductor and the superconductor, the individual electron num-
ber in each subsystem may fluctuate, however, we assume that the mean electron number
in each subsystem is fixed by a relative charging energy E! < FE,. which is discussed in
the next section. Hence, we describe the semiconductor by the parity P and the mean
electron number N. Since the resonances in the differential conductance are determined
by the total energy and not by the grand potential, we Legendre transform the class of
states with parity P into a pseudo-canonical ensemble with Ny, quasiparticles and mean

electron number N. This ensemble contains states with energy

qu

El{h.....Ing} NPl = Ecc+ Y _Ey, + pN (4.1.18)

j=1
and the chemical potential y is determined by the constraint of fixed mean electron number,

Nqp

N = Ngc(p) + Z/d%’ Z {\uglj(r,,u)\2 — ]vglj(r,u)\Q}. (4.1.19)

4.1.3. Material parameters

Both InAs and InSb have been shown experimentally to be suitable semiconducting materi-
als because of their strong spin-orbit coupling and their large g-factor g ~ 20...50 [55-57].
In the experimental situation, the confinement energy in transverse direction is the largest
energy scale so that only a few subbands are partially occupied. It is useful to express the
kinetic energy and the spin-orbit coupling in terms of a characteristic energy e,, = m*a?
and a spin-orbit length I, = h/m*a. With these definitions, we rewrite the kinetic energy
term h?/2m* = ¢
and related materials are €5, = 0.1 meV, I, = 100 nm, and gup/2 = 1 meV/T which
corresponds to g &~ 35. Thus, we find with R = 0.5 um, £z = 1 meV, and A = 0.5 meV,

/2 and the spin-orbit term ha = €,,ls,. Typical values for InAs, InSb,

2
solso
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the single-particle level spacing at the Fermi energy of d = 0.08 meV and an effective
quasiparticle excitation gap in the semiconductor of A ~ 0.2 meV. In the following,
the magnetic field B is varied in discrete steps with the magnetic flux always being fixed
modulo &g, such that the only effect is a change of the Zeeman energy E.

To ensure single-electron tunneling through the semiconductor-superconductor hybrid
system, we consider the case A, F. > Aqg. In our model, we consider a strong capacitive
coupling between semiconductor and superconductor in the sense that we only discuss the
effect of a global charging energy for adding charge to the total systems with respect to
particle exchange with an external reservoir. Additionally, there can be a relative charging
energy E* for the relative electron number in the semiconductor and the superconductor.
Because of the strong capacitive coupling, we assume that £, > E* and thus neglect EY.
Therefore, only the total electron number is a good quantum number while the individual
electron numbers in the semiconductor and in the superconductor may fluctuate because
of tunneling between them. A relative charging energy between the semiconductor and the
superconductor of 1 meV together with a pairing gap Ay = 2 meV in the superconductor
would reduce Agg by 20 % [125]. Thus, we conclude that a moderate relative charging E*

does not change our findings qualitatively and is hence neglected.

4.2. ldealized one-dimensional ring-shaped nanowire

We begin our analysis with a idealized one-dimensional nanowire of radial extension
L, — 0 for spatially constant magnitude of the superconducting pairing |A(r)| = A and
vanishing disorder potential V(r) = 0. To derive the Hamiltonian for a one-dimensional
ring-shaped nanowire, we first rewrite the normal-state Hamiltonian Eq. (4.1.4) in polar
coordinates,

Hsy = Z/dgp/drrwl,(r, ©)Hsm oo (7 0) e (1, ) (4.2.1)

with the first quantized 2 x 2 Hamilton matrix

Hsm(r, ) =

Comr

h2 a_2+lg_|_la_2 _ _|_E z
or?2  ror  r?dp? H 29
0

o (422)

0
—p ( cos(p)o® + sin(@)ay)iﬁ— + iha(cos(w)ay - sin(@)a“)

r ¥
The naive derivation of the one-dimensional Hamiltonian could be obtained by replacing
r = R and neglecting the radial derivative terms. However, this yields an incorrect non-

Hermitian operator. To derive the correct Hamiltonian, we first separate angular and radial
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components of the electron wave function ¢ (r, ) = x(r)1¥(¢). Then, the normalization of
the wave function yields the equation [ drr x?(r) = 1. We assume that the electron wave
function is confined to the ring by a radial confining potential and that only the lowest
radial subband is occupied. Hence, we approximate [ dr x*(r) ~ 1/R+ O(L,/R?). In the

limit L, — 0, this approximation becomes exact and we find the integral

/drrx(r)%x(r) = —/dr <%r X(r))x(r) = —%. (4.2.3)

With this relation we obtain the Hamiltonian for the one-dimensional nanowire by inte-
grating out the radial coordinate, Hemip(p) = [ drr x(r)Hsm(r, ¢)x(r), which yields (up

to ¢ independent terms)

h2 82
Hemip(p) = — W@TOQ —u+ Ezo®
— h% (cos(p)o® + sin(p)o?) z% - ZQh_}(; (cos(p)o? —sin(p)o®).  (4.2.4)

Here, the last term originates from the last term in Hamiltonian Eq. (4.2.2) which contained
a first-order radial derivative and was therefore absent in the naive derivation of setting
r = R. In the derivation of the correct Hamiltonian we did not specify the details of the
confining potential and only assumed that the confining potential is rotation symmetric
and that only the lowest transverse subband is occupied. Therefore, we argue that the
result is the generic Hamiltonian for an idealized one-dimensional ring with spin-orbit

coupling.

With the expression in Eq. (4.2.4) for the one-dimensional normal-state Hamiltonian,
we write the full Hamiltonian for the semiconductor nanoring pierced by the magnetic flux
O as

2m ; h2 . a 160} 2 R
HSM,ID - /O ng { ; wg(SO) [2m*R2 (_Z% QTO) - + EZO—oai| 1/’0(80)

+ = 2, () (—z% + =+ —) 1/)¢(90)}. (4.2.5)
We rewrite this Hamiltonian by Fourier transforming the electron operators

1 i
Vo) = Jon > ey, (4.2.6)

keZ
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where the operator ¥  (4,) creates (annihilates) an electron with spin o and angular
momentum hk. Hence, we find the Hamiltonian describing the lowest energy subband of

the nanowire in momentum space [126]

Hsviap = Z{Z%Tm [%(kﬁ’ %)2 —lH‘UEZ]%m

keZ o
+ %a (k + ; L2 ) (wmq/%m + wkﬂuﬁm)} (4.2.7)

Here, the Rashba spin-orbit velocity, «, couples states {|k 1), |k + 1 |)} and creates two
helical bands with the spin rotating within the z-y plane. The bands cross each other at
k= —1/2 — ®/®,. The magnetic field, B, tilts the spin direction out of the x-y plane,
removes the level crossing, and opens a spin gap E; = gupB/2. By diagonalizing the 2 x 2

normal-state Hamilton matrix

2
Hewap(k) = [ " 2 ik , (4.2.8)
Ek 2m*R2 ( ) —n—=FEz
we find the single-particle dispersion of the tilted helical bands,
. - N\ 2
(K + 1) w2k N2 [ ahk

o L+ (E __> anr 4.2.9
Eivk Qm*RZ ’u Z Qm*R2 + R ( )

where k = k + ®/®y 4+ 1/2. For |k| > 1, which is satisfied for the realistic parameters

R >, and || S €50, we can approximate the single-particle energies by

~ ~\ 2
h2k? hk
€L g — | BR (%) . (4.2.10)

This expression is identical to the single-particle energy for a straight long nanowire, dis-
cussed in chapter 2.5, but with &k replaced by k=k+o /®o + 1/2. Here, the appearance
of the magnetic flux is a trivial shift of the angular momentum due to the perpendicular

magnetic field which gives rise to a circular persistent current of the electrons.

The momentum shift of 1/2 originates from the conservation of the total angular momen-
tum of the electrons in the ring structure. More specifically, this conservation yields a spin-
orbit coupling between states with equal total angular momentum (hk, 1) and (hk + A, |)
and thus effectively shifts orbital angular momenta pR by +h/2. This shift can be under-
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stood by identifying it with a 27 spin rotation of an electron encircling the ring. Since
electrons carry spin 1/2 a rotation of 27 in spin space corresponds to a phase of %(2%) =7
for a rotation in real space. This is equivalent to a Berry phase factor —1, i.e., an effective
shift of the magnetic flux by —®(/2. The Berry phase is exact up to corrections of order
lso/R for |u| < €5. We use the parameters ly,/R < 7 and p ~ 0 and therefore, the

corrections are expected to be small.

For the strictly one-dimensional system, we write the Ginzburg-Landau free energy den-

sity Eq. (4.1.8) for the s-wave superconductor in momentum space as

farllAsl gl = fol|A*) +

h2|AS|2< 2(1))2 B?
Do

— 4.2.11
2m R2 + 2o’ ( )

where hg is the angular momentum of the condensate, i.e., ¢, = qp. Minimization of
far demands that Q is the integer nearest to —2®/®, and that §fqr/0As = 0. In the
following, we neglect the small oscillations in |A,| and focus on the large effect of parity
and magnetic flux on the excitation spectrum of the semiconductor ring. With the angular

momentum of the Cooper-pair condensate, the proximity pairing term Eq. (4.1.6) becomes

2 ) ]
Hso = [ do {8 ul(o)ul(e) + A0 (o)is(v)
=AY {%Wimw n @z}_,ﬁqi%}, (4.2.12)

kEZ

which couples states |k 1) and | — k + ¢ /). As a consequence, the total Hamiltonian
H = Hg\ + Hgc is block diagonal, and within each block a quadruplet

is coupled. For odd Q, the quadruplet for £ = (¢ — 1)/2 reduces to a single doublet
{l(g—=1)/21),|(¢g+1)/2 ])}. The pairing potential A, which is reduced in magnitude as
compared to Ay, plays a crucial role since it sets two excitation energies. It both opens an
effective pairing gap at the Fermi surface and it modifies the Zeeman gap at k& = 0. For
A? > E% — 1% both helicities are occupied in the ground state and A pairs generalized
time-reversed pairs at both sets of Fermi points. Hence, the nanowire is in a trivial state
with superconductor gaps at both +kp and k = 0. For A? < E2 — ;i on the other hand,
the band structure is different in an important way because now there is a spin gap at
k = 0 and a superconducting gap only at +kp. If E; > A, p, it is justified to only consider
the lower band and to project the proximity induced singlet pairing onto that band [34,36].
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In this limit, the low-energy theory of the ring model with magnetic flux ® can be mapped
onto Kitaev’s model [76] with periodic boundary condition and magnetic flux ® + ®,/2.
The projected model contains doublets {|p),| — p)} for ®/Py € [n — 1/4,n + 1/4] with
integer n and effective momentum p = k—¢q/2+1/2, whereas for ®/®q € [n+1/4,n+3/4],
the doublet for p = 0 reduces to the singlet [p = 0).

As discussed above, the Hamiltonian for the one-dimensional ring-shaped nanowire can
be decomposed into a sum over quadruplets and depending on ® into an additional doublet.
Thus, the many-body wave function for this Hamiltonian can be written in an analytical
form as the tensor product of the many-body wave function for the individual quadruplets.
In the following, we define two classes of grand canonical ansatz wave functions with even
and odd parity as generalized BCS wave functions [75]. Then, we determine the ground
state by an unbiased minimization of the energy expectation value and the lowest excited
states are given by pairwise creation of Bogoliubov quasiparticles. This method is fully
equivalent to the method introduced above which only relied on the parity Q of the many-
body wave function and the quasiparticle excitations. In this section we prefer to use the
wave-function based method because it is more intuitive than the pfaffian invariant and

allows to clearly read off the ground as well as the excited states.

4.2.1. Wave functions: Spinless p-wave superconductor

Before investigating the full model, we discuss the system for |u|, A, €5, < Ez where we
can map the lower helical band onto the Kitaev model introduced in chapter 2.2 with the
Hamiltonian

Hg = Z {epc;cp + AOpCLCT_p + ASpcfpcp} : (4.2.14)

P

where €, = h?p?/2m*R?* — E; and Ay = Aah/2E; [see Egs. (2.5.11) and (2.5.12)]. The
angular momentum sum in (4.2.14) runs over p + 1/2 € Z for ®/®, € Z and it runs over
p € Z for ®/®y + 1/2 € Z. The operator ¢, (c}) annihilates (creates) an electron with

energy €, _ and momentum p in the lower helical band.

In analogy to the generalized variational approach in reference [75], we consider varia-
tional wave functions for the projected Hamiltonian. For each doublet, states with even

and odd parity are generated by applying the operators

P_(p) = spcl + tch_p, (4.2.15a)
P (p) = u, + vpc;cip (4.2.15Db)

93



Idealized one-dimensional ring-shaped nanowire

to the vacuum state. General ansatz wave functions for even (odd) parity are

T {n}) = [[ P (0)10) with []7 =+1(-1), (4.2.16)

p=>0 p=>0

where |0) is the vacuum for the ¢ electrons.
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Figure 4.2.1.: Sketch of the dispersion and the effective pairing for the lower helical
band e_(p). The e markers (x) denote the occupied (empty) single-
particle levels for A — 0. The dashed ellipses illustrate the paired
single-particle levels when switching on the proximity induced super-
conducting pairing potential. Arrows indicate the transport of a single
quasiparticle to produce the lowest excited state.

To obtain the energy spectrum for arbitrary magnetic flux, we first minimize the Ginzburg-
Landau free energy Eq. (4.2.11) to find the pair wave number Q, which is then used to
construct the grand canonical mean-field ansatz wave functions Eq. (4.2.16) via Py. For
each set of {7,}, we determine the corresponding energy by unbiased minimization of
E(N,{7,}) = (Hk)+ pn N with respect to the variational parameters (s, t,, u,, v,). Here,
pn is fixed by the mean electron number N = (> c;cp) in the semiconductor nanowire.
By rank-ordering the E(N, {7,}), we find the ground states for both even and odd parity.
To obtain the excited states, we then apply the Bogoliubov operators all,l = upcjo — UpC_,
and ajﬂ = upcip + vpc, with p > 0 to the ground-state wave function.

In figures 4.2.1(a) and (b) we sketch a bare parabolic dispersion and the single-particle

excitation spectrum for & = —h/2e. The ground-state wave function for odd parity is
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given by
h

@ﬂ@=—%»=fumfp1@p) (4.2.17)

where all time-reversed partners are paired and the zero-momentum electron is unpaired.

The lowest excited state has two unpaired electrons at the Fermi number pr and at pp+1,

@ﬂ@:—ﬁ», (4.2.18)

| h
‘\IIZJ(CI):— >—aT al
2e

%) — YpriTpr+l,j

which shows up in a spectroscopic gap of 2A.¢. On the other hand, the ground state for

even parity is given by

(@ = 1)) = P_0)P-(or) [] Pe0)]o) (42.19)

2e
p#0,pF

with two unpaired electrons. In contrast to the odd parity case, we find the lowest excited

state by breaking the pair at pr — 1 and creating a new one at pp,

ij h < h
Wﬂ¢=—%»=%w@ruWﬂ¢=—§»~ (4.2.20)

Therefore, the excitation energies for the even parity are determined by the single-particle
level spacing. In figures 4.2.1(c) and (d) we illustrate the pairing for ® = 0. Here, we find
that the behavior is reversed compared to the case ® = —h/2e; i.e., the ground state for
the even parity contains only paired levels whereas the ground state for the odd parity has

one unpaired electron at the Fermi surface.

4.2.2. Wave functions: Semiconductor-superconductor hybrid system

We now consider the full Hilbert space for the semiconductor Hamiltonian again. Since
the Hamiltonian for the full model can be decomposed into a sum over quadruplets, we
decompose the total wave function into a (tensor) product of the wave functions for the
individual quadruplets. In analogy to what we explained above, we first define generalized
operators Py (k) for each quadruplet of the full unprojected Hamiltonian and then construct

the ansatz wave functions in analogy to Eq. (4.2.16). We define

P_(k) = Z sqat + Z tapyal BTAT (4.2.21a)
« a<fB<y
P—l—(k) = Uk + Z 'UaﬁaTﬁT + wkd]ik*1+%T¢T*k+q,iw’iﬁ¢;2+l,i (4221b)
a<f
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for k > (¢—1)/2. Here, the greek summation indices correspond to the quadruplet fermion
operators a, 3,7 € {1/1T_k_1+q¢, wT_kJrqw w,: - 1/1,1“ ¢} and for notation reasons we defined an
order of fermion operators wT_k_Hq’T < wT_kJrq’i < wli,? < ¢1Tc+1,¢ with respect to the orbital

angular momentum. Hence, the general ansatz wave functions for even (odd) parity are

Voo {}) = H K0y with [ 7 =+1(-1), (4.2.22)

k>(g-1)/ k>(g-1)/2

where |0) is now the vacuum for the ¢ fermions.

We obtain the energy spectrum in full analogy to what we explained above for the Kitaev
model. This leads to the following algorithm:
(i) At first, we minimize the Ginzburg-Landau free energy Eq. (4.2.11) to find the Cooper
pair pair wave number Q.
(ii) We use this information to construct the operators P.(k) and the grand canonical
ansatz wave functions |We){7x}) Eq. (4.2.22). Since 7, = *£1 for each k, we have in
total 2" ansatz wave functions, where n, denotes the number of quadruplets with kinetic
energy smaller than the cutoff Ey [see Eq. (4.1.13)]. In our numerical calculation, we
choose ny = N, i.e., the number of quadruplets is the number of electrons. In addition,
each of the 2n, operators Py depend on eight variational parameters.
(iii) For each set of {7}, we determine the corresponding eigenenergies by unbiased mini-

mization of

E(N, {m}) = (W{n } H {7 }) + uv N (4.2.23)
with respect to the variational parameters (s ;,tx;) for i = 1,...,4 and (uy,vg;, wy) for
j=1,...,6. Here, the chemical potential uy is fixed by the mean electron number

= (U{r} ()] > oo U {7} (1)) (4.2.24)
ko

in the semiconductor nanowire.
(iv) By rank-ordering the set {E(N,{7})}, we find the ground states for both even and
odd parity. We then obtain the excited states by choosing higher energy states in the
rank-ordered set { E(N, {1})}.

4.2.3. Numerical results

In the following, the magnetic field is varied in discrete steps with the magnetic flux always
being a (half-) integer multiple of ®g, such that the only effect is a variation of the Zeeman

energy. As discussed above, at EZ = A? + u? the Zeeman energy drives the nanowire
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Figure 4.2.2.: Lowest excitation energies for fixed mean electron number as function
of Zeeman energy for several combinations of magnetic flux and fermion
parity. The magnetic field is varied in discrete steps with the magnetic
flux always being a (half-) integer multiple of ®y. The lowest excited
states in the nontrivial phase (Ez 2 A) are sketched in figure 4.2.1 for
the projected model. Not all excited states are shown.

through a topological phase transition with the trivial phase for E; < /A2 + u? and the
nontrivial phase for Ez > /A% 4+ 2 [162].

In figure 4.2.2, we plot the lowest excitation energy dEy = Ey — E¥’ as function of
Zeeman energy with N chosen such that p ~ 0. We see qualitative differences between the
trivial phase of the nanowire for £, < A and the nontrivial phase for £z 2 A. For E; < A,
results are typical for s-wave superconductivity in ultrasmall metallic grains [74,75]. For
even parity, the excitation spectrum displays a large spectroscopic gap 2A.¢ independent of
magnetic flux since all excited states contain two Bogoliubov quasiparticles. In contrast,
the ground state for odd parity always has one Bogoliubov quasiparticle and therefore
the spectrum is qualitatively independent of magnetic flux and determined by the single-

particle level spacing as

d2

5E:C(TL:1)—C:(TL:0)%2AH

(4.2.25)

for quasiparticle energies ((n) = y/n2d?> + AZ; where n counts the energy levels relative
to the Fermi energy. Similarly, a variation of magnetic flux by ®/2 changes ((n) on the
order of d*/Aqg.
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For E; 2 A, we observe a strikingly different parity effect, and find that the excitation
energies depend on both magnetic flux and electron parity. In figures 4.2.2(a) and (d)
we find a spectroscopic gap 2A.¢ since the lowest excited states require two Bogoliubov
quasiparticles and thus break a Cooper pair. In contrast, the excitation energies in fig-
ures 4.2.2(b) and (c) are determined by the single-particle level spacing as d?/2A.g since
always one unpaired electron is located near the Fermi surface. As shown in figure 4.2.2(d),
the characteristic signature of the topological phase transition is the closing and reopening

of the excitation gap.

12 even parity, E; = 3A/5 1 even parity, Fz = 2A
’ S sttty |
- Y commonnstst

1.5 2 0 0.5 1 1.5 2

0 05 1
(a) ®/d, (b) /D,

Figure 4.2.3.: Lowest excitation energies for fixed mean electron number as function
of the magnetic flux, (a) for £z = 0.6A, and (b) for Ez = 2A. Not all
higher excitation energies are shown.

These different parity effects become even more impressive when fixing the Zeeman
energy and varying the magnetic flux. In figure 4.2.3, excitation energies as a function of
magnetic flux for both trivial (£ = 0.6A) and nontrivial sectors (Ez = 2A) are shown for
even parity. In the trivial phase, they are of order 2A.¢ with small ®,/2 periodic oscillations
of order d?/A.g as shown in figure 4.2.3(a). For the odd parity case (not shown), they
are determined by the single-particle level spacing. In the nontrivial phase however, we
find large oscillations with period ®; and amplitude 2A.¢ as shown in figure 4.2.3(b).
There, the excitation energies for ®/®, € (1/4,3/4) are determined by the single-particle
level spacing, while they display the effective gap 2A.g for ®/®g € (3/4,5/4) due to the
pairwise creation of Bogoliubov quasiparticles. For odd parity, we qualitatively find the
same spectrum but shifted by ®4/2, as follows from the earlier discussion. All these results
back up the general arguments in the introduction, connecting ground state degeneracies
on the torus to parity and magnetic flux periodicities of excitations.

In the last step, we relate the &, magnetic flux periodicity in the topologically nontrivial
phase to the recently discovered 4w periodicity of the Josephson current between two
topological superconductors [31,76,127]. To leading order in the tunnel coupling, the

Josephson energy between two one-dimensional topological superconductors is given by
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the Hamiltonian

Hy(A¢) = imral cos (%) (4.2.26)

where v; and 7, are operators for the end Majorana states connected by the junction,
[’ is the tunneling matrix element, and A¢ the phase difference between the two super-
conductors. The operator iy, with eigenvalues +1 describes the parity of the neutral
fermion state shared between the two Majoranas fermions. For a fixed parity, the Joseph-
son energy is 4w periodic in the phase difference. We here consider the case that the 47
periodic Josephson junction is inserted into a ring structure. Then, the superconducting
phase difference between the two ends is related to a magnetic flux through the ring via
Ap = (e/h) [¢ dr - A(r) = 2n®/®;, and the 47 phase periodicity is equivalent to a ®g
flux periodicity. If the parity is not fixed, a change of A¢ by 2m ~ ®y/2 will change the
occupancy (i7;72+1)/2 of the neutral fermion and hence the ground state parity. This is in
full agreement with our finding that in the nontrivial phase the parity of the ground state
changes (if coupled to an electron reservoir) when changing the magnetic flux through the
ring by ®/2. Since occupying the neutral fermion describes a change in the parity of the
pairing wave function and not in the mean number of (charged) particles, the terminology

“neutral fermion” is appropriate.

4.3. General single-band Hamiltonian

In this section we consider the full model and study the deviations from the ideal ring-
shaped nanowire in order to make contact with possible experiments. For numerical pur-
pose, we now consider a lattice model and replace the derivatives in Eq. (4.1.4) by a
nearest-neighbor hopping. Thus, the low-energy physics of the nanowire is described by
the lattice Hamiltonian H = Hgy + Hgc with

Az
How ==Y tewclycuy + 3 <EZO'UJ ot v;) e
r,r’' .o r,o
1
- T 5Y _ A N _ A
2a <Craacfc_fcr+5z5' Croo'affcr—(szﬁ Craaa6cr+éy6 Craaaﬁcr—(sy& ) (431)

r,o

where the operator ¢l (c,,) creates (annihilates) an electron at site r with spin o and mass
m*. The first term describes hopping on a simple square lattice with lattice parameter
a, trrrs, = trrrs, = to = h?/2m*a® for the nearest-neighbor lattice vectors 8, = (a,0),

0, = (0,a), and t,, = —2t5. The proximity coupling between the s-wave superconductor
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and the nanowire is described by the lattice s-wave pairing Hamiltonian

r

To incorporate the magnetic flux ®, we reformulate the minimal coupling Eq. (4.1.5) for

the continuous system in terms of hopping matrix elements,

ie

r+d8 ;s ’
lepts = lerrse 7 JiT0de A ), (4.3.3a)

ie

a—ae T i dr A (4.3.3b)
where f:” dr’ - A(r') is the line integral of the vector potential along the hopping path §.
This lattice version of the minimal coupling is called Peierls substitution. In analogy to

the one-dimensional case Eq. (4.2.12), the superconducting order parameter is modulated

by a complex phase
A — ApeaT, (4.3.4)

where q is the Cooper pair wavenumber which needs to be determined by minimizing the
Ginzburg-Landau free energy Eq. (4.1.8).
For details about the numerical solution of the lattice Hamiltonian H = Hsy + Hsc, we

refer to Appendix A.1.

4.3.1. Dependence on geometry details

In this section we study how details of the geometric realization of the ring topology affect
the excitation spectrum. For this purpose, we compare the spectra for a ring, a square,
and for a model with periodic boundary condition as sketched in figure 4.3.1(a). Above we
have shown that the low-energy physics of the ring-shaped nanowire is equivalent to that of
a strip of width L, and length L = 27 R > L, with periodic boundary condition along the
x direction and with vector potential A = (® — ®y/2)z/L in the Landau gauge. Here, the
first term in the bracket describes the magnetic flux penetrating the ring. The second term
originates from the conservation of the total angular momentum of the electrons in the
ring structure. More specifically, this conservation yields a spin-orbit coupling between
states with equal total angular momentum (pR,1) and (pR + h,]}) and thus effectively
shifts orbital angular momenta pR by +h/2 [126]. This shift was identifyed with a 27 spin
rotation of an electron encircling the ring which is equivalent to a Berry phase factor —1
and an effective shift of the magnetic flux by —®/2.

Experimentally, the fabrication of nanoring structures with radii of several hundred
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Figure 4.3.1.: (a) Sketch of three different geometric realizations of the S* topology
of the circle: a ring, a square, and a straight nanowire with periodic
boundary condition indicated by dots. (b) Lowest excitation energy
for Ez = 2A as function of magnetic flux, and (c) lowest excitation
energy for ® = 0 (mod @) as function of Zeeman energy. The pa-
rameters used in the numerical calculation are: even parity, N = 44,
L=2rR=3 pum, and ¢ = 2 nm. In (c), the magnetic flux for the
system with periodic boundary condition is ® = —®y/2 (mod 2). The
lines for panel (b) are defined in panel (c).

nanometers is challenging and the approximation of the ring by a triangle or a rectangle
is likely. For this purpose, we consider a square-like structure made out of four nanowires,
however, our results are qualitatively also valid for a triangular structure which consists of

three nanowires.

In figure 4.3.1(b) and (c), we compare the fixed electron-number excitation spectrum
for the three different geometric realizations of the lattice on which the Hamiltonian is
defined; the ring of radius R, a quadratic approximation of the ring with edge lengths
mR/2, and a straight nanowire of length L = 2w R with periodic boundary condition. In
our numerics, we model the ring-shaped nanowire by the one-dimensional tight-binding
Hamiltonian Eq. (4.3.1) with spin-orbit coupling perpendicular to the nanowire, and thus
rotating in the z-y plane. As function of the discretized azimuthal angle ; = 2mi/n with

n = 2w R/a lattice sites, the spin-orbit direction is then given by
USO,ring(i) = Sin(%‘)g‘y + COS(QOi)O-x' (435)

Similarly, we model the square by abrupt changes in the spin-orbit direction at the position
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of the corners,

o, forO0<i< 7%
oV, for2<i<2
- 4 =3
USO,squarc(Z) = " n . 3n (436)
—o®, for § <i<=p
—o¥, for %” <i<nm

and the straight nanowire with periodic boundary condition by a constant spin-orbit di-

rection,

080,periodic (7/) =oY. (437)

The spectra for these three models are qualitatively very similar and show a &, flux pe-
riod. As expected, we find that the model with periodic boundary condition yields the same
spectrum as the ring model but with vector potential shifted by —®z /2L due to the Berry
phase factor —1 which is exact up to corrections of the order of d/\/E% + (ahk)? < 1.
This phase shift originates from the 27 spin rotation, and therefore also exists for the
square model where the spin rotation happens in discrete jumps rather than continuously.
Without superconductivity A = 0, the spectra for the ring and the square are identical
since both Hamiltonians can be transformed into each other by a global gauge transforma-
tion with different gauge fields for spin up and spin down electrons. However, for A £ 0
this transformation is not possible since the spin singlet pairing Hamiltonian breaks the
local gauge symmetry. As a consequence, the spectrum for the square geometry shows
small deviations from that for the ring geometry because of the existence of corners where
the spin-orbit direction jumps by 7/2. In particular, we find that the excitation spectrum
for the square is slightly shifted towards smaller values of the magnetic flux as compared
to the ring geometry, with the shift being of the order of A.g/ahk. In addition to the
nonuniversal phase shift, we find that quasiparticle states with reduced excitation energy
exist, which are predominately localized near the corners of the square.

We see that our main results are robust against the details of the geometric realization
and rely on the existence of a void such that the topology of the nanowire is homotopi-
cally equivalent to an annulus. All these results underline the general arguments in the
introduction, connecting ground-state degeneracies on the torus to parity and magnetic

flux periodicities of excitations.

4.3.2. Nonmagnetic disorder

On the one hand, disorder is known to often have drastic influence on the electronic proper-
ties of low-dimensional systems. On the other hand, superconducting pairing correlations

in s-wave superconductors are protected against time-reversal invariant impurity scatter-
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Figure 4.3.2.: Lowest excitation energy for a ring-shaped nanowire with N = 44,
L =3 pm, and ¢ = 5 nm as function of magnetic flux and for several
variances v of the nonmagnetic disorder potential. The curves repre-
sent the average over 50 random disorder configurations. The lines are
defined in panel (a).

ing by Anderson’s theorem [90]. This motivates us to address the question of how robust
the ground-state degeneracies in the torus topology are against potential nonmagnetic dis-
order. In the following, we discuss the effect of disorder on the excitation energies in the

regime where the effective gap is larger than the single-particle level spacing, i.e., for

_ A€ol o N

Ay = ) 4.3.
eff 4REZ > d ( 38)

Here, we used Eq. (2.5.12) with ha = €4l and kp = N/2R. We model nonmagnetic
disorder by a locally varying impurity potential V. with vanishing mean value and Gaussian
white noise correlator 5

(VeVir) = 9= (4.3.9)
We here consider the regime of disorder strengths v < 7,, with 7, = A€slso, since strong
disorder v > ~,, breaks the nanowire into topological and nontopological domain walls
and thereby destroys the excitation gap [128].

In figure 4.3.2 we display the excitation spectra for the topologically nontrivial and
trivial phase as a function of magnetic flux, and in figure 4.3.3 we display the excitation
spectrum as a function of Zeeman energy for several combinations of parity and magnetic
flux. We find that the effect of nonmagnetic disorder is very different in the topologically
trivial and the nontrivial phase. In the trivial phase, the quasiparticle excitation gap is re-
markably robust against disorder which is characteristic for s-wave superconductivity [90].
In contrast, we find a significant reduction of the excitation gap due to disorder in the non-
trivial phase. While the &, flux periodicity is not directly affected by disorder as shown

in figure 4.3.2(b), there is a maximum level of nonmagnetic disorder 7, = A€gls, such
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Figure 4.3.3.: Lowest excitation energy for a ring-shaped nanowire with N = 44,
L =3 pm, and ¢ = 5 nm as function of Zeeman energy and for several
variances v of the nonmagnetic disorder potential. The curves repre-
sent the average over 50 random disorder configurations. The lines are
defined in panel (c).

that only for v < =, the excitation gap ~ 2A.g is larger than the single-particle level
spacing d and the ®( periodicity is observable. Since the topologically nontrivial phase
for large Zeeman energies Fz > A, i can be mapped onto a spinless p-wave superconduc-
tor [34], this reduction is in full agreement with the effect of disorder on the excitation
gap in spinless p-wave superconductors [129,130]. Furthermore, we find that the reduction
is very efficient near the topological phase transition since there already weak disorder
breaks the nanowire into domains of different chemical potential and thereby shifts parts
of the nanowire through the topological phase transition which reduces the excitation gap
locally. Away from the topological phase transition, the reduction of the excitation gap is
weaker because the existence of partially trivial domains due to disorder becomes unlikely.
Furthermore, we find that disorder shifts the topological phase transition towards larger
values of the Zeeman energy [130,131]. As before, we argue that this shift originates from
local topological phase transitions at £% = A%+ (u+ V;)? which are shifted towards larger
Zeeman energies due to disorder.

Since the parity and magnetic flux dependence of excitation energies reflect the presence
or absence of nontrivial topological order, our findings for the nonlinear Coulomb block-

ade transport are robust against nonmagnetic disorder and other perturbations as long

104



Signatures of topological order in Coulomb blockade transport through
semiconductor—superconductor nanowire rings

as the topological order is not destroyed by the formation of domain walls. In particu-
lar, we find a maximum variance ,, of nonmagnetic disorder below which the condition
Acg > d is clearly satisfied, and the ®, periodicity is observable. Before finishing this
section, we discuss the physical interpretation of the maximum disorder strength ~,,. Us-
ing the definition of Agg in Eq. (4.3.8), the Fermi momentum kr = N/2R, and the Fermi
velocity vp ~ 2E7/kp, we write 7, = Acgvr. The characteristic energy scale for a super-
conducting system is the quasiparticle gap A.g and the characteristic length scale is the
superconducting coherence length £ = vp/Aeg. Thus, we find that the maximum disorder
strength

Ym = A€ (4.3.10)

€

reflects the two characteristic scales of the topological superconductor in a natural way.

4.3.3. Non-superconducting segments

In this section we consider the situation that the proximity induced superconducting or-
der parameter has a position dependence. Experimentally, this might appear due to the
roughness of the nanowire/superconductor interface, or if the nanowire is not completely
covered with the s-wave superconductor. As sketched in figure 4.3.4(a), we describe this
spatial dependence of the superconducting pairing amplitude by a step function such that
Ay =0for 0 <z < A< Land Ay = A elsewhere. In figure 4.3.4(c), we display the
excitation energies for several lengths A of the non-superconducting segment. We find a
significant reduction of the excitation gap in the trivial phase while the excitation energies
in the nontrivial phase are only weakly reduced even for A ~ [,,. We argue that the origin
of the robustness of the excitation gap in the topological phase is the small effective gap
Aer < A and the enhanced Fermi velocity vp(FEz > A) ~ 2up(Ez = 0) due to the occu-
pation of a single spinless band. Hence, the superconducting coherence length £ = vp/Aqg
in the topologically nontrivial phase is significantly enhanced as compared to the trivial
phase. Thus, in the nontrivial phase superconducting pairing correlations are more effi-
ciently induced in the non-superconducting part of the nanowire which here shows up as
the robustness of the superconducting gap against the existence of a quite long normal
segment.

From the robustness of the excitation gap, we conclude that it is not necessary for our
proposed setup that the nanowire is completely covered with the s-wave superconductor. In
particular, we propose that it is sufficient to place superconducting grains on the nanowire
in order to significantly increase the charging energy and to reduce Cooper pair cotunneling

through the superconductor [see section 4.5]. We now assume that the nanowire contains
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Figure 4.3.4.: Sketch of the nanowire with (a) one and (b) ten non-superconducting
segments of length A, i.e., segments which are not covered with super-
conducting material. (c), (d) Lowest excitation energy for a ring-shaped
nanowire of length L = 3 um with even parity, N = 44, & = 0, and
a = 5 nm for the case with (c) one and (d) ten non-superconducting
segments.

ten non-superconducting segments of length A uniformly distributed over the nanowire as
sketched in figure 4.3.4(b). In figure 4.3.4(d), we study the excitation spectrum for several
characteristic lengths A\. While the excitation gap for A = 3l,,/2 ~ 150 nm in the trivial
phase is completely absent, we find that the excitation energies in the nontrivial phase are

only reduced by 30% as compared to the situation where A # 0 everywhere.

There is a renormalization of A.g in the case of covering the semiconductor nanowire
with superconducting grains. Such a situation was discussed by van Heck et al. in ref-
erence [127], and the mechanism for the renormalization of A.g are phase fluctuations in
the regions between two grains, which are enhanced by the existence of a relative charging
energy between the superconducting grains. The dimensionless parameter controlling the
strength of phase fluctuations is 6 /Aeg, where d denotes the energy for charging one grain
relative to the other. For a covering with distance between the grains much smaller than
the coherence length &, it is reasonable to assume that § < FE. such that a regime with

0 < Aqg can be reached, where the renormalization of A.g is unimportant.
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4.4. Multi-band Hamiltonian

In this section we make a departure from the case of strict one-dimensional nanowires and
consider the experimentally realistic situation of quasi one-dimensional nanowires of finite
thickness with @ < L; < & To ensure that the induced superconducting phase remains
quasi one-dimensional and the nanowire exhibits a substantial gap, we demand that the
width does not exceed the superconducting coherence length & = vp/Acg [131-136]. The
spatial extension in y direction gives rise to the existence of additional transverse modes
and thus subbands which might be partially occupied depending on the chemical potential.
In figure 4.4.1(a), we plot the Bogoliubov quasiparticle spectrum for ® = —®,/2 as function

of Zeeman energy and chemical potential. For

(27h)?
~2m*L?

(4.4.1)

only one subband is partially occupied and the excitation spectrum is equivalent to the
one discussed in sections 4.2 and 4.3. With increasing chemical potential higher subbands
are filled up consecutively and similarly to the single-band case, the higher subbands can

be either topologically trivial or nontrivial depending on the chemical potential and the

1200 -1
800
z e]
400
0 1
0 1 2 3 4
(b) E/A

Figure 4.4.1.: (a) Lowest energy of the Bogoliubov quasiparticle spectrum as func-
tion of Zeeman energy and chemical potential and (b) phase diagram
of the topological number Q as function of Zeeman energy and mean
electron number. The green dashed lines in (a) represent the topologi-
cal phase transition for the various subbands in the limit of uncoupled
subbands o — 0. The parameters used in the numerical calculation
are: L, =3 pm, L)} =100 nm, ¢ = 5 nm, and & = —P/2.

Zeeman energy.

25

In figure 4.4.1(a), the topologically nontrivial phase shows up as islands which are en-

closed by lines of vanishing excitation energies, i.e., by topological phase transitions. As-
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suming that the subbands are uncoupled, we find a topological phase transition whenever
the chemical potential lies well within one of the spin gaps at zero momentum and when

the Zeeman energy satisfies the relation
EY > A%+ (u—€,)?, (4.4.2)

where €, = (hnm)?/2m*L? denotes the kinetic energy of subband n. However, the trans-
verse spin-orbit term acf ,0%,,¢ris,,» couples the subbands and thereby modifies the lines
where the topological phase transitions occur. These modifications are similar to avoided
crossings with energy splitting du ~ 2akp, between the lines of topological phase tran-
sitions and thus reduce the size of the topologically nontrivial islands. With increasing
chemical potential, the spin-orbit energy in transverse direction increases and thus the

energy splitting due to the avoided crossing increases du ~ a,/€,.

odd parity, =P /2 (mod <I> even parity, <I>=<I>0/2 (mod <1>0)
1200 200 2
.H . .g
&>
. LLi
| IZ
S
0 0 1 2 3 4
(a) E /A (b) EZA
odd parity, <I> 0 (mod <I> even parity, =0 (mod <I>0)
1200 0.1 1200
800 < 800 <
z 00587 = 6=
1 L 1
400 w400 w®
0 0 0
(c) EZ/A (d)

Figure 4.4.2.: Lowest excitation energy in the fermionic excitation spectrum with
fixed mean electron number as function of magnetic field and mean
electron number for several combinations of magnetic flux and electron
parity; L, = 3 pm, L, = 100 nm, and a = 5 nm. Note the different
color scale in (c) where all excitation energies are determined by the
single-particle level spacing d.

In figure 4.4.1(b), we plot the topological number Q as function of Zeeman energy and
mean particle number N. As before, the topological number is +1 in the trivial and —1 in

the nontrivial phase and thus we conclude that the parity of the grand canonical ground
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states in both phases is different with even parity in the trivial and odd parity in the
nontrivial phase. Similarly to figure 4.4.1(a), we find islands of topologically nontrivial
phase which are enclosed by the trivial phase. We propose that the fixed electron-number

excitation energies can be used as a tool to investigate the topological phase diagram.

In figure 4.4.2, we present the lowest excitation energy 0Ey = Ey — E% for the multi-
band semiconductor hybrid system for several combinations of magnetic flux and parity as
function of Zeeman energy and mean particle number. As before, our findings for the trivial
phase (i.e., the dark region in figure 4.4.2(a)) are characteristic for s-wave superconductiv-
ity in ultrasmall metallic grains without excitation gap for odd parity [figures 4.4.2(a) and
(c)] and with energy gap 2A.¢ for even parity [figures 4.4.2(b) and (d)]. These excitation
energies do not change qualitatively when changing the magnetic flux and show small & /2
periodic oscillations of order d*/Aqg < Aeg-

In the topologically nontrivial phase (i.e., the bright region in figure 4.4.2(a)) the par-
ity effect is very different. Here, the excitation energies depend on both magnetic flux
and electron parity. In figures 4.4.2(a) and (d) we find a spectroscopic gap 2A.¢ since
two Bogoliubov quasiparticle excitations are required and thus a Cooper pair needs to
be broken. In contrast, the excitation energies in figures 4.4.2(b) and (c¢) are determined
by the single-particle level spacing since always one unpaired electron is located near the
Fermi surface. As shown in figure 4.4.2(d), the characteristic signature of the topological
phase transition is the closing and reopening of the excitation gap. When studying the
magnetic flux dependence of the excitation energies in the nontrivial phase, we find large
oscillations with period ®3 and amplitude 2A.¢. For even parity, the excitation energies
for ®/®g € (—1/4,1/4) are determined by the effective gap 2A.¢ while they are deter-
mined by the single-particle level spacing d?/A.g for ®/®, € (1/4,3/4). For odd parity,
we qualitatively find the same spectrum but shifted by ®/2, as follows from the earlier

discussion.

Thus, the excitation spectrum for fixed electron number directly reflects the topological
phase diagram shown in figure 4.4.1(b). We conclude that the proposed nonlinear Coulomb
blockade transport experiment can be used as a tool to clearly determine the topological

order of the hybrid system by measuring the fermionic excitation spectrum.

Due to the finite width L, of the nanowire, the area of the nanowire itself is penetrated
by magnetic flux and thus the magnetic flux through the ring-shaped nanowire is not well-
defined. However, the magnetic flux can be decomposed into a mean value for the central

of the nanowire and deviations due to the finite thickness

L L
0®(y) = BL,y for — 7L <y< TL (4.4.3)

109



Cotunneling of Cooper pairs
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Figure 4.4.3.: Lowest excitation energy for fixed mean electron number as function of
magnetic flux ® (mod ®() which pierces the nanowire relative its central
line and as function of additional magnetic flux 6® = BL, L /2 due to
the finite thickness of the nanowire. The parameters used in the numer-
ical calculation are: odd parity, N =43, £z = 2A, L, = 27rR = 3 pm,
L, = 70 nm, and a = 10 nm. For even parity, we find the same
spectrum with @ shifted by ®¢/2.

For nanowires with radius R = L, /27 ~ 0.5 pm and magnetic field strengths B < 1 T, we
find 0®(L, /2) > ®y. In figure 4.4.3, we plot the fixed electron-number excitation spectrum
as function of mean magnetic flux ® (mod ®() and additional flux d®(L, /2). We find
that the magnetic flux periodicity of the excitation spectrum is not changed, however, the
excitation spectrum itself is shifted due to 6®. Thus, we conclude that additional magnetic
flux due to the finite width of ring-shaped nanowires with large radii is unproblematic for

the study of the magnetic flux periodicity of the excitation energies.

4.5. Cotunneling of Cooper pairs

In this section we estimate the magnitude of Cooper pair cotunneling and compare it with
the current due to sequential tunneling of electrons. The tunneling between lead 7 and the

superconductor is described by

Hrp; = Z {tk’qa;rka (uqang + vqayiq_a) + H.c.}, (4.5.1)
k,q,0

where ty 4 are the tunnel matrix elements, a;x, are the fermion operators in lead ¢ with

energy €, and 4, are quasiparticle operators for the superconductor with excitation

110



Signatures of topological order in Coulomb blockade transport through
semiconductor—superconductor nanowire rings

energy Eq = /2 + A2 [137]. The ug, and vg, are the BCS coherence factors

€a

Uge 1 1- o
- a | (4.5.2)

<Uqa> \/§ 04/ 1+ g—z

Tunneling of Cooper pairs between lead ¢ and the superconductor is described by an
effective Hamiltonian which can be derived in second-order perturbation theory in Hrp;. In
the first step, one electron with momentum k; and spin o is transferred from an initial state
into an intermediate excited state with momentum q of the superconducting island. In the
second step, another electron with momentum ks and spin —o tunnels into the partner
state of the first electron —q such that both electrons form a Cooper pair. Hence, the final
state contains an extra Cooper pair in the superconductor and two quasiparticle excitations
in the lead. Similarly, we find the reverse process by splitting a Cooper pair followed by two

consecutive electron tunneling events [138]. This yields the effective tunneling Hamiltonian

1
Hqp: = (B Hr,———Hr ;B 4.5.
CP,i < CS| T,i 277 7 Ty CS>7 ( 5 3)

0

where we traced out the quasiparticle operators via the BCS many-body ground state wave
function |BCS) with 74,|BCS) = 0. We find

_ . 1t
Hepi= Y {Aikl,kzaikmaz’kw + Aikl,kzaik2¢aik1T} (4.5.4)
ki,ko

with the effective tunneling matrix elements

1 1
A ses = D by b attart—at | b5
e zq: kol matlat Ot Ee+ Eq — €, — i " E.+ Eq — €k, — i ( )

In the following, we consider the Andreev current through a normal-state—superconduc-
tor-normal-state structure with symmetric barriers and bias voltage 0 < V' < A /e. As-
suming that the voltage between the left (right) lead and the superconductor is +V/2, we

calculate the rate for the Andreev reflection process using Fermi’s golden rule

I:q%;KﬂT‘iﬂzé(Ei—Ef), (4.5.6)

where ¢ is the transferred charge, T is the perturbation operator, |i) is the initial state,

|f) is the final state, and the J-function guarantees energy conservation. For Andreev
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reflection, we have ¢ = 2e and T'= Hcp,. The final state is given by the wave function

|f) = ik, 1@k, |7) (4.5.7)

and the additional charge 2e on the superconducting island. Thus, we find the current for

the scattering of two electrons from the left metallic lead into the superconductor reads

2
14(V) = 265 37 Al f (i) f(ena)dlena + eni +w) (4.5.8)

ki,ko

with w = eV — 4F,. and Fermi distribution functions f. In reference [138] it was shown
that the Andreev conductance G4 = [4/V for sequential Cooper pair tunneling can be

written as

G (w)
~ h Ny

where (G is the dimensionless normal-state conductance and N the number of transverse

GA(V) (4.5.9)

channels through the superconducting region in its normal state. Due to the charge 2e of
Cooper pairs, sequential tunneling of Cooper pairs is not resonant for eV /2 < E.— A4 and
can be neglected. In the expression for the current, this suppression shows up as shifted

chemical potential w = eV — 4F..

We now calculate the current for Cooper pair cotunneling from the left lead to the
right lead via the superconducting island by calculating the scattering rate in second-order
perturbation theory in Hep,; [139]. We find

[A,cot(v):?e%7T Z Wicieokska f (€21, ) f (€11 ) f (—€Rics ) [ (—€Ri,) (4.5.10)

ki,ka,k3 ks
with

| ALk, i, |*| A Rics ke |
ELkl + €Lk2 + GV — 4EC)2

Wi koksk, = ( d(€rk, + €Lk, — €Rks — €RK, + 2€V). (4.5.11)
Building on the result for the sequential Cooper pair tunneling Eq. (4.5.9) and assuming

eV < E., we rewrite the Andreev cotunneling current as

G4 (eV)V3

]A,cot(v) ~ h E2

(4.5.12)

In the expression for Eq. (4.5.12), the Andreev current G 4(eV) is not suppressed by the

Coulomb energy since the charge on the superconducting island after the tunneling events
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is the same as the initial charge.

In contrast, we find for sequential electron tunneling a current

Lo = %F, (4.5.13)

where I' is the tunneling rate between the lead and the semiconductor. For characteristic
bias voltages smaller or equal to E./e, we compare the currents due to the sequential
tunneling of electrons and the Andreev cotunneling of Cooper pairs. With Eq. (4.5.12)

and the expression for the Andreev conductance, we find

Loy _ N3T

[A . ~ E—GML. (4.5.14)

We now make the conservative assumption I' ~ d/10 and d ~ E./10, where d is the
mean single-particle level spacing in the semiconductor, and demand that single-electron
sequential tunneling be larger than Cooper pair cotunneling. In this way, we obtain the
condition that G < /N, /3, i.e., the dimensionless conductance of the junction between
lead and the superconductor in its normal state has to be smaller than one third of
the square root of the number of transverse channels. For a metal of diameter 10 nm
and with Fermi wavelength 0.3 nm, the number of transverse channels is approximately
(diameter /wavelength)? = 1000, and thus the dimensionless normal state conductance
needs to satisfy G < 10, which is realistic for metallic quantum dots with current state

technology.

One way to realize the condition G < /N, /3 experimentally is to not cover the nanowire
with superconducting material in the vicinity of the electrodes, and to significantly reduce
the conductance between superconductor and electrodes in this way. One can even imagine
that an extreme limit could be realized, in which all electrons entering the hybrid system
have to do so via the semiconductor in the vicinity of the electrodes. One might argue
that as a consequence of removing the superconductor near the electrodes, the proximity
induced pairing amplitude in this region will be reduced as well. However, when the region
not covered with superconducting material is considerably smaller than the coherence
length in the semiconductor (of the order of 100 nm as shown in section 4.3.3), this effect
will be small. In principle, one could go even further and only deposit superconducting
nanograins on top of the nanowire instead of adding a fully connected superconductor, and

in this way eliminate the influence of Andreev cotunneling almost completely.

In order to fully suppress cotunneling of Cooper pairs through the superconductor, we

propose to use ferromagnetic leads with the polarization in magnetic field direction. While
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ferromagnetic leads fully suppress Andreev processes and thus cotunneling of Cooper pairs
in conventional s-wave superconductors, they do not significantly affect the current due to

sequential tunneling of electrons.

4.6. Connection to possible experiments

Before concluding this section, we summarize our experimental prediction and discuss how
our main findings show up in the nonlinear Coulomb blockade conductance pattern. In
figure 4.6.1, we illustrate two typical Coulomb diamond patterns as function of gate and
bias voltage. Both plots are identical but shifted relative to each other by the gate potential
edVg = 2FE, which corresponds to a shift in the electron number by one, i.e., by a change
of the parity. We use the realistic material parameters A, = 0.2 meV, d = 0.1 meV,
and FE. = 0.6 meV which clearly satisfy our criterion d < A.g < E. for the single-electron
transport. Hence, the experimentally relevant voltage window, in which single-electron
tunneling through the hybrid system is the dominant transport channel, is bound by the
threshold e|V| < E. — Aeg = 0.4 meV. Above this threshold, Andreev processes might
become important and screen the resonance lines from single-electron tunneling.

As discussed in section 4.1.1, qualitatively figure 4.6.1(b) shows the typical diamond
pattern for single-electron tunneling through an s-wave superconducting grain. Here, we
find a characteristic even-odd effect with an energy gap between the two lowest resonance
lines for tunneling processes which change the parity from odd to even. In the opposite
case, for tunneling processes from even to odd parity states, this energy gap is absent. This
reflects, that the lowest excited state above the ground state of a trivial superconductor
with even parity involves two Bogoliubov quasiparticles and thus breaks a Cooper pair,
incurring an excitation energy 0F ~ 2A.s. In contrast, the ground state for odd parity
always has one Bogoliubov quasiparticle, and hence the lowest excited state involves both
annihilating and creating a Bogoliubov quasiparticle which costs the excitation energy
OF =~ d*/ A < 2A5. This even-odd effect was experimentally confirmed in ultrasmall
aluminum grains by Black et al. [74]. In addition, we note that the location of the Coulomb
diamonds is slightly shifted and the separation between two diamonds becomes 2E,. —2A¢
(2E.42Ag) for the diamond around a ground state with odd (even) parity. In full analogy,
the pattern in figure 4.6.1(b) also describes the nonlinear Coulomb blockade conductance
pattern for the trivial superconducting phase of the semiconductor-superconductor nanor-
ing. When changing the magnetic flux through the ring, this pattern shows small variations
on the order d?/Asg < Aeg-

For topologically nontrivial superconductors the situation is very different. Here, ground
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Figure 4.6.1.: Hllustration of the stability diagram as function of gate voltage eV with
effective gap A = E./3 and single-particle level spacing d = E./6.
In the white upward pointing triangles, transport is blocked by the
Coulomb charging energy Eq. (4.1.1). The black lines denote resonance
lines of the differential conductance. In the hatched downward point-
ing white triangles, tunneling of single electrons is possible if the reso-
nance condition Eq. (4.1.2) is satisfied. In the orange area, two-electron
processes are allowed by the charging energy. As a consequence, An-
dreev processes dominate the orange area and single-electron tunneling
is suppressed. The green area for eV > E. marks the regime where co-
tunneling of Cooper pairs via the s-wave superconductor might become
important and might screen the single-electron processes. (a) Stabil-
ity diagram for the nontrivial semiconductor-superconductor nanoring
with ® = —h/2e. In the white areas of height 2A.¢ in the downward
pointing diamonds centered around odd N, the current is suppressed
by superconducting gap 2A.g and hence there are no resonance lines.
(b) Stability diagram for an s-wave superconducting grain or equiva-
lently the semiconductor-superconductor nanoring with ® = 0. Note
the different resonance pattern for tunneling from grains with odd to
even parity with energy gap 2A.g and from even to odd parity without
energy gap between the resonance lines. Note the symmetry between
figures (a) and (b) under parity exchange.
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states without unpaired electrons at the Fermi energy have odd parity for periodic bound-
ary condition, and even parity for anti-periodic boundary condition. Therefore, the exci-
tation energy 0F oscillates between d?/A.g and 2A.g as function of magnetic flux with
period h/e. Hence, we find that the differential conductance pattern oscillates as func-
tion of magnetic flux between the figures 4.6.1(a) and (b). In particular, this implies the
opening and closing of the excitation gap 2A.g for single-electron tunneling processes from
even to odd ground states and the closing and opening of the excitation gap 2A.¢ for
single-electron tunneling processes from odd to even ground states. In addition, we find a
periodic oscillation of the gate voltage regimes, in which the ground state has even or odd
parity, i.e., the upward pointing white triangles in figure 4.6.1. This yields an oscillation

of the diamond tips with magnitude eVg = 2A.4.

4.7. Summary

In conclusion, we have proposed a nonlinear Coulomb blockade transport experiment to
investigate the topological order of semiconductor-superconductor hybrid nanorings, and
have shown that peculiar parity and magnetic flux periodicity effects in the excitation
spectrum mirror the distinct ground-state degeneracies of trivial and nontrivial supercon-
ducting phases on manifolds with nonzero genus. In particular, the excitation spectrum
for fixed mean electron number provides clear signatures of the topological phase transi-
tion and the h/e flux period in the nontrivial phase which is intricately related to the 47
periodicity of the Josephson current between two topological superconductors. All these
findings are robust against geometry details of the realization of the ring structure and
rely on the existence of a hole such that the system is homotopic equivalent to a circle.
We have shown that the spectroscopic gap in the topologically nontrivial phase is robust
against moderate nonmagnetic disorder. Furthermore, the nontrivial phase is character-
ized by a large superconducting coherence length which allows to deposit superconducting
nanograins on top of the nanowire instead of adding a fully connected superconductor, and
in this way eliminate the Andreev cotunneling and enhance the charging energy. Finally,
we have studied quasi one-dimensional multi-subband nanowires and we have shown that
nonlinear Coulomb blockade transport can be used as a tool to map out the topological

phase diagram.
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5. Spin response in three-dimensional

topological superconductors

In this chapter we make a departure from low-dimensional systems, where the topolog-
ically nontrivial state was engineered in semiconductor-superconductor heterostructure,
and focus our attention on three-dimensional systems with an intrinsic topologically non-
trivial electronic structure. Topological insulators are time-reversal-invariant systems with
gapped bulk and protected massless Dirac modes at the surface [11,12]. Semiconductors
like the bismuth chalcogenides with strong spin-orbit coupling and a Fermi surface cen-
tered at the time-reversal-invariant momentum, are of particular interest because of their
single helical Dirac cone at the surface [9]. Copper-doped BiySes is an unconventional
superconductor [43,44,77,78] with nontrivial surface states and a band structure similar
to that of BisSes but with shifted chemical potential, reduced Fermi velocity, and enlarged
surface dispersion [78].

By now, the surface states in Cu,BisSes have been probed by photoemission [78] and
point contact spectroscopy [79-83]. Currently, the experimental situation for the supercon-
ducting state of Cu,BisSes is rather controversial [84]. Recent point contact spectroscopy
experiments [79-81] showed signatures of subgap surface states and hence topological su-
perconductivity from a zero-bias anomaly in the differential conductance. In contrast, no
such signatures were found in the scanning tunneling experiment [82] and in nanoscale
tunneling experiment [83]. As a consequence, at the moment the superconducting pairing
symmetry of Cu,BisSes cannot be unambiguously determined from tunneling spectroscopy,
and data obtained by complementary experimental techniques are desirable.

Nuclear magnetic resonance (NMR) and quadrupole resonance, as well as the electron
and muon spin resonance are another class of powerful techniques to investigate the elec-
tronic properties locally. The Knight shift for example is determined by the static spin
susceptibility K ~ xs(q = 0,w = 0), which is directly connected to the spin structure
of the superconducting pairing. In conventional s-wave superconductors with spin-singlet
pairing, the Knight shift is significantly reduced and vanishes for zero temperature because

spins pair up and longitudinal spin excitations cost the pair-breaking energy 2A. However,
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in superconductors with strong spin-orbit coupling the spin susceptibility is suppressed as
compared to the normal state but does not vanish for zero temperature due to coupling be-
tween up and down spins [140]. In this chapter we study characteristic features in the spin
response of odd-parity pairing in doped topological insulators and predict clear signatures

for the above resonance techniques.

In reference [45], Fu and Berg showed that strong spin-orbit-coupled bands indeed favor
an odd-parity interorbital unequal-spin pairing [85,86]. To gain insight into its topologi-
cally nontrivial nature, we map this pairing Hamiltonian onto the conduction band, which
yields an effective time-reversal invariant p £ ip pairing in three dimensions. Because of
this topology, there is a pair of Majorana zero-energy modes located at each surface and
protected by time-reversal symmetry. Additionally, there are unconventional surface An-
dreev bound states originating from the band inversion as shown in reference [87] for a
linear k - p model. In addition to terms linear in momentum, we here consider quadratic
momentum terms, which determine the energy range of coexistence between Dirac modes
and unconventional surface Andreev bound states, and which may give rise to another
species of zero-energy surface Andreev bound state. The main motivation for introducing
the quadratic terms is the possibility to investigate the competition between the different
surface states and the bulk. The coexistence of the Majorana zero-energy modes and the
surface Andreev bound states originating from the band inversion [87] gives rise to two
characteristic length scales. The Dirac modes decay on the nanometer scale & [141-143]
whereas the decay length & for the Majorana zero-energy modes is hundreds of nanome-
ter [87]. Hence, the local spin susceptibility shows different characteristic behavior in the
bulk, at the surface, and within &; into the bulk.

Conventional bulk NMR can distinguish between competing pairing symmetries by the
characteristic temperature dependence of the Knight shift and the spin-lattice relaxation
rate. We propose that NMR in thin films of thickness L ~ 500 nm or depth controlled
probes [88,89] allow to clearly determine the pairing symmetry and investigate the Ma-
jorana zero-energy modes. Our work is motivated by Cu,BisSes, however, our results
are more generally relevant for other inversion symmetric materials such as the ternary
chalcogenides [144] and the PbTe class [145,146]. Furthermore, our findings for doped
topological insulators are complementary to the superfluid *He-B phase [147, 148] where
spin relaxation reflects the gapless Majorana nature.

This chapter is organized as follows. In section 5.1, we introduce the model system for
the topological insulator and competing superconducting pairing symmetries. We continue
in section 5.2 with the study of the spin response where we concentrate on the real part of

the longitudinal spin susceptibility, which yields the Knight shift, and the imaginary part
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of the transverse spin susceptibility, which determines the spin lattice relaxation rate. In
section 5.3, we compare the spin response for the various pairing symmetries and predict
magnetic resonance experiments to observe the unconventional surface Andreev bound

state in topological superconductors. We summarize our results in section 5.4.

5.1. Model system

5.1.1. Hamiltonian for the doped topological insulator

In this chapter we consider doped three-dimensional topological insulators described by

the low-energy k - p Hamiltonian [9,45]
Hyy =Y Ci{Hmi(k)Cy (5.1.1)
K

with the 4 x 4 Hamilton matrix
Hri(k) = mo(k)o, + v.k.0p + v(kysy — kysz)o. — p, (5.1.2)

where mg(k) = m + BikZ + By(k2 + k), Cx = (Cixs)iis» B1,v. > 0, and m < 0. Here,
the sy (o)) denote the Pauli matrices for the spin (orbital) degree of freedom, and the
operators ¢; ks annihilate an electron in orbital ¢, with momentum k, and spin s. In our
notation, we neglect the identity matrices for the spin/orbital space and implicitly identify
the absence of a Pauli matrix with the identity matrix. As illustrated in figure 5.1.1(a),
we consider a two-orbital model, where the two orbital Wannier functions are primarily
p orbitals originating from the hybridization of the Se and Bi p, atomic orbitals [9]. The
doped charge density determines the chemical potential p, and the Fermi surface {kr} is

given by the implicit equation
p? = my(kp) + 02k, + v (i, + k). (5.1.3)

The crystal structure of topological insulators and thus the Hamiltonian is invariant
under three discrete symmetry transformations [9]. (i) Time-reversal symmetry 7: The
time-reversal operator is given by 7 = is,K which transforms the electron operators
Tci,k,sT_l = 5 ¢j_x;3 Here, K denotes the complex conjugation operator and we use
the notation § =1 () for s =| (7). (ii) Inversion symmetry (parity) P: The inversion
operator transforms r 2 _r. In the two-orbital model, we explicitly find P = o, because

of the alternating structure of the orbitals in z direction [figure 5.1.1(a)]. This yields
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Figure 5.1.1.: (a) Side view of the layered crystal structure of the bismuth chalco-
genide BisSes. The red square contains a cut through the unit cell
with two outer Se layers, a central Se layer, and two intervening Bi lay-
ers. The low-energy physics is primarily determined by two p, orbitals,
which are hybridizations of the Bi and the outer Se atomic orbitals.
(b) Bulk and surface band structure of the low-energy model for the
Hamiltonian Eq. (5.1.2) confined to —L < z < 0 and with g = 0. For
details about the numerical calculation, we refer to Appendix C.1.

PeixsPt = ¢y with ¢ = 1(2) for ¢ = 2(1). (iii) Three-fold rotational symmetry
Rax/3 around the z axis: The rotation operator is given by Rar/3 = exp(is./3). In the
low-energy continuum model Eq. (5.1.1) the Hamiltonian is even rotational symmetry
around the z axis with arbitrary angle ¢. This continuous symmetry is described by the
operator R, = exp(i¢s,/2). In particular, we note that Ry, where ¢ is the azimuthal
angle corresponding to the vector (k;, k,), transforms the Hamilton matrix Hri(ky, ky, k»)
onto ’HTI(\/W ,0,k,). As a consequence, we only solve the Hamiltonian for k, = 0,
k. € [0,00), and then, we create all other eigenvectors by applying the operator R.

By diagonalizing the 4 x4 Hamilton matrix Hr, we find the Kramers degenerate eigenen-

ergies

By = i\/mg(k) + v, k2 + v2k% — p, (5.1.4)

where the “—” sign describes the valence band and the “+” sign the conduction band
of the topological insulator. In figure 5.1.1(b), we show the bulk energy spectrum with

valence and conduction bands separated by the band gap
E07_|_ - EO,— = 2|m| (515)

In the limit, where the linear momentum terms dominate over the quadratic momenta, we
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find the electronic density of states for the bulk topological insulator

3
Ny (e) :2/ 'k ) (]e| - \/mg(kp) + v k2 + v2k2)

(2m)3
1
L o (11— e
1
= z/dAA26(A—A6) Ai
o=y € IXe=v/€2—m3(kr)O(|e|—|mo(kF)|)
1
=——5¢\/ ¢ = mi(kp)O(|e[ — [m]). (5.1.6)

In our analysis, we are interested in electron doped topological insulators and there-
fore only consider the conduction band of the bulk electronic band structure. The con-
duction band of the doped topological insulator is described by the fermion operators

_ $,0 . . .
e =, . V37 (K)cok s With the four-component electronic wave function

w’T <k>

1 (ﬁﬂﬁﬁwﬂ> (wwwmv (517)

" WE \VE —vkre X2 e i(9/247m/4)

which can be calculated by solving the eigenvalue equation Hri(k)yi(k) = Ex ¢i(k).

T

Here, k describes the in-plane momentum, ¢ denotes the azimuthal angle (k, k),

~ ky + ik
ez¢ — Y

— (5.1.8)

eX describes the complex phase of the off-diagonal orbital matrix elements in Eq. (5.1.2),

e = Molk) & vk (5.1.9)

Vmi(k) + v2k2’

and E denotes the energy of state ¢, (k),

B =\/mi(k) + v.k? + v2k2. (5.1.10)

The operators oy, annihilate an electron of energy £ > 0, with momentum k, and with

pseudospin 7 in the conduction band. The pseudospin operator is given by

kosy — k 0 —ie#
§= ety " RySe _ [V T (5.1.11)
ie'® 0

*

*(k). Thus, the pseudospin is a measure for

and with the eigenvalue equation S¢*(k) = ¢
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the clockwise or counter-clockwise rotation of the spin when encircling the Fermi surface
in the k,-k, plane and therefore directly related to the helicity. We note that the operators

satisfy the condition

Ak, pt2mks)r = Uk, ks),7s (5.1.12)

i.e., the operators are 47 periodic under rotation in momentum space. This is a direct
consequence of the helical electronic structure which originates from the linear in-plane
momentum term in Hamiltonian Eq. (5.1.2) and describes the rotation of a spin in the
ky-k, plane.

In the following, we study the behavior of the operators cy . under time-reversal and

parity transformation. We find

Towr T =T 4 e = 1 (037 09)] o

S,0

e (5 Zwso‘( )Ca' kszzws a( )CO' —k,s’ = Qa_ k,7 (5113&)

S,0

POék 77) ! =P Z 1/18 U Co k,s,])_1 = Z ¢7S—7g(k)657—k:3

Z TY77 (—Kk)Co 1 = ZT¢ K)Cor—ks = TO_x 7. (5.1.13b)

In particular, we note that the time-reversal operator inverts the momentum but leaves
the pseudospin 7 invariant. In contrast, the parity operator inverts both the momentum
and the pseudospin. This is again a direct consequence of the helical spin structure which

rotates the spin direction by 7 for ¢ — ¢ 4+ 7 in analogy to the pseudospin operator.

5.1.2. Superconducting pairing Hamiltonians

Possible pairing terms depend on the specific mechanism and the lattice symmetry. For
pairing induced by onsite density-density interactions, Fu and Berg [45] showed that for
realistic material parameters the spin-orbit coupled bands favor odd-parity interorbital

unequal-spin pairing,

HSC = A Z <Cl,k,T02,—k,¢ + CLk’\LCQ’_k’T) + H.C., (5114)
k

where odd-parity pairing denotes PHgcP~! = —Hgc under parity transformation. How-
ever, if the pairing is induced by long-range interactions, such as the electron-phonon

interaction, other unequal-spin pairing channels are also possible [85]. Additionally, we
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consider (i) even-parity, intraorbital pairing

Hl = Al Z (Cl,k,']‘cl,fk@ + CQ’k’T0277k’J’) + H.C., (5115)
k

(ii) odd-parity, intraorbital pairing

H2 = Az Z (ClyvaCL—k,\L — CQ,k7TCQ7—k7~L> + H.C., (5116)
k

and (iii) even-parity, interorbital pairing

H3 = Ag Z <CLk,TCQ7,k,¢ — Cl,k,¢02,7k,T) -+ H.c. (5117)
k

Before investigating the pairing Hamiltonians in detail, we briefly discuss the condition
under which Hamiltonian Eq. (5.1.14) is the favored pairing symmetry and sketch its
derivation. We here only sketch the main steps of how to determine unambiguously the
superconducting phase diagram, however, we do not explicitly carry out the calculation.
For a detailed analysis of the superconducting phase diagram, we refer to reference [45]. In
reference [45], Fu and Berg considered Hamiltonian Eq. (5.1.1) with a phenomenological

short-range density-density interaction
H; = /d3r [U (nf 4+ n3) +2Vnins], (5.1.18)

where n;(r) = Y, ¢l | ¢

i,r,81,r,S

is the electron density in orbital 7. The parameters U and V' > 0
are onsite intraorbital and interorbital interactions. To investigate the electronic instabil-
ities (Cooper instabilities), it is appropriate to consider the random phase approximation

(RPA) for the normal-state susceptibilities
Xicjkz(% T) = Z <Trci,k+q,¢(T)Cj,—k—q,¢(T)Cl,k,TCzT,—k,O . (5.1.19)
k

With RPA we here mean the infinite sum over all ladder diagrams in a diagrammatic
perturbation theory [115]. From Eq. (5.1.19), one obtains the static susceptibility by the
analytic continuation iw, — w + i0% in Matsubara frequency space and subsequently
taking the limit w — 0. The static normal-state susceptibilities Xicjkl(q,w = () contain all
necessary information about the electronic instabilities of the normal state. In particular,
it diverges as one approaches the critical temperature T, and the orbital symmetry of the

superconducting order is directly related to the orbital character of ngl(q,w = 0). One
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then finds the leading electronic instability from the divergence of the static susceptibilities
with the highest critical temperature T.. One can identify the pairing potentials with the
susceptibilities via XT3, + X511 = A XTin — X > A2, Xioe — X512 — As, and
XS0 + xS112 — A. Fu and Berg found that for low temperatures, the system shows
two different superconducting phases depending on the relative magnitude of U and V.
Superconductivity is characterized by A; pairing for U/V > 1 — 2m(kp)?/u® and by A

pairing for
m(kr)?

112

UV <1-2 (5.1.20)

Hence, in the limit where the interorbital interaction is the dominant attractive interaction,
the A pairing is indeed the favored pairing symmetry.

For a detailed analysis of the different pairing symmetries, we refer to reference [45]
where Fu and Berg investigated the electronic instabilities using a linearized gap equation
approach. We believe that, if we had carried out the RPA explicitly, we would find exactly
the same results as Fu and Berg. However, we argue that the gap equation approach is
biased in the sense that one has to preselect possible order parameters, solve their gap
equations, and compare their critical temperatures. Therefore, the validity of the results
always depends on the selection of the order parameters. In contrast, the RPA is an un-
biased approach since no preselection is required and the divergencies of the susceptibility

directly reflect the leading order parameter.

5.1.3. Doped topological insulator with odd-parity interorbital pairing

In this section we investigate the doped topological insulator with odd-parity interorbital
pairing Eq. (5.1.14). To study the effect of spin-orbit coupling on the pairing symmetry,
we project Eq. (5.1.14) onto the basis (ax ) spanned by the conduction band of the bulk
topological insulator Eq. (5.1.2). For p > |m| > A, this yields the effective pairing

Hamiltonian ®
vk, + ivk™E
Hyo ~iA oy ax_ +He, (5.1.21)
2 Rm

where Eg(k) = vZk? + v*k* and k* = k2 + k.. For a detailed derivation of this expression,
we refer to Appendix C.2.

The effective pairing Hamiltonian is exact to first order in A/p and yields a gapped bulk
excitation spectrum with quasiparticle gap 2A Ey(k)/p. The corresponding Bogoliubov-de
Gennes equations are in the same universality class as the ones for two copies of spinless
superconductors with opposite chirality, which is known to be a time-reversal-invariant

topological superconductor with Majorana zero-energy modes if the chemical potential
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lies within the conduction band [14,19]. From this analogy, we expect to find a Kramers
pair of Majorana zero-energy modes for & = 0 and additionally a pair of zero-energy
surface Andreev bound states whenever mgy(kr) = 0. In contrast, the bulk single-particle
excitation spectrum is always fully gapped with weakly momentum dependent quasiparticle
gap

m3(K)

Ba(k) = A1 - =2

> 0. (5.1.22)

In the following, we investigate the existence and properties of surface states of the
normal-state and the superconducting Hamiltonian. The normal-state Hamiltonian in
Eq. (5.1.2) confined in z direction has a two-dimensional helical massless Dirac cone at the
surface [9]. However, we also know that the effective pairing Hamiltonian Eq. (5.1.21) yields
a pair of helical Majorana zero-energy modes at the time-reversal-invariant momentum
k = 0 [14]. Hence, we obtain two species of surface states originating from the band
inversion and the p & ip pairing, respectively. We find these states by replacing k., — —i0,

and solving the corresponding Schrodinger equation with boundary condition

o, (z=0)=19(z=0), (5.1.23)

which describes the vanishing of the wave function for orbital 2 at the surface. This
boundary condition is justified by the layered atomic structure of the topological insulator

where orbital 2 is underneath the orbital 1 surface layer.

For the normal-state Hamiltonian Eq. (5.1.2), we solve the 4 x 4 system of second-order

differential equation

[(m — B10* + ngQ)am — w,0,0, + vkTo, |, = B, (5.1.24a)
kpsy — kysy

e =T, (5.1.24b)

and search for states localized at the surface. We obtain the surface dispersion Ep (k) = vk

and the surface wave functions

vz/v, 1
Upr(2,k, @) = \/UZ (6 . ) ® (zﬁ'eid’) (5.1.25)

1 4Bl(m -+ BQkQ)
=—1|1—4/1 ) 1.2
v 3B, ( \/ + 2 (5.1.26)

z

with the exponent
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From this expression, we find the decay length

2B, 2 0y Y2
vy s for Bok?® < (—m — 1%-)

Vs 1—y/1+4B1(m+B:k?2) /02 for (—m — 77-) < Bok® < —m.

For k? — —m/Bs, the decay length diverges and the surface states become bulk states as
shown in figure 5.1.2(a).

Similarly as for the Dirac modes, we find the zero-momentum Majorana zero-energy
modes by solving the Schrodinger equation. In our analytical calculations, we linearize the
normal-state dispersion Eq. (5.1.10) by vp(—i0, — kp ) in the vicinity of the Fermi surface
and we set kZ — k7, in Hsc Eq. (5.1.21) with the normal-state Fermi momentum kg, in
z direction. Thus, we obtain the 2 x 2 system of ordinary differential equations
mo (kk )

i

v,0;—vk
vp(—10, — kp., A
o 7"O<kF’“F)) : v = Ev (5.1.28)
A “

—v,0,—vk
n

with open boundary conditions and the ansatz 1 ~ e**. In our analytical calculation, we
approximate the wave function for the surface Andreev states by A = 1/& — ikp, with

&1, kr, € R which is exact to first order in A/vg,. This yields the Majorana dispersion

A(m + Bik%, + Bok?)

EM<]{?) ~ vk Iu2

(5.1.29)

near k = 0. The surface Andreev states decay on a characteristic length & as shown in

figure 5.1.2(b) where we plot & as function of the chemical potential. We find

Galn) = 5= (5.1.30)

with the Fermi velocity in the z direction vg, = pu/kp,. Typical values for & are by a
factor of Fy/A ~ 10% larger than &. In contrast to the Dirac modes, the zero-momentum
Majorana zero-energy modes exist for all values of the chemical potential and enter the
bulk for y — oo only. For both species of surface states, the quadratic terms B; and B,
significantly determine the behavior of the decay lengths. For B; = B; = 0, we obtain
& = v,/|m| and & = v, /A whereas the decay lengths for By, By > 0 strongly depend on

the Fermi velocity and thus on pu.

We find that the Majorana zero-energy modes are immune against band bending effects

due to near-surface electrostatic potential variations [149] since the characteristic length
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for band bending effects is nanometer and thus much smaller than the decay length &;.
Furthermore, the Majorana zero-energy modes are robust against moderate nonmagnetic
impurity scattering since pair-breaking effects are suppressed by an approximate chiral

symmetry in the spin-orbital locked band structure [150].
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Figure 5.1.2.: Decay lengths of (a) the Dirac mode of the topological insulator and
(b) the zero-momentum Majorana zero-energy mode of the odd-parity
interorbital superconductor obtained from the analytical expressions
for the wave functions for the semi-infinite topological insulator with
A =1 meV and m = —0.3 eV. The lines are defined in panel (a).

Depending on the doped charge density, the superconducting state could occur with the
chemical potential either in the region where the Dirac modes are separated from the bulk
conduction band [78] [see figures 5.1.3(a) and (b)] or where only the bulk states remain
[see figures 5.1.3(c) and (d)]. Since the numerator of the effective pairing Hamiltonian
Eq. (5.1.21) vanishes for the Dirac modes with k, — —iv/v, and p = vk, they are not
gapped by Hsc and yield a ring structure of zero-energy surface Andreev bound states.
Higher order terms which couple valence and conduction band, do not change the character
of the surface modes qualitatively. The authors of reference [87] showed that a branch of
surface Andreev bound states connects the Majorana zero-energy mode and the Dirac
modes due to the mirror helicity of the Hamiltonian, which here shows up as the sign of
the mass mo(kr) in Eq. (5.1.21). This mass is negative near the bottom of the conduction
band and changes sign for pu? = —muv?/B;. However, in contrast to the zero-momentum
mode, the finite-momentum modes are not Majorana zero-energy modes in the sense that
they are equal superpositions of electron and hole creation operators such that v = ~f.
Instead, the Bogoliubov operators for these finite-momentum modes satisty v, = 7ik with
a finite electron-hole imbalance.

In figure 5.1.4(a) we plot the energy of the surface states as function of momentum and
chemical potential where we see a Kramers pair of zero-momentum Majorana zero-energy
modes for all ;4 and depending on the chemical potential, we find three regimes, which

can be distinguished by the number of additional finite-momentum zero-energy modes.
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Figure 5.1.3.: Bulk and surface quasiparticle excitation energies for the doped topo-
logical insulator with odd-parity interorbital pairing symmetry. The
system has a thickness of L = 160 nm. The oscillations in the k£ depen-
dence of the energy levels originates from the finite thickness of the film.
(a) p=0.5eVand m = —-03eV. (b) p =08 eV and m = —0.3 eV.
(¢) p =1.1eVand m=-03eV. (d) p = 0.5 eV and m = 0. For
details about the numerical calculation we refer to Appendix C.1.

For small chemical potentials, u? < —muv?/By, —muv?/B,, the mass term is negative, and
hence, both the Majorana zero-energy mode and the branch of zero-energy surface Andreev
bound state originating from the Dirac mode exist. On the other hand, for large chemical
potentials, —mwv?/B;, —mv?/By < p?, the mass term mg(kr) is positive and only the
zero-momentum Majorana zero-energy mode exists. In the regime of intermediate p, we
distinguish two cases —mv?/B; Z —mwv?/By. For —mv?/B; < p? < —muv?/Bs, there is a
momentum kp such that the mass term mg(kr) vanishes. As shown in figure 5.1.4(a) this
yields another species of zero-energy surface Andreev bound state emerging at k = 0, which
now carries the negative velocity from the band inversion as expected from Eq. (5.1.21) and

moves towards the Dirac mode with increasing p and is located at the in-plane momentum

| Byp? — |m|v?
ke | ———— 2. 5.1.31
311)2 — BQU? ( )
For p = vk, both finite-momentum surface Andreev bound state meet and gap out for

u? — —muv?/By. In contrast, for —mv?/By < p? < —mwv?/Bj, the Dirac modes disap-
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peared in the bulk and is replaced by the unconventional surface Andreev bound state
discussed by Hsieh and Fu [87] while m + Blk%’z is negative. Moreover, with increasing
chemical potential, this finite-momentum zero-energy surface Andreev bound state moves
towards k£ = 0 and disappears for > — —mv?/B;. Thus, we conclude that the number
of species of zero-energy surface Andreev bound state is even for m? < p? < —mv?/B,
and odd for p? > —mw?/B;. Hsieh and Fu [87] do not find the competition between these
different sectors since the parameters By and Bs in their lattice model are small and thus
they only consider the small chemical potential regime with the zero-momentum Majorana

zero-energy mode and one species of finite-momentum modes.
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Figure 5.1.4.: Lowest quasiparticle energy in units of A; for a thin film of thickness
L = 240 nm confined in the z direction and with (a) A, (b) Ay, (c) Ag,
and (d) Aj pairing as function of in-plane momentum k and chemical
potential p. Note the different color scales.

In the following, we study the spin structure of the Majorana zero-energy mode. For
that purpose, we consider the Hamiltonian in Eq. (5.1.1) with superconducting pairing
Eq. (5.1.14) confined to the lower half space z < 0 and with & = 0. The Bogoliubov-de

Gennes Hamiltonian for this system is given

"= /dZ <C$l (2) Coo. (Z)) [(mo(kp.2)ow — iv,0,0, — ©)G. — ASmUyCy] (CﬁoL e ) )
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which yields for F = 0 the Bogoliubov-de Gennes equation

[(mo(kpz)op — 10,004 — 1)C, — Asgoy,Cyl (2) = 0. (5.1.33)

Here, the (; for ¢ = x,y,z denote the Pauli matrices for the particle-hole space and
Y = (¢;5¢) is an eight-component wave function with ¢ € {1,2}, s € {1, ]}, and ¢ € {e, h}.
It is evident that s, (z) = sy(z) with s = £1. For 9(z) ~ e, we further simplify
Eq. (5.1.33) by multiplying it by (.,

(mo(kp)oy — v oy — p— Asoy(—il)] ¥ (z) = 0. (5.1.34)

It is evident that (,1(z) = t(2) with ¢ = 1. When separating this expression into real
and imaginary parts and comparing both with the normal-state Hamiltonian in Eq. (5.1.2),
we conclude that Re(\) = stA/v, = st/& and Im(\) = £kpg,. In order to have an expo-

nentially decaying wave function, we demand st = +1. This yields the two independent

1 1 1 .
£i(z) = <6ﬂ9> ® (S> ® <8> e(EthratAlv:)z, (5.1.35)
o s ¢

where € = (u + i\/p? — mo(kr.)?)/p [87]. In order to satisfy the boundary condition

solutions

Eq. (5.1.23), we choose a suitable linear superposition of ;. This yields the final result

Ps=x(2) = (SII;fffk:;)e)) U ® (i) S ® (i)( /5, (5.1.36)

From these wave functions, we obtain a pair of zero-energy Majorana operators

V4 = / dzyl () - O(2), (5.1.37a)
v :i/ dz ! (2) - C(2). (5.1.37h)

In the following, we argue that the zero-energy Majorana modes described by the wave
functions Eq. (5.1.36) can be identified with spinful Bogoliubov quasiparticles. Because
of time-reversal symmetry, on each surface two modes reside at zero energy and span a
two-dimensional vector space. One special basis of this vector space is determined by
quasiparticle operators Eq. (5.1.37), which satisfy the Majorana criterion, v, = VL These
basis vectors are invariant under time-reversal symmetry and thus the Majorana operators

themselves are “spinless”. Similarly, we choose another basis for the quasiparticle operators
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as superpositions of the Majorana operators, v, = 74 +oiy_. In contrast to the Majorana
basis discussed above, these operators are fermion operators with ﬂ = 7, and thus non-
Hermitian. Furthermore, these operators transform into each other under time-reversal
symmetry, and in particular, they are fully spin polarized with spin ¢ in the z direction.
We conclude that without loss of generality the zero-energy surface Andreev bound state
can be understood as a spinful quasiparticle. From this perspective, it becomes clear, that
the Majorana zero-energy modes contribute to the magnetic properties of the topological
superconductor. In particular, from the spin polarization one can easily see that for a
Zeeman field in z direction, the spinful basis is an eigenbasis of the Zeeman coupling and
the Majorana zero-energy modes acquire a finite energy proportional to the magnetic field.
In contrast, in a spin-polarized p-wave topological superconductor, the combination of a
spin 1 particle component and a spin T hole component indeed has zero net spin and would

not contribute to the spin response [14].

5.1.4. Competing pairing symmetries

In analogy to the study of the odd-parity interorbital pairing, we here investigate the
effect of spin-orbit coupling on the competing pairing symmetries. Hence, we project
Egs. (5.1.15)—(5.1.17) onto the basis (ax ) spanned by the conduction band of the bulk
topological insulator Eq. (5.1.2), which yields

H, ~ —i/, Z ,ozk,Toz_va + H.c., (5.1.38a)
k,7
 TUk
Hym —i0y Y T g ais, + He, (5.1.38b)
i
k,7
/ k
Hs ~ As Z o )akﬁa_kﬁ + H.c.. (5.1.38¢)
i
k,7

For a detailed derivation of these expressions, we refer to Appendix C.2. The primed
sum denotes the sum over all momenta without doubly counting k and —k. These equal
pseudospin pairing terms do not vanish because of the 47 periodicity of the operators
oy under rotation in the k,-k, plane. Even if these effective pairing symmetries are very
similar, we observe differences in the effect on the Dirac modes and characteristic bulk
behavior when the mass term mg(k) changes sign. In figure 5.1.4, we plot the energy of
the lowest quasiparticle level for the superconductor confined in the z direction as function
of in-plane momentum k and chemical potential .

For Aj-pairing Eq. (5.1.38a), the orbitals pair into singlets with the same sign for both
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orbitals. In the projected Hamiltonian Eq. (5.1.38a), states with the same pseudospin
are coupled because of the helical sin structure of the topological insulator. Hence, we
find conventional s-wave behavior for a metal with spin-orbit coupling. As shown in
figure 5.1.4(b), the single-particle excitation spectra in the bulk and at the surface are
both fully gapped with gap 2A;. The gap at the surface originates from the fact that the
helical Dirac modes have only contributions from one orbital and the pairing is intraorbital.
We find that even if the Dirac modes are gapped, they do not hybridize with the bulk states
because there is no particle-hole mixing between the bulk and the surface and the gap at

the surface arises from the pairing between the helical Dirac modes only.

For Ay-pairing [figure 5.1.4(c)], the orbitals pair into singlets with a relative minus sign.
Because of this relative minus sign, the effective pairing term Eq. (5.1.38b) is linear in k
and vanishes for £, = k, = 0, which gives rise to point nodes in the bulk single-particle
excitation spectrum and a linear dispersion for ¢ < A,. However, for the Dirac modes
with u = vk, we find as for the even parity case a gap 2As.

The effective pairing Hamiltonian for Aj is shown in Eq. (5.1.38¢) with a fully gapped
bulk single-particle excitation spectrum for mg(kr) # 0 and a momentum dependent gap
2A3|mo(k)|/p. Since mo(k) changes sign when k increases because of the band inversion
at k = 0, we find a gap closing and reopening as function of u, which is intricately
related to the transition from the topological insulator phase into the band insulator phase.
Furthermore, Az does not gap the Dirac modes for which mg(k, —iv/v,) = v and the
contributions from v and —v cancel. However, from the quasiparticle energies we see that
the bulk spectrum has nodes whenever mg(k) changes sign as shown in figure 5.1.4(d).
Similarly to the A case, we here find three qualitatively distinct sectors with transitions
at pu* = —mv?/B; and p? = —mw?/B,. The origin of the nodes and distinct sectors is
again the band inversion near £k = 0, which changes into the trivial band order along
the gapless line in figure 5.1.4(d). However, in contrast to the odd-parity interorbital
case, here, the gapless modes are bulk modes. In our numerics, we only consider the case
p? < —mv?/B; < —mv?/B,, where the bulk is fully gapped and the Dirac modes are
ungapped.

5.2. Density of states and linear magnetic response

In the following, we investigate signatures of the surface states in the local quasiparticle
density of states and the local spin response of the doped topological insulator confined in

the z direction. For the numerics we discretize the z direction of Hamiltonian Eq. (5.1.2)
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with surfaces at z = 0 and z = L by replacing

kb — _iw (5.2.1a)
a
n n—1 = 2 n
Ky — ot F¥no1 = 3 (5.2.1b)
a
where z = na and n = 1,..., L/a. In our numerical calculations, we consider a film of

thickness L = 240 nm and with lattice constant @ = 6 A. Motivated by the Bi chalco-
genides [12], we use the parameters m = —0.3 eV, v = 2v, = 4 eVA, By, = 2B; = 10 eVAQ,
i =0.5eV,and A =3 meV. The chemical potential is chosen such that the doped charge
density corresponds to the experimentally observed value of 102° cm™3. Here, Bj is reduced
as compared to BisSes to guarantee the existence of the Dirac modes and its separation
from the conduction band as found for Cu,BisSes in angular resolved photoemission spec-
troscopy [12,78]. From the above analysis, we know that the zero-momentum Majorana
zero-energy modes and one finite momentum zero-energy surface Andreev bound state co-
exist in this regime. For abbreviation, we neglect the quadratic momentum terms in our
analytical results where they mainly renormalize the Fermi velocity. For details about the
numerical calculation of the electronic bands, we refer to Appendix C.1.

The dynamical spin susceptibility is defined by

ﬁ .
Xij (4, 1wp) =/ (T:Si(q; 7)S;(—q; 0)) e "dr, (5.2.2)
0

where SJ is the spin operator,
1 55
Sila) = v Z 2262k+qu70bks" (5.2.3)
ab=12 k s,

In our numerics, we use the analytical continuation iw, — w + ¢0 with the broadening
0 = A/10. For a detailed derivation of the expressions for the spin susceptibilities, we

refer to Appendix C.3.
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5.2.1. Odd parity, interorbital unequal-spin pairing
Local density of states

In figure 5.2.1(a) we plot the local density of states which shows two qualitatively distinct

regions. In the bulk we obtain

NB(€>:NN(N>/%/d§§ e—\/§2+A2@
: B AEO(k:F)>

I E2<k>@(6 i
€2 + A2 OHF

with the normal-state density of states Ny(u) Eq. (5.1.6). Here, [ dQ denotes the solid-

angle integral and & the energy relative to the normal-state Fermi surface. The density of

= Nn(p)

(5.2.4)

states is characterized by the quasiparticle gap 2AFEy(kr)/p and a sharp coherence peak,
while there is a finite midgap local density of states at the surface. Depending on whether
the Dirac modes already crossed the bulk band, we distinguish between p? > v?|m|/Bs

where only the Majorana zero-energy modes appear with surface local density of states

2
Ns(G,Z Z 0) = (27T)2
] oblml
v L2l / di b 5(e — vkAlm] /1)
&1 0
4

. M ) ZEO —22/8&
= €ﬂ§1v2m2A2 sin ( o )e / (5.2.5)

/ Pk [y (ks 6, 2)%5(c — Earac)

and p? < v?|m|/ By where both the Majorana zero-energy mode and Dirac mode exist with

Ns(e, 2> 0) = %edz/go + 7r£1v€+;A2 sin? (ZU—EZO)e_2Z/€1 (5.2.6)
for ¢ < A as shown in figure 5.2.1(a). The different surface states can be clearly distin-
guished by their decay lengths £, < & and their energy dependencies. While the local
density of states of the Dirac modes is almost constant as function of energy, the local
density of states of the Majorana surface Andreev bound state strongly depends on energy
with a linear increase for € < A and a peak for € < A/2 [87]. The origin for this very dif-
ferent energy behavior relies on the different energy scales. While the Dirac modes disperse
on the scale of the band mass m, the Majorana surface Andreev bound states disperse on

the scale A < |m|. Hence, on the energy scale A the Dirac modes show a constant local
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Figure 5.2.1.: Spin response for a topological insulator film of thickness L = 240 nm
with odd-parity interorbital A pairing. (a) Local density of states, (b)
Knight shift, and imaginary part of the transverse spin susceptibility
as function of (c) temperature and (d) excitation energy with 7" = 0.
All quantities are normalized to the normal-conducting bulk at 7' = 0.

density of states as function of energy. Furthermore, the Majorana zero-energy modes
oscillate with a period A\ = v,/FEj, which is on the nanometer scale. For details about the

numerical calculation of the local density of states, we refer to Appendix C.3.1.

Local longitudinal spin susceptibility

In figure 5.2.1(b), we plot the real part of the integrated local spin susceptibility which is
proportional to the local Knight shift

K(z) ~ Re/dz'xzz(z, 2 q) = 0;w = 0). (5.2.7)

For a detailed discussion of the Knight shift and the derivation of Eq. (5.2.7), we refer to
Appendix C.4. Here, the distinction between the bulk and the surface is even clearer than
for the local density of states. Because of the unequal-spin pairing, we find a significantly
reduced contribution in the bulk for 7" < A. However, K (T — 0) does not vanish because
of the strong spin-orbit coupling [140]. In contrast, we find a large shift for 7" < A near
the surface, which is even larger than the bulk shift in the normal state because of the large
midgap local density of states Eq. (5.2.6). The temperature dependence of the Knight shift
is shown in figure 5.2.2(a) where the light feature is determined by the bulk and the weaker
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lines at larger K by the surface states. The Knight shift from the surface states is spread
over a wide range due to the exponential decrease in the local density of states and shows
peak-like subfeatures determined by the local density of states oscillations. The lines with
largest shift originate from the surface where Dirac mode and Majorana zero-energy modes

sum up, which gives rise to a very large local density of states and therefore a large spin

response.
Intensit; Probabilit
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N
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Figure 5.2.2.: Distribution of (a) Knight shift and (b) spin-lattice relaxation rate for
a topological insulator film of thickness L = 240 nm with odd-parity
interorbital A pairing as function of temperature. The bright features
are determined by the bulk, while the broad subfeatures are the surface-
state response. All quantities are normalized to the normal-state bulk
at T'= 0.

Local transverse spin susceptibility

The imaginary part of the transverse spin susceptibility, which is shown in figure 5.2.1(c),

is proportional to the spin-lattice relaxation rate [151]

L ST i X+ 5 w)
Ti(2)T w—0 w .

q]|

(5.2.8)

For a detailed discussion of the spin-lattice relaxation and the derivation of Eq. (5.2.8) we
refer to Appendix C.4. Similarly to the Knight shift, we clearly distinguish between the
bulk and the surface. The bulk states give rise to an activation law for 7' < A and the
Hebel-Slichter coherence peak for 7' — A. In contrast, we find a finite 7" = 0 value for
1/(T1T) near the surface where the contributions from the Dirac modes and the Majorana
surface Andreev bound states can be distinguished by their temperature behavior due to
the almost constant local density of states of the Dirac modes as function of energy. This
temperature dependence is shown in figure 5.2.2(b) where the surface contribution is again

spread with peak-like subfeatures. However, the rate directly from the surface (z < &)

136



Spin response in three-dimensional topological superconductors

is much larger than the rate from the Majorana zero-energy mode only (z > &), which
allows us to clearly distinguish the Majorana zero-energy mode from the Dirac modes.

In figure 5.2.1(d), we show the imaginary part of the dynamical transverse spin sus-
ceptibility as function of excitation energy. The spin excitation spectrum shows a very
different behavior at the surface and in the bulk. For w > 2AFEy(kr)/p, there is a con-
tinuum of bulk spin excitations, which is sharply bounded from below. In contrast, we
find surface-surface spin excitations for w < 2AFEy(kr)/p at the surface and bulk-surface
spin excitations for w > AEy(kr)/pn. However, the intensity of the surface-surface spin

excitations is significantly reduced as compared to the bulk-surface spin excitations.

5.2.2. Competing pairing symmetries

Even-parity intraorbital pairing A,

5 N(e,z)/NN K(z)/kN
- H HH
w
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<
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Figure 5.2.3.: Spin response for a topological insulator film of thickness L = 240 nm
and Aj pairing: (a) Local density of states, (b) Knight shift, and imag-
inary part of the transverse spin susceptibility as function of (c¢) tem-
perature and (d) excitation energy. All plots are normalized to the
normal-state bulk at 7" = 0.

The local density of states for A; pairing is shown in figure 5.2.3(a) with an ordinary

S-wave

NB<E) = NN(,U) @(6 — Al) (529)

in the bulk. The derivation of this result is analogous to the one in Eq. (5.2.4) with the
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replacement AFEy/pn — A;. Depending on whether the Dirac modes of the topological
insulator already crossed the bulk states, we distinguish between p? > v?|m|/By with bulk

contributions only and p? < v?|m|/Bs, where

Nsle,» > 0) = L €%/ — A)). (5.2.10)

TEov? \[e2 — A2

In our numerical calculations, we only consider the case p? > v?|m|/By with Dirac modes.
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Figure 5.2.4.: A; pairing: Distribution of the temperature-dependent (a) Knight shift
and (b) spin-lattice relaxation for a topological insulator film of thick-
ness L = 240. All plots are normalized to the normal-state bulk at
T = 0. The dark features are determined by the bulk, while the sub-
features show the response from the Dirac surface modes.

As shown in figure 5.2.3(b), the Knight shift is significantly reduced in the bulk for
T < Ay due to the superconducting gap and has a finite 7' = 0 value determined by the
strong spin-orbit coupling. The temperature dependence of the Knight shift distribution
is plotted in figure 5.2.4(a) where the dark feature is the signal from the bulk with a
characteristic decrease for 7" — 0. The line with larger shift originates from the Dirac
modes and shows qualitatively the same temperature dependence as the bulk shift as
expected from the gapped local density of states.

Similarly to the Knight shift, we find conventional s-wave behavior for 1/(77T) in the
bulk and at the surface with an activation law for T" < A; and the Hebel-Slichter coherence
peak for T — A; as shown in figures 5.2.3(c) and 5.2.4(b). Again, the surface shows
qualitatively the same behavior as the bulk but with a much larger rate due to the large
surface local density of states. The transition between the characteristic surface and bulk
behaviors occurs in a depth &.

In figure 5.2.3(d) we plot the imaginary part of the transverse spin susceptibility as
function of excitation energy. For w > 2A;, there is a featureless continuum of bulk spin
excitations, which is sharply bounded from below at w = 2A; because of the quasiparticle

gap. Again we find a larger spin susceptibility at the surface as compared to the bulk as
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a consequence of the large local density of states from the Dirac modes.

Odd-parity intraorbital pairing A,
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Figure 5.2.5.: Spin response for a topological insulator film of thickness L = 240 nm
and Ay pairing: (a) Local density of states, (b) Knight shift, and imag-
inary part of the transverse spin susceptibility as function of (c) tem-
perature and (d) excitation energy. All plots are normalized to the
normal-state bulk at T' = 0.

In figure 5.2.5(a) we plot the local density of states for Ay pairing, which is finite for all
€ > 0 due to the linear dispersion and shows a cusp at € = As. In the bulk, we find for the

local density of states the conventional result for superconductors with point nodes,

N(e) = Ny (i /dQ/d£6<e—\/£2+A231n ))

= Nn( /
w \/62—|—A2 1—a?)
. €+A2
= Nn(p )2A210g | (5.2.11)

As before, we distinguish between p? > v?|m|/By with bulk contributions only and
p? < v*m|/ By with
Ns(e,z > 0) =~ a ‘ e~2/%, (5.2.12)

Tov? (/€2 — A2

The different energy dependence of the bulk and the surface dispersion yields strong evi-
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dence for different characteristic temperature behavior in the bulk and at the surface.

As shown in figures 5.2.5(b) and 5.2.6(a), the Knight shift is essentially independent
of temperature even for T" < As. Here, the weak subfeatures at smaller shift originate
from the Dirac modes and show an s-wave behavior with reduced Knight shift below T in

contrast to the constant bulk value.
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Figure 5.2.6.: Aj pairing: Distribution of the temperature-dependent (a) Knight shift
and (b) spin-lattice relaxation for a topological insulator film of thick-
ness L = 240 nm. All plots are normalized to the normal-state bulk at
T = 0. The dark feature is determined by the bulk, while the subfea-
tures show the response from the Dirac surface modes.

In figure 5.2.5(c) we plot the spin-lattice relaxation, which is much larger at the surface
than in the bulk. The temperature dependence of the rate is shown in figure 5.2.6(b) where
we can clearly distinguish between bulk and surface contributions. In stark contrast to the
constant Knight shift, we find for 7' — 0 a power law 7° in the bulk, which is characteristic
for point nodes and an activation law exp(—Ay/T') from the surface contribution. For
T — A, we obtain a Hebel-Slichter peak at the surface whereas the bulk yields just a
small coherence peak due to the broadened local density of states Eq. (5.2.11).

The imaginary part of the dynamical transverse spin susceptibility is shown in fig-
ure 5.2.5(d) as function of the excitation energy. For all e there is a continuum of
single-particle spin excitations with an amplitude that behaves as function of energy like
NZ(w/2, z) in the bulk and like [Np(w/2,2) + Ng(w/2, 2)]? at the surface. For w ~ 2A,,

there is a peak in the spin spectrum resulting from the cusp in the local density of states.

Even-parity interorbital pairing A;

As shown in figure 5.2.7(a), the local density of states in the bulk is

Nple) = 2ubo(kr)e g (e - w) (5.2.13)

AZm2(k
7TU21}Z 62— 3 02( F) %

I
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Figure 5.2.7.: Spin response for a topological insulator film of thickness L = 240 nm
and Ajg pairing: (a) Local density of states, (b) Knight shift, and imag-
inary part of the transverse spin susceptibility as function of (c¢) tem-
perature and (d) excitation energy. All plots are normalized to the
normal-state bulk at T = 0.

with a quasiparticle gap 2A3|mo(kr)|/p. The derivation of this expression is analogous to
the one in Eq. (5.2.4) with the replacement AFEy — Asz|myg|. From this expression, we see
that the gap closes when mg(k) vanishes and decreases with increasing p. As before, we
distinguish between p? > v?|m|/By where only the bulk contributes and p? < v?|m|/Bs
with a gapless surface local density of states

’u/e_zz/go

Ns(e,z > 0) = (5.2.14)

wéov?

In figure 5.2.7(b) we plot the Knight shift K (z) with qualitatively very different behavior
in the bulk and at the surface. In the bulk we find a reduced shift for 7" < As with a
finite K(T' — 0) due to the strong spin-orbit coupling. In contrast, at the surface we
find a larger shift for 7" < Az because of the strongly spin-orbit coupled massless surface
states. The temperature dependence of the Knight shift is shown in figure 5.2.8(a) where
the strong feature is determined by the bulk and the second line by the Dirac modes.

In figure 5.2.7(c) we find similarly to the Knight shift a qualitatively different behavior
for the spin-lattice relaxation in the bulk and at the surface. The gapped bulk gives rise
to an activation law for T' < Az and a Hebel-Slichter coherence peak for T — Az. In

contrast, we find a finite 7' = 0-value for 1/(717T) at the surface which is characteristic for
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Figure 5.2.8.: Ag pairing: Distribution of the temperature-dependent (a) Knight shift
and (b) spin-lattice relaxation for a topological insulator film of thick-
ness L = 240 nm. All plots are normalized to the normal-state bulk
at T = 0. The dark features are determined by the bulk, while the
subfeatures show the response from the Dirac surface modes.

metallic states. The temperature dependence is also plotted in figure 5.2.8(b), where the
rate from the Dirac modes is much larger than the rate from the bulk because of the large
gapless local density of states.

In figure 5.2.7(d), the imaginary part of the dynamical transverse spin susceptibility is
displayed as function of excitation energy. The spin excitation spectrum in the bulk is
very different from that at the surface. For w > 2As|mo(kr)|/p, there is a continuum
of excitations in the bulk which is sharply bounded at w = 2Asz|mo(kr)|/p. In addi-
tion, we find low-energy spin excitations at the surface and bulk-surface excitations for

w > As|lmo(krp)|/pn within a length & into the sample.

5.3. Experimental detection scheme

Finally, we discuss experimental measurement schemes of the spin susceptibility. In ref-
erences [152,153] it has been shown that ""Se and **Bi NMR are suitable methods to
investigate the bulk of BisSes where the dipole hyperfine coupling dominates due to the p-
orbital character of the Fermi surface. Similarly, 1?>Te NMR has been successfully applied
to study the metallic surface states of bismuth telluride nanoparticles [154]. We conclude
that for low temperatures, NMR can also study the superconducting phase to determine
the pairing symmetry. As shown in figures 5.3.1(a) and (b), we find significant differences
in the bulk spin response for the competing pairing symmetries.

For the Knight shift, figure 5.3.1(a), we find three different behaviors below 7,. All
pairing terms yield a finite value for the zero-temperature spin susceptibility because of
the strong spin-orbit coupling. However, for A, A;, and A3 we find a decrease of the
Knight shift below T, with a similar functional behavior for A; and A, which differ by
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Ky /4 for T = 0. For Az we observe a qualitatively similar temperature dependence but
the functional form is very different as for A and A; because of the strongly momentum
dependent quasiparticle gap. In stark contrast to these reduced Knight shifts, we find no
change of the Knight shift for Ay below T,.. This also shows that a constant Knight shift
for T" < T, is not a clear signature for triplet pairing symmetry and can also appear for
singlet pairing symmetries.

In the spin-lattice relaxation, figure 5.3.1(b), the differences between the pairing symme-
tries are not as strong as for the Knight shift. For A and A;, we find conventional s-wave
type behavior with an activation law for T"— 0 and a sharp Hebel-Slichter coherence peak
for T'— T,.. However, we can again clearly distinguish A, and Aj from A and A; by
their functional dependence. As shown above, we find a power-law T° behavior for A,
due to the point nodes and for Az, the curve is compressed towards 7" = 0 due to the
momentum-dependent gap and shows no sharp coherence peak.

Hence, bulk NMR can clearly distinguish Ay and Az from A, while A and A; are
qualitatively similar. Here, the main difference is that the response for A; is isotropic,
whereas the A case yields an anisotropic Knight shift [159]. As shown in figure 5.2.2, a
more direct way to distinguish A and A; are the surface Andreev bound states for A, which
can be observed in powder samples and thin films as additional signals. The integrated
intensity of the surface signal is reduced by a factor of & /L compared to the bulk signal
where L is the thickness of the flakes. However, the surface signal shows a characteristic

temperature behavior with decreasing spin susceptibility for 7" — A.
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Figure 5.3.1.: Temperature dependence of (a) the Knight shift and (b) the spin-lattice
relaxation rate in the bulk for the different pairing symmetries with
A; =1 meV. The lines are defined in (a).

As shown in figure 5.2.1(c), the surface Andreev bound states yield a spatially dependent
relaxation rate up to v, /A ~ 200 nm into the sample, which is a characteristic signature for
the topologically nontrivial nature of the superconducting state. To investigate this local

magnetism, depth-resolved techniques such as muon spin resonance [88] and S-NMR [89,
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155] are suitable. In particular, they could differentiate the regimes with one, two, or three
zero-energy surface Andreev bound states, which occur depending on the relative strength
of the linear and quadratic terms in the Hamiltonian as discussed above. For BisSes,
it has been shown that the implanted muons most probably stop in the van der Waals
gap between quintuple layers [156]. Despite our concentration on NMR and muon spin
resonance, our results are more general and can also be applied to electron spin resonance
and surface sensitive spin-flip Raman scattering [157,158].

Doped topological insulators usually have superconducting shielding fractions of 50%
while the rest is normal-state [79]. Here, bulk NMR could detect the mechanisms, which
determine this fraction. Depending on p in the normal part of the sample, there might
be additional signals, which can be clearly distinguished from the superconducting ones
by the very different temperature behavior. This key information about the distribution
of dopants is an important step towards the understanding of unconventional supercon-
ductivity in topological insulators. In our analysis, we did not take vortices into account,
which can be distinguished from the surface Andreev bound state by their temperature

behavior and the different length scales.

5.4. Summary

In this chapter we have studied doped three-dimensional topological insulators with sev-
eral types of unequal-spin superconducting pairing symmetries. We have investigated
the existence of surface states and have shown that the odd-parity interorbital pairing is
particularly interesting because of the existence of gapless surface Majorana modes and
additional unconventional surface Andreev states. We have shown that these surface states
have two characteristic length scales originating from the band inversion and the odd-parity
pairing, and typically differ by two orders of magnitude. The quadratic momentum terms
significantly determine the character of the different species of surface Andreev states.
Depending on the material parameters, we find three regimes, which can be distinguished
by the number of zero-energy modes. For small chemical potentials, both the Majorana
zero-energy mode and the unconventional surface Andreev state, which originates from
the Dirac mode, exist. On the other hand, for large chemical potentials only the zero-
momentum Majorana zero-energy mode exists. In the regime of intermediate chemical
potentials, there is a third type of zero-energy state emerging at zero momentum and
moving towards the Dirac mode with increasing chemical potential.

We have proposed a nuclear magnetic resonance experiment to determine the pairing

symmetry of electron doped three-dimensional topological insulators and to observe the
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Majorana zero-energy modes in the odd-parity interorbital unequal-spin pairing channel.
The surface Andreev states contribute to a local spin susceptibility, which can be clearly
distinguished from the bulk by their characteristic temperature behavior and the large local
density of states. Moreover, we have emphasized the usefulness of depth-controlled local
probes, which directly show the existence of unconventional surface Andreev bound states.
From our numerical analysis, we conclude that nuclear magnetic resonance experiments can
distinguish between competing superconducting pairing symmetries and therefore suggest
to use nuclear magnetic resonance in order to unambiguously determine the superconduct-
ing pairing symmetry in Cu,BisSez. Our work is motivated by Cu,BisSes, however, our
results are more generally relevant for other inversion symmetric materials such as the
ternary chalcogenides and the SnTe/PbTe class which also shows unconventional super-

conducting behavior.
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6. Summary and conclusions

In this thesis we have theoretically identified signatures of topological superconductors and
proposed realistic experiments to observe these signatures. Topological superconductors
are a type of topologically nontrivial states of quantum matter. They are particularly in-
teresting because their low-energy quasiparticle excitations are associated with Majorana
fermions. Recently, Majorana fermions have attracted intense research efforts because of
their exotic exchange statistics and possible applications in topological quantum compu-
tation. In the following, we summarize our main results, their physical interpretation, and
possible experimental realizations.

In chapter 3, we have studied charge transport through a topological superconductor
with a pair of Majorana end states coupled to normal-conducting lead electrodes. Due
to the finite length of the topological superconductor nanowire, the Majorana end states
are coupled to each other and have a finite energy splitting which gives rise to a nonzero
tunneling matrix element between the ends of the nanowire. The nonlocality of the Ma-
jorana end states opens the possibility of crossed Andreev reflection with nonlocal shot
noise. Crossed Andreev reflection denotes the nonlocal conversion of an incoming electron
into a hole excitation in a separate lead electrode, in contrast to local Andreev reflection
where the incoming electron and the hole excitation reside in the same lead electrode. In
our analysis, we have concentrated on a device where the lead electrodes are coupled to the
Majorana end states via resonant quantum dots in order to suppress local Andreev reflec-
tion and thus to provide a suitable tool to probe current cross-correlations. In the space
of energies of the two resonant quantum dot levels, we have found a four-peaked cloverlike
pattern for the strength of current cross-correlations due to crossed Andreev reflection,
distinct from the single ellipsoidal peak found in the absence of split Majorana end states.
If the energy of at least one of the quantum dots is aligned with the chemical potential of
the superconductor, we have found that the current cross-correlations are significantly sup-
pressed. This suppression originates from the formation of a zero-energy Majorana state
on the quantum dot which is tuned to the chemical potential of the superconductor. Since
crossed Andreev reflection relies on the existence of a nonzero tunneling matrix element

between the ends of the nanowire, the zero-energy Majorana state contributes only weakly
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to current cross-correlations and thus gives rise to the cloverlike pattern.

We have shown numerically that the cloverlike pattern can be observed for realistic
material parameters in semiconductor-superconductor hybrid systems and can be clearly
distinguished from the situation without split Majorana end states. This pattern is robust
against nonmagnetic disorder, a finite number of transverse subbands, and finite tempera-
tures smaller or equal the Majorana energy splitting. In particular, we have shown that by
varying an external magnetic field the current cross-correlation pattern oscillates between
the cloverlike pattern indicating split Majorana end states and a single ellipsoidal pattern
originating from the superconducting proximity effect. This oscillation originates from
a sinusoidal modulation of the Majorana energy splitting as function of magnetic field.
We propose that the oscillation between these two current cross-correlation patterns is a
clear and robust signature of Majorana fermions in semiconductor-superconductor hybrid

systems.

In chapter 4, we have studied signatures of topological order in nonlinear charge trans-
port through semiconductor-superconductor hybrid nanorings. Here, we associate topolog-
ical order with the existence of ground-state degeneracies which depend on the manifold on
which the system is defined. This hybrid system shows two topologically distinct phases
and an external magnetic field allows to tune between them. Because of the ring topology,
the nanowire has no ends and as a consequence, there are no Majorana end states in the
topologically nontrivial phase. However, despite the absence of Majorana end states, this
system shows an unconventional superconducting state. While trivial superconductors al-
ways have an even electron number parity due to the formation of Cooper pairs, we here
have found that the parity of the ground-state wave function in the nontrivial phase de-
pends on the magnetic flux which penetrates the nanoring. Due to the external magnetic
field, the nontrivial phase is characterized by a single electronic band, and as a conse-
quence, there is one unpaired electron at zero momentum for integer magnetic flux which
is absent for half-integer magnetic flux in units of the flux quantum h/e. This unpaired

electron gives rise to an unconventional superconducting ground state with odd parity.

To observe this unconventional parity effect, we have proposed a nonlinear Coulomb
blockade transport experiment where the Coulomb energy fixes the parity of the electron
wave functions. We have shown that peculiar parity and magnetic flux periodicity effects in
the excitation spectrum mirror the distinct ground-state properties of topologically trivial
and nontrivial superconducting phases. In particular, the excitation spectrum for fixed
mean electron number provides clear signatures of the h/e flux period in the nontrivial
phase which is doubled as compared to trivial superconductors. This h/e periodicity

is intricately related to the recently discovered 4w periodicity of the Josephson current
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Summary and conclusions

between two topological superconductors. In addition, we have found that the closing
and reopening of a quasiparticle excitation gap as function of magnetic field reflects the
topological phase transition. All these findings are robust against geometry details of the
realization of the ring structure and rely on the existence of a void such that the system
is homotopic equivalent to a circle. Moreover, we have shown numerically that our results
are robust against moderate nonmagnetic disorder, additional transverse subbands, and
weak fluctuations in the superconducting order parameter. We conclude that nonlinear
Coulomb blockade transport directly reflects the topological order of the semiconductor-
superconductor nanoring and is therefore a suitable tool to map out the topological phase
diagram.

In chapter 5, we have studied special examples of three-dimensional topological super-
conductors. We have considered an electron doped three-dimensional topological insulator
equipped with several types of unequal-spin superconducting pairing symmetries. Topo-
logical insulators are materials with a bulk band gap like an ordinary insulator but with
metallic surface states. We have investigated the low-energy properties of the supercon-
ducting pairing and have shown that the odd-parity interorbital pairing is particularly
interesting. For this pairing, we have found two different types of unconventional surface
states originating from the band inversion of the topological insulator and the odd-parity
pairing, and the characteristic length scales of these two surface states typically differ by
two orders of magnitude.

We have proposed a nuclear magnetic resonance experiment to determine the super-
conducting pairing symmetry of electron doped three-dimensional topological insulators
and to observe the Majorana zero-energy modes in the odd-parity interorbital unequal-
spin pairing channel. The surface Andreev states contribute to a local spin susceptibility,
which can be clearly distinguished from the bulk by their characteristic temperature be-
havior and the large local density of states. Moreover, we emphasize the usefulness of
depth-controlled local probes, which directly show the existence of unconventional surface
Andreev bound states. From our numerical analysis, we conclude that nuclear magnetic
resonance experiments can distinguish between competing superconducting pairing sym-
metries and therefore suggest to use nuclear magnetic resonance in order to unambiguously
determine the superconducting pairing symmetry in Cu,BisSes, however, our results are
more generally relevant for other materials such as the ternary chalcogenides and the
SnTe/PbTe class.
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A. Lattice model for the
semiconductor-superconductor

hybrid system

A.1. Lattice model for the semiconductor-superconductor

hybrid system

In chapters 3 and 4, we have investigated a (quasi) one-dimensional semiconductor-supercon-
ductor hybrid system using a low-energy continuum model. There, we have complemented
our analytical findings with numerical calculations for a tight-binding lattice model. In
this appendix we derive the Bogoliubov-de Gennes Hamilton matrix which needs to be

diagonalized numerically. We consider the lattice Hamiltonian
H = Hgy + Hgce (All)

with the normal-state tight-binding Hamiltonian

How=— 3" tewchycug + 3 (Batis =+ Ve)clutrs
rr'o r,o

1ha
o -I- ~Y . -i- AY o -i- AT -i- AT
(craaaﬁcr+616 Craadc_fcr—éz& CrJUJ&Cr+5y& + Cragaﬁcr—tsy& (Alz)

r,o

and the on-site superconducting pairing Hamiltonian
Hse = Asc Z <CiTCL + cmch). (A.1.3)
r

Here, the operator c,, (cl,) annihilates (creates) an electron with spin o at site r. The
only nonzero hopping matrix elements are ty 15, = trr+s, = to and t,, = —2to.

In this appendix we derive the Bogoliubov-de Gennes Hamilton matrix for Eq. (A.1.1).
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Lattice model for the semiconductor-superconductor hybrid system

For clarity and compactness, we only consider a one-dimensional chain of N sites, we
replace all vector indices by scalars, and neglect the hopping matrix elements in y direction.
We

follow the procedure introduced in chapter 2.1 and combine the electron creation and

The generalization to two-dimensional or three-dimensional systems is analogous.

annihilation operators into a single 4 N-component vector

(A.1.4)

.I.
Cip €y CNt Cnp Cip Cyy

— (. 1 1
\IJT—< Cnt CNi)‘

Then, in the next step we rewrite the individual terms of H using this new vector of

electron operators. In this compact notation, we find the Hamiltonian

1 1
— gt z § § 2 4V
H = —-V"HgacV + 5 a (Ezo'gg o+ ac)

2
1
_ —\t 5
= 2‘1’ HBdG\D+Xx: ( M‘i‘Vz) (A.1.5)
with i = u — 2ty and with the Hermitian 4N x 4N Bogoliubov-de Gennes matrix
T A
Hpac = . . A.1.6
(_ N —T*) (A16)

Here, T is the Hermitian 2N x 2N matrix, which describes the normal-state Hamiltonian
Hgqyp, and A is the skew-symmetric 2N x 2N matrix, which describes the superconducting

pairing Hsc. For the normal-state matrix T', we find

i+ Ez 0 —to ha 0 0
0 —p—Ez| -k —to 0 0
—to ~5 |-A+Ez 0 —to b 0 0
i Ba —to 0 —n—Ey| -k —to 0 0
0 0 —to —le | i+ Eyg 0 —ty A’
0 0 ba —to 0 —p—Ez| -1 —¢
0 0 —to —
0 0 fa —to L
(A.1.7)
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Lattice model for the semiconductor-superconductor hybrid system

and for the superconducting pairing matrix A, we find

0 Agc 0 0 0 0
—Agc 0 0 0 0 0
0 0 0 JANTe 0 0
A_| 0 0 l-Ac 0] 0 0 ALs)
0 0 0 0 0  Agc
0 0 0 0 —Age 0

In chapters 3 and 4, we have obtained the quasiparticle energy spectrum by numerically

solving the 4N x 4N eigenvalue equation

7{Bd(}<U v)_(u* v) (D 0) (A1)
Ve U v- ur)\o -D

with the nonnegative quasiparticle energies D = diag(Ey, ..., Foy) and
u Vv A
U = 7 A.1.10
where AT = (ay,...,asy) is the vector of operators a; which annihilate a quasiparticle

with energy E;.

A.2. Lattice model for the quantum dot—topological

superconductor nanowire—quantum dot system

In chapter 3, we have studied transport signatures of a three-terminal quantum dot—
topological superconductor nanowire—-quantum dot system. In our numerical analysis,
we have considered a semiconductor-superconductor nanowire which was recently studied
experimentally in references [55-58]. We assume that the quantum dot is fully spin polar-
ized by an external magnetic field and that the 1 spin determines the low-energy physics.

The Hamiltonian for that system is given by

i=L,R
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Lattice model for the quantum dot—topological superconductor nanowire—quantum dot
system

with Hgy and Hge defined in the last section. The derivation of the corresponding
(4N 4 4) x (4N + 4) Bogoliubov-de Gennes Hamilton matrix is analogous to the derivation
in the last section. Henceforth, we here only present the results. We find the (4N + 4)-

component vector of electron operators,

\IIT:<dE CIT C}Lw di, d, Cip -0 Cyy dR>. (A.2.2)

and the Bogoliubov-de Gennes Hamilton matrix

T A
Hpac = ( DND DND ) (A.2.3)

A * *
_ADND _TDND

with the (2N +2) x (2N 4 2) matrices Tpyp and Apyp. We find the normal-state matrix

€r, tL 0 0
L
0
Tonp=| ... T (A.2.4)
lr
0
tR 0 €ER
and the superconducting pairing matrix
0
Apvp=1... A . (A.2.5)

with the matrices T and A which were defined in Egs. (A.1.7) and (A.1.8). We obtain the

energy spectrum by diagonalizing Hpqg as discussed above in appendix A.1.
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B. Majorana bound states coupled to

quantum dots

B.1. Bogoliubov-de Gennes Hamiltonian for the coupled

quantum dot—Majorana bound state system

In chapter 3.1 we have considered a pair of quantum dots coupled to a pair of Majorana

bound states with the Hamiltonians

€M .
Hy = 0 m, (B.1.1a)
Hp =3 {Qd}dﬁt?dhﬂrtmdi}- (B.1.1b)
i=L,R

There, we have obtained the energy spectrum for the total Hamiltonian H = H,; + Hp by
introducing Bogoliubov quasiparticle operators which contain both Majorana and ordinary
fermion operators. As a consequence, the corresponding Bogoliubov-de Gennes Hamilton
matrix was written in the unconventional basis {7, , vz, dTL, dg, d;,dgp}, and the Bogoliubov-
de Gennes equation obtains the unconventional form Eq. (3.1.3) which could not be written

in the usual form of an eigenvalue equation.

In this appendix we bring the Bogoliubov-de Gennes equation in the usual form by
combining the Majorana fermions into a single fermion state described by the fermion

operators

fh= % (vo +ivr), f = % (o —iYR) - (B.1.2)

Rewriting the Hamiltonian in terms of the f operators and including the fermion operators

into a single 6-component vector

ol = (ftdl dy fody dy). (B.1.3)
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Majorana energy splitting

we find up to a constant term

1
H= §\I!TthG\If (B.1.4)

with the 6 x 6 Bogoliubov-de Gennes Hamilton matrix

em tp —itg| 0 =t} aith
ts e O 33 0 0
it, 0 er |—itp O 0
0t itg | —ey —t —ith
—t;, 0 0 —t;,  —€g, 0
—itg 0 0 itr 0 —egr

(B.1.5)

hgac =

With this Hamilton matrix and with Eq. (2.1.10), we find the Bogoliubov-de Gennes

equation in the usual form,

thcﬂﬂ = Ew. (B16>

We note that the energy spectrum obtained by diagonalizing hpqg is identical to the result

obtained in chapter 3.1 by solving the more complicated matrix equation (3.1.3).

B.2. Majorana energy splitting

In this appendix we derive the Majorana energy splitting €,; for a one-dimensional spin-
less p-wave superconductor nanowire of length L which was introduced Eq. (2.3.5) in

chapter 2.3. We write the Hamiltonian in matrix form as

1 - _h_zag— QA(?I €T
H= /0 dz (4(x) ww)( z_mmaxu 2126%#) <;/;((x>)>' B

This Hamiltonian is characterized by two characteristic length scales kr = /2mu/h and
& = Akp/vp = A2m/k?. Thus, we rewrite the Hamiltonian as

At —£07 —kpE 20, V()
H= 5/0 dz <¢T(x) 1/1(33)) ( o £8§+k%§> (W(w))’ (B.2.2)

T

We obtain the Bogoliubov-de Gennes equations for this Hamiltonian by the Bogoliubov

transformation

v(@) = Y (w@a, + u@)af) (B.23)

l
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Majorana bound states coupled to quantum dots

with H = 3, E,ajay. The condition [H,a] = —Ea yields the Bogoliubov-de Gennes

equations
A (—585 —KE 20, ) <u<x>> . (u(az)) (B2.4)
—20, 02+ Kk2E) \v(x) v(x)

with hard-wall boundary conditions u(0) = v(0) = u(L) = v(L) = 0. We assume L > &
and krp& > 1. To obtain the Majorana energy splitting e;;, we first solve the ordinary
differential equation for a zero-energy Majorana bound state in the limit L — oo and then
consider the case of finite L by computing the energy splitting in first order perturbation
theory. The Majorana criterion o = af yields £ = 0 and v = v*. In the following,
we assume that ug = vy € R for the zero-energy solution in the interval [0, L/2] and

iuy, = —ivy, € R for the zero-energy solution in the interval [L/2, L].

Solving the second-order ordinary differential equation Eq. (B.2.4) in the vicinity of the

two boundaries, we find the wave functions for the zero-energy Majorana bound states

sin (,/k:2 _ 12 >
_ ot Fe (B.2.5a)

1
$- e
sin ( k% — 12— x))
up(x) = ie”E79)/8 ¢ - (B.2.5Db)
$ e

Then, the Majorana energy splitting for L > £ is given by first order-perturbation theory,

At 6o —kpe 20, ) (w(a)
e iy /0 dr (“0(@ ”0(5”))< —20, £0§+k%£> (UL@))

N e -we 20, (w@
== i dx (uo(at) Uo(@)( —929 gag—i—k%ﬁ) <UL(I>

xT

i [* —£0? — ki¢ 20, ur(x)
Ty . du (“0(‘75) ”0<x>> ( —20, gagm%g) (UL(I‘)>

-

=0

A (L2 1
:% i dx ug(z) (1 1> <1> [—€02 — k& — 20,] ur(x)
L/2
:iA/ dzug(z) [-€02 — k& — 20, ] ur(z). (B.2.6)
0

Naively, one might argue that this expression vanishes since uy and uy, are both zero-energy

solutions. However, the expression is nonzero as there are contributions originating from

157



Proximity induced superconducting pairing between two quantum
dots

the upper boundary of the integrals. With the relations

b b
/ dx ug(x)0yur(z) = uo(x)uL(x)|Z —/ dx (Ozuo(x))ur(z), (B.2.7a)

[ drunla)tuste) = ()00 (o) - @ouale)us(e)lh + [ do @uofo))usl)
(B.2.7b)

we rewrite

L/2
€M :iA/O dzup(z) [-£02 — k7& — 20, ] uo(x)J
— €A (ug(x)0pur(x) — (Opug(x))ur(x)) 5/2 — 20 ug(x)urg(z) 5/2
i (g (/20 (L/2) — (Do L/2))ur (L2) — 2l (L/2)ur (L2)

:Akfgfe—L/ngOS(L ki —1/€) + 111%I;§Q/€2£sin(L\/k% — /&) (B.2.5)
- F

In the experimentally relevant limit kx& > 1, we expand this expression and find the final

result

ex ~ Akp e Y sin(kpL). (B.2.9)

B.3. Proximity induced superconducting pairing between

two quantum dots

In chapter 3.4.5, we have studied the current cross-correlations mediated by the supercon-
ducting proximity effect. Here, we derive the effective pairing Hamiltonian between two

quantum dots with opposite spin polarization. We consider the Hamiltonian

Hy =" By ko (B.3.1)
k.o

which describes the superconductor with energy gap A, and the tunnel-coupling Hamilto-

nian

k
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Majorana bound states coupled to quantum dots

where v, denotes the superconductor quasiparticle annihilation operator with excitation
energy Fj = \/m , d; denotes the spin-polarized quantum dot operator, and ¢, ; the
quantum dot-superconductor coupling strength. The wug, and v, are the BCS coherence
factors [137]

k
Ukor 1 1 — 3k
= — B (B.3.3)
Vko \/§ 04/ 1 + g—k
k
Without loss of generality, we assume that ¢, = ¢, and tgpy =1 re™ where L denotes
the length of the nanowire.

We derive the effective dot-dot pairing Hamiltonian Hpp in second-order perturbation

theory similar to the calculations in section 4.5,

1
Hpp H
(|T77 27

Hrl), (B.3.4)
where |) denotes the BCS many-body ground-state wave function [137] of the superconduc-
tor with 7%, |) = 0. The convergence generating factor 7 is assumed to be infinitesimally
small. In our analysis, we only consider contributions which are nonlocal in the quantum
dot operators and neglect all local terms since they renormalize the bare quantum dot

energy levels. This yields the effective Hamiltonian

Hpp =) (| {tL k) w ey + £, g0 kadL} {tR,—kd;zv—kaT + tE,Wkﬂ;iﬂR} )
k

- H
1

+ Z<| {tR kit vy + U0 kaTdR} pr— {tLa—dejr:U—kT%L + t*L,kukaTdL}D

UprVU_ Uk V—k
_dT d}r%z {tL ktR k# — tL,fktR,k.#} + H.c.

ZT}—GR—Ek ZT]—EL—Ek
—dtdb ¢t {_ —ikl__ UktU-kt ikLM} He. B.3.5
LTR LRZ c i?’]—ER—Ek © i77—6L—Ek e ( )
=A

In the following, we solve the momentum integral for a one-dimensional superconductor.
The results for higher dimensional systems can be obtained analogously. We assume that
the quantum dot energy levels are close to the resonance |¢;| < Agc < Ejy. With the BCS

coherence factors ugrv_gr = Agc/2E), we rewrite

Agc
AlD —tLtRZQCOS kL) (B36)

; A
EQ —tLtRN()Re/df ez(kF"‘f/UF)L sC

R 2+ Ay

where we have linearized the energy dispersion of the normal-state system in the vicinity
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Zero-voltage conductance for the quantum dot—Majorana bound state—quantum dot device

of the Fermi energy with constant density of states Ny and Fermi velocity vp.

The energy integral can be solved using the residue theorem. For that purpose, we first
close the integration path in the upper half of the complex plane to the closed contour C.

Then, in the next step we look for the singularities and apply the residue theorem. This

yields
Aip =trtpNoRe eikFL/ dg e'Le/vr Aso
R (€ +iAsc)(§ —1Asc)
. —_ A
- e—LAsc/UFN ReeZkFL/d 61L(§—ZASC)/UF : sC :
b ’ R ¢ (€ +iAsc)(§ —ilAsc)
. A
:tLtRe_LASC/vFN()Re €ZkFL27T7:—, 5C
2ZASC
—ntptre” LA/ N cos(kpL). (B.3.7)

Similarly, we obtain the result for a three-dimensional superconductor. There, we replace
cos(kL) — cos (kL cos(#)) with the angle 6 in Eq. (B.3.6). As a consequence, we find a sim-
ilar result as the one in Eq. (B.3.7) but with cos(kpL) — f_ll d(cos(f)) cos (kpLcos(d)) /2.
Solving this integral, we find

sin(kpL)

™
Agp = ~tptge FAse/vr N[
3D 9 LIRE 0 kerl

(B.3.8)

B.4. Zero-voltage conductance for the quantum

dot—Majorana bound state—quantum dot device

In this appendix we present the details of the scattering matrix formalism applied to the
quantum dot—Majorana bound state-quantum dot device for € = eV = 0. In this limit,

we find the scattering matrix using Eq. (3.1.11),

Yz -XxYZ| Xx*  —Xvz
1 XYZ —|Y|PZ?| XY*Z X2
S(e=0) = Yl (B.4.1)
X2+ ‘Y‘ﬂZ’Z X2 —-XY*Z _Y*2|Z|2 —XY*7*
XY Z* X? XY*Z* —|Y|2Z>k2

with X = 8tLtR\/FLFR, Y = w/‘fM(FL - 2i€L), and Z = w/€M(FR - 2i€R>. Using the
zero-temperature average current and shot noise formulas Eqs. (3.1.15) and (3.1.16), we
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Majorana bound states coupled to quantum dots

find the zero-bias differential conductance and the zero-bias current correlators

Gtot - TTA, (B42&)
4e?
By = 5 Tal = To), (B.4.2b)
with 1
fa= 1 4 2 T+ (Dhtdeh) (B.4.3)
T 6412 3T TR

In particular, we note that both the differential conductance and the current correlator are
independent of the signs of the quantum dot energies. Moreover, for ¢, = ez = 0 in the
weak-coupling limit 'y, ' < t1,tg, €y we find Ty — 1 which yields a quantized zero-bias
conductance Gyoy = 4€*/h and P;; = 0.

B.5. Transport properties of a double-quantum dot
system coupled via the superconducting proximity
effect

In chapter 3.4.4, we have studied the current and the current cross-correlations mediated by
the superconducting proximity effect. The Hamiltonian for that system has been defined

in Eq. (3.1.1) and is given by
H=e,dd; + epdhdy + A(d}dl, + dpd,). (B.5.1)

We obtain the quasiparticle energy spectrum by diagonalizing the 4 x 4 Bogoliubov-de

Gennes Hamilton matrix

€r, 0 0 A

0 -A 0

h= o . (B.5.2)
0 —A —€r
A 0 0 —€R

This yields the two quasiparticle energies

2
By = |2 > 2L \/<€L ;r ER) + A2 (B.5.3)

In the following, we analytically study the transport properties for €;, = ez = 0. Numeri-
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Transport properties of a double-quantum dot system coupled via the superconducting
proximity effect

cally, we have found that the current and the cross-correlations are peaked for e, = ez = 0.
With the coupling matrix W from Eq. (3.1.13) we here find the scattering matrix using
Eq. (3.1.11),

4A% —T? — 4¢ 0 0 —4iAT
1 0 4A? —T? — 4¢? 41AT 0
S(e) = — _ ‘ ' (B.5.4)
Z 0 4AT 4A% —T? — 4¢? 0
—4iAT 0 0 4A? —T? — 4¢
with Z = 4A% + (T — 2ie)?>. Using the zero-temperature current and noise formulas

Egs. (3.1.15) and (3.1.16), we find the total differential conductance and the current cross-

correlator

4e?
GeV =¢) = TTA’ (B.5.5a)
4e?
Prr(eV =€) = TTA(l —Thy), (B.5.5b)
where
16A%T?

(B.5.6)

Ty = 5
[4A% — 4€? + T?]" + 1622
is the probability that an incoming electron with energy e is Andreev reflected as a hole
in the different lead. We are interested in the current and the cross-correlations in the
limit of large voltages. For analytical calculations, it is appropriate to consider the limit
V' — oo. With Egs. (B.5.5), we obtain the current I = [ de G(¢) and the crossed noise
Sir = [y dePrg(e),

e 8TtI'A? rsn e 8TA?

=< _2 = B.5.7

hAAZ1T2 R T (B-5.72)

2e% 47T A?(8A* — 2A2T2 4+ T) >4 2e2 4 A?

Sip=— B.5.7b
R (4A2 4 T2)3 h T ( )
This yields the crossed Fano factor
SLR 8A4 - 2A2F2 + F4 I'>A 1
Frp= = —. B.5.8
LR el T T oA P2 2 (B.5.8)
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C. Three-dimensional topological

superconductors and spin response

C.1. Lattice Hamiltonian for the three-dimensional

topological superconductor

In chapter 5, we have studied a tight-binding model for a doped three-dimensional topologi-
cal insulator with several types of superconducting pairing symmetries. In this appendix we
discuss some details about the numerical calculation of the excitation spectrum. We begin
our discussion with the normal-state topological insulator confined to a film —L < 2z < 0
and with translational symmetry in  and y direction. In chapter 5, we have defined the

k - p continuum Hamiltonian

L
Hp = Z/o dz CIL(Z) [(m — B9 + Bok? ) oy — i0.0.0y + v(kasy — kysz)o. — | Cy (2)
k|

(C.1.1)
with the Pauli matrices s; (0;) for the spin (orbital) degree of freedom, and the operators
Cx, (2) = (cik,s(%))is, where ¢, s(2) annihilates an electron in orbital i, with in-plane
momentum k; = (k,, k), and spin s. From this Hamiltonian, we obtain the corresponding

tight-binding lattice Hamiltonian by replacing

Cz+a - sza
0.C — ==, (C.1.2a)
PC — Cova & CZQ‘“ — QCZ, (C.1.2b)
a
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Lattice Hamiltonian for the three-dimensional topological superconductor

where a denotes the lattice constant. Thus, we rewrite

Na
B
Hi =33 {CL, L (m+ 255 + Bak? o + vlkas, — kysi)oe — | G

k, z=a

By
B ? [Clii’zamckbyra + Cltlyz-&-aaf’kaJ_,Z]
1,
_ E[Clil7zo-yckj_,z+a - Clil,z+aakaL,z] }7 (C.l.?))

where N = L/a denotes the number of lattice sites. To diagonalize this Hamiltonian
numerically, we include the fermion operators into a single 4 N-component vector \I!Ll for
electron creation operators and a single vector Wy for electron annihilation operators with

in-plane momentum k. We define

T
‘I’kL:<C<m,1 Capg CeEnt C@pl - CANN CAN  CENN C(w,N) , (C14)

where we neglected for brevity the momentum index k; of the c-operators. Thus, we write
Hyy =) Wl H, Ty, (C.1.5)
k)

with the Hermitian 4N x 4N Hamilton matrix

- —ivk_ m 0 0 0 —B_ 0
wky  —p 0 m 0 0 0 —-B_
m 0 - wk_ | =By 0 0
0 m —wky —p 0 —By 0 0
0 0 —B. 0 - —ivk_ m 0
Hi, = . _
0 0 0 —By | wwky —p 0 m
—-B_ 0 0 0 m 0 - ivk_
0 —-B_ 0 0 0 m  —wky  —p

(C.1.6)
Here, we abbreviated By = By /a® £ v,/2a, ks = k, £ iky, and m = m + 2By /a* + Bak3 .

Starting from the lattice Hamiltonian for the topological insulator, we now present the
Hamilton matrix for the system with superconducting pairing. We have defined the pos-

sible pairing Hamiltonians in Eqgs. (5.1.14)—(5.1.17). In all these Hamiltonians, pairing is
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between states with opposite spins and between time-reversed momenta, i.e., (k,1) and
(=k, ). If we Fourier transform the z component of the electron operators, we find that the
pairing is between states (k, ;1) and (—k,, z;{). The only differences between the pair-
ing Hamiltonians is the different structure in orbital space. We distinguish between intra-
and interorbital pairing, and between odd and even parity under orbital exchange. Follow-
ing the procedure discussed in chapter 2.1, we find the Bogoliubov-de Gennes Hamilton

matrix

H A
H = e . C.1.7
BdG (—A* _H*kl> ( )

Here, Hpqag is a 8N x 8 N matrix where the pre factor of 8 originates from the particle-hole,
the spin, and the orbital degrees of freedom. We summarize all four pairing symmetries

into the skew-symmetric 4N X 4N pairing matrix

0 —Ay — Ay 0 -A—-A3 | 0O 0O 0 O

A+ Ay 0 —A+ Aj 0 0O 0 0 O
0 A — A 0 A +A 0 0 0 O

A A+ Ag 0 Ay — Ay 0 0O 0 0 0 (C.1.8)

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

C.2. Projection of the pairing Hamiltonians for the doped

three-dimensional topological insulator

In this appendix we derive the projection of the pairing Hamiltonian onto the conduction
band of the doped topological insulator. In this projection, we assume that the valence
band is completely filled and does not contribute to the superconducting pairing. This
assumption is satisfied for A < |m| < p and thus naturally satisfied for realistic material
parameters. In chapter 5.1, we have defined the Hamiltonian for the doped topological

insulator and calculated the conduction band operators

s = Y 127 (K)Cotes (C.2.1)

S,0
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with the electronic wave function

1 /E T ok eix/Q ei(¢/2+77r/4)
e (k) = —= s @ . (C.2.2)

2@ \/me ix/2 e i(¢/24T1m/4)

with the definitions
oot ik (C.2.3a)
ki
, k) + v,k
i = Toll) ¥ fveks (C.2.3b)
vmg(k) + vZkZ

E =\/m3(k) + 0.k + 022 (C.2.3¢)
We find the relations ¢_x = ¢ + m and x_x = —xxk from the wave functions for opposite

momenta. The index 7 denotes the pseudospin =+ of the degenerate conduction band. Using

the orthonormality of the wave functions 1, we invert the definition of the o operators and
find
Cotes = D37 (K)] e r. (C.2.4)

T

We now project the Hamiltonians Egs. (5.1.14)-(5.1.17) onto the conduction band by

rewriting the Hamiltonians in terms of the new « operators. For that purpose, we write

1

C1kAC1,—Kk,| :E Z[‘ /E + Ulee_%(Xk‘i‘d’k‘f'Tﬂ'/Q)akﬂ_] [+ /E + UkLTle_%(X—k_¢—k_7'/7"/2)a_k77_,]

7,7’

:% Z VE + vk e 4 E + vle’e”/’T/‘l&kﬁa,kﬁ/

—1 1
~15 (E 4+ vk m)ax 0 xr + 1B E? — 02k3 e y e - — Qo — g 4],

(C.2.5)

1 : i |
2tk =15 Z[\/mei(“’d’k’”/?)&k,r] VB = vkyres 0ot Ba |
S VB ke B ke o

—1

1
=% (E — vk T)on k- + —=1/E? — 02k2 [oge y i - — Qe — Qg 4],

AE
(C.2.6)
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1

CLiC, kL =75 2[1 /E + U;{;He—%(xﬁmww/?)akﬁ][ /E— Ukﬁfeé(x_k+¢_k+f’7r/2)Oé_kyT,]

7,7’
—i —irm/4 y AT )4 —ixk
=15 E VE+ vk Te vVE—vk Te e Qg+ Ok 7/
7,7/

—1q
E? — 02k2 ayer oy

:E -
e_ixk
— 1E [(E + Ulﬁ_)Oék7+Oé,k7, — (E — U/CJ_)Oék7,O./,k’+ y (CQ?)
1

C1k,|C2, k1 TUE Z[\/ E+ UkJLTe_%(X“_"ﬁk_”/Z)ak,T][\/ E — vk;ﬂ'/e%(X—k_qs—k_T/”/Q)a_kJ/]

7,7

) , i .
=15 VE + vk, 1™/ E — vk, e "¢ Neqy -y o
T,7’

2
E? — 02k oy

e_ZXk

4F

[(E + UkJ_)C(k7+Oé,k’, — (E — UkJ_)Oék7,Oé,k’+]. <C28)

If we sum over all momenta, we find the important simplifications

1
Z =V E? — 02k? g y e - — Qe — g 4]

k
1
=y EVE -~ V2R [0k )+ O, ) Q)= Qo ), ]
k
1 2 21.2
= Z 1E E? — 023 [0k o) 4 Oy, —ks)o— T Ol —es) 4 Qo))
k
1
- Z E E2 o /UQkﬁ_ [a(k,¢,kz),+Oé(k‘,(]5+7r7—k:z),— + a(k7¢+27r7k2)7+ Oé(k:,(]ﬁ—iﬂn—kz),—] = 07 (029)
k %/_/

=Tk, p,kz),+

where we used the 47 periodicity of the a operators under rotations in the k,-k, plane in
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the last line, and we find
L
— Z Ee Xk[(E + ’U]@_)Ckk’JFOé,k’, — (E — U/@_)Oékﬁ&,k&]
Kk

(B + vk )e ™y _axy + (B — vk )e ™ ay _a_y ]

[—(E + vk, )e™ay —a_y 1 + (E — vk )e ™ —a_y 4]

mo(k) + vk, mo(k) — vk,
0(2 ) + (E - U]CL) 0<2 ) ]Oék,—a—k,+
mg(k) + vZkZ vmg(k) +vZk?

1 movk, + v,k FE
_ 2.1
; 2K (C.2.10)

g Ok 4.
2 2 2 b e}
V my + vzkz

!
=~ =™ =[]
e~ =~ =~
Sl &= &

[—(E—I—Ukl)

Thus, we find
—iAq
AN Z (Cl,k,Tcl,—k,¢ -+ CQ7k’TCQ,7k’\L) = 5 Z Z Qg Ok 7, (C.Z.lla)
k k T
A Z(C c CoxAC ) = _iA2ZZUkLTa a (C.2.11b)
2 a LiACL—kel — C2ktC2 kel ) = 5 2 7 kO 2.
—1A mo(k
Ag Z (CLk,TCQﬁkJ — Cl,k,iCZ,*k,T) = Tg Z Z %akﬂ-&kﬂ-, (C211C>
k k T
A vk, mo&) 4k,
A <C k4Co k| + Clk1Co_Kk )Z—— £ Qg —_x 4. C.2.11d
Xk: Lk €2,k €1k €2, ket 2 2 Ju ) otk Ok ( )

For A; < pand E ~ p, we find the final results

—iA

Hy ~ — ;ak;a_kﬁ +He, (C.2.12a)
—iA k
Hy ~ 22 2 Z v Lozkjoz_kﬁ + H.c., (C.2.12b)
0
k,7
1A mo(k
Hs ~ 23 kz O;E )ak,Ta_k,T+H.c., (C.2.12¢)

A Usks + vk, T
Hgo ~ % Z E oy a4 + Hec. (C.2.12d)

mg (k) + vik?
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C.3. Density of states and spin susceptibilities for

superconductors

In this appendix we derive the local density of states and the local spin susceptibilities
which we have studied in chapter 5.2. We consider a general bilinear superconducting

system with spin and orbital degrees of freedom. We write the Hamiltonian

B ( st Cings  Chns Al g AIE m) (C.3.1)

,7 mmn s,s

where i denotes the lattice site (or momentum), m the orbital, and s the spin quantum
numbers. The matrix ¢ describes the normal-state properties of the system and the matrix
A describes the superconducting pairing. As discussed in chapter 2.1, we diagonalize the

Hamiltonian by the Bogoliubov transformation
C]L'Lms = Z (u[imS]/\aI\ + U[ims])\a/\>a (032)
A

where we introduced Bogoliubov quasiparticle operators a;,. In the basis of the a;, op-
erators, the Hamiltonian Eq. (C.3.1) can be written as H = 3., Eyala, with By > 0
where the cardinality of the set of quantum numbers A equals the number of sites times
the number of orbitals times the number of spin directions. In chapter 5, we have
studied Hamiltonian Eq. (C.3.1) with the special choices m € {1,2}, s € {1,]}, and
i € {(ky,ky,2)|ke € Rk, € R, 2 €0, L]}

C.3.1. Density of states

In the following, we define the local quasiparticle density of states A (e, z) as the number
of quasiparticles in the volume element [z, z + dz] and with energy in the interval [e, € 4 d¢|

for de — 0 and dz — 0. We write the quasiparticle density of states

9= 6c-E) Y (‘u[kwky,m,s],\(z)f n ]u[kz,ky,m,sp(zw), (C.3.3)
A

m,s,kz,ky

where the last term is the density of quasiparticles with energy E) at position z. In our

numerical calculations in chapter 5, we have approximated the ¢ function by a Gaussian
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distribution with variance a. This approximation yields

Na(e, 2) = \/—Z - > (\“[kz,ky,m,sMZ)}QJr!U[kz,ky,m,su(z)f) (C.3.4)

m757kzaky

with the limit N, — A for a — 0.

C.3.2. Spin susceptibilities

The total electron spin operator is defined as

i
S ’ql Z Z Z T a(kz+qz,ky+ay,z)s ;8 b(ka ky,2)s'

ab 1,2 ke ky s,8

:V Z Sgb(z’qj_), (C35)

a,b=1,2

where q; € R? is the momentum of the electron spin operator in the z-y plane. In
chapter 5, we have defined the dynamical spin susceptibility as the two-particle Matsubara

Green function

. 1 /7
Xij(zaZ/aQL;an) = v/ dr e’ (TrSi(Z,QL,T)Sj(Z/, —q.,0))
0

= Z X%de(Zaz/7qJ_;iwn)' (036)

a,b,c,d=1,2

From Eq. (C.3.6), we obtain the retarded Green function by the analytical continuations
tw, — w + in with the small broadening 7. In the following, we neglect the indices k,
and k, for brevity, and assume that they are implicitly contained in the index A for the
quantum number of the quasiparticles. This assumption is justified since k, and k, are
good quantum numbers for a translationally invariant system in x and y directions.

In the following, we explicitly explain how to calculate the transverse spin susceptibility

X“bfrd(z 2 q;iwy) E E / dr e x
ko ky Kl

T T
<C(l(kz +qz ,ky +Qy ,Z)~L <T> Cb(kI 7ky 7Z)T (7-) CC(kgg —qx 7]62, —qy 72,)Tcd(k/z 7k1l; ,Z/)$> ' (C : 3 7>

In the first step, we use the Bogoliubov transformation (C.3.2) to replace the c-fermion
operators by the a-fermion operators. The resulting expression for the spin susceptibility

contains sixteen two-particle Green functions of the form (T.af (7)o (7)o ast), where
A1 A2 A3 g/
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the upper indices s; € {1,1} for i = 1,...,4. In the next step, we calculate these sixteen
Green functions using the equation of motion technique. Equivalently, we could apply
Wick’s theorem to express the two-particle Green functions as convolution of single-particle
Green functions and then carry out the Matsubara sum [115]. We here prefer the equation
for motion technique because it is less technical than carrying out Matsubara contour

integrals.

Since the Hamiltonian is diagonal in the a-operators, the only nonzero two-particle
Green functions are the ones which contain two creation and two annihilation operators.
Hence, only six out of the sixteen Green functions are finite and need to be calculated
explicitly. As an example, we here explicitly present the calculation for the Green function

G i = <TTO(§1(T)04>\2( )cvkscvA ). We find the equation of motion

%Gj\:/\;&gM@—) = 6(7’)< [o& a/\Q,a)\Soz)\4]> < [ZE ozuozu,oz/\ oz/\g} (T)oz/\sozi\4>
T

= 0(T)0n ps 0o s (F(Eny) = F(Ex)) + (Ex, — Ex)GY 35, (1), (C.3.8)

where f denotes the Fermi distribution. After the Fourier transformation from imaginary

time 7 to Matsubara frequencies iw,,,

iwnG;—,)\_g:;gM (an) = 5(7)6&)\35)\2,)\4 (f(Ekz) - f(E/\1)) + (E)\l - E)\Q)Gi_l_,)\_g—,i;\g)q (7)7
(C.3.9)

and the analytical continuation iw, — w + in, we find the retarded two-particle Green

function

f(EM) — f(E)\z)

G o (@) = —5A1,/\35>\2,A4w+m (B — By’ (C.3.10)

Similarly, we find the five other nonzero two-particle Green functions
G hons (@) = =03 a0 wf :fi)(__é E—+E§32) , (C.3.11a)
G osns (@) = Oxy 20 s wfisz)(—_lii_ﬂfl)\;,\l)’ (C.3.11b)
Ko () = 000 0x, 0 — _{(i?f (_Ef @Zﬂ)&), (C.3.11c)
Gl oo (@) = (O 000 = Oa2g00,0) JEr) = J(=E) (C.3.11d)

w+in— (Ey, + Ey,)’
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f(_E/\1> - f(E)Q)
W+ ”7 - (_E)q - E>\2) .

Moo (@) = (O3, 00rxs = O asOngns) (C.3.11e)

With these expressions for the two-particle Green functions and with the matrix elements

u and v from the Bogoliubov transformation Eq. (C.3.2), we find for the transverse spin

susceptibility
aocC f E )
Xz, 2 quiw) = [“[az¢]w[bz¢u<“[cz'T]u“ fa=r1x ~ Vlex tIAU[gz “)w +i E +g )+
Ap " ’
* f(=Ex) — f(E,)
Vlazg]AU[bzt] (u[cz’ﬂu“ [d=41x ~ UlezHAV]az) “) w+in— (—E) —#E )+
f(Ey) — f(E,)
u[azu/\u bt | Ul cz’T]Mu[dz’J, cz’ﬂ,\v[dz’“ﬂ w + 277 E)\ —F )+
* B — f(=E,)
U[azL]AU[sz,u, U[CZ/T MU[dzli]A u[cz/T )\u[dz’i, i w + “7 — E}\ + E )
(C.3.12)
Similarly, we also find the longitudinal spin susceptibility
IR
Xe2(2, 2, Qs iw,) = V/ dr e (T;S.(2,q.,7)S.(2,—q.,0)) . (C.3.13)
0

C.4. Nuclear magnetic resonance

Nuclear magnetic resonance is a powerful experimental tool in which a sample is placed
in a strong magnetic field and the magnetic response of the nuclear spins is measured. In
experiments, one measures the resonance frequency of the nuclear spins, which is mainly
determined by the Zeeman coupling between the nuclear spins and the external magnetic
field. However, in metals one typically observes that the resonance frequency of particular
nuclear isotope species is shifted with respect to the same nucleus in a specific insulating
reference substance with a similar atomic configuration. This shift is proportional to
the applied magnetic field and originates from two effects: (i) the motion of the charged
electrons gives rise to an induced magnetic field at the position of the nucleus in addition
to the external magnetic field. The shift due to this orbital effect is called chemical shift.
(ii) The external magnetic field polarizes the electrons in the conduction band which gives

rise to a finite spin polarization. The electron spins S and the nuclear spins I are coupled
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by the hyperfine coupling

d3q
iy = [ A {15 (@) + 1S (@ + 1S, (©41)
where A(q) is the hyperfine coupling strength. As a consequence, the spin polarized
conduction electrons give rise to an effective Zeeman coupling and therefore to a shift in

the resonance frequency which is called spin shift or Knight shift.

C.4.1. Knight shift

The Knight shift is measured in samples with a strong external magnetic field B which

polarizes the conduction electrons due to the Zeeman coupling
V=9gB-S(q=0), (C.4.2)

where g denotes the coupling constant. Without loss of generality, we assume B = BZ.
We now derive the effective magnetic field at the nuclei due to the conduction elec-
trons, Hps ~ gnBegl., using Kubo’s formula with the external magnetic field as perturba-
tion [115]. In order to guarantee the applicability of Kubo’s formula, we assume that the

conduction electrons show no magnetic order in zero magnetic field. This yields

Beg (1) 1/d3q A(q)<Sz(q’t)>V

B gy /) (2n)p B

ko ;9 [ 4040y / " a (15-(a,), S-(a =0, 7))o

gN (27T)3 —00
g d3q / /I . R !/
_9 Alq) [ d' R (q 0.t — 1), C4.3
o | @)y (a) : Xz.(d ) ( )

with the retarded spin susceptibility
X2 (q,0,t —t') = —iO(t — ')([S(q, 1), S.(0,t)])o. (C.4.4)

In the limit ¢ — oo, we find

Beff g d3q R
K:=— gN/(%)3 (a) x:%(g,0,w = 0)
~3(q—0)

= L A(0)xE (0,w = 0), (C.4.5)
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where

V(0,0 = 0) = / AR (0,4, (C.4.6)
R

Thus, we conclude that for nonmagnetic systems the Knight shift is determined by the
static uniform spin susceptibility. We note that the order of the limits in energy space and

momentum space is crucial.

If we apply this formalism to a simple noninteracting electron gas description of a metal,

we find for the spin susceptibility

~ N (), (C.4.7)

€=€x

XZZ q?

€k+q) € w=0,q—0 Of (e
Z f( — flew) ) _Z f(e)

w+ i — (€xtq — €k Oe

where 7 is a positive infinitesimal number and A (u) is the density of states at the Fermi
energy. For interacting systems, 7 is the quasiparticle lifetime and given by the imaginary

part of the self energy.

C.4.2. Spin-lattice relaxation rate

Another important quantity is the spin-lattice relaxation time 77 which is the time for
the recovery of the z component of the nuclear spin towards its equilibrium value. The
spin-lattice relaxation time yields valuable information on the dynamics of the low-energy
spin excitations. In metallic systems, the relaxation is determined by the coupling between
the nuclear spin and the spin magnetic moments of the conduction electrons. The lifetime
of the nuclear | 1) spin state can be calculated in perturbation theory using Fermi’s golden

rule

Til = ST Hagliy P e 0w + By — ). (C.4.8)

To evaluate this expression, we write

4 A1 Ei D = [ (%A(q) / (d—q;Am (il S ()T 4) (Lo £153 (@1l 1)

2m 27)
d3q d3q . ) .
- / omyi (@) / G A GIS-@)If) (F1S (@) (C.4.9)
and
dwo+Ef—E;) = / itr —i(wo+Bf—Ei)t (C.4.10)
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This yields

1 dt ot d*q d*q / Bt N, —iEst A\ —BE;
ﬁ:/%e /(zmsA(q}/(zﬂ)sA(q)Z@l? S (@)e ) 18 (@liye™

hi S_(d't)
_ (At d*q d’q / / —BHe
- [ [ Gt [ G A (s @ s @e ) (caa)

Here, Tr.; denotes the trace over the eigenstates of the electronic Hamiltonian H,; and
the frequency wy is a small excitation energy due to the external magnetic field. The last
term in Eq. (C.4.11) contains the spin-spin correlation function. Using the fluctuation-
dissipation theorem [117], we rewrite the spin-spin correlation function in terms of the

imaginary part of the spin susceptibility and we find for the spin-lattice relaxation rate

1 [ dq Im x4 (q,wo)

where y_ denotes the transverse spin susceptibility and where we used that the suscep-
tibility is diagonal in the momentum of the spin operator. The energy wy is usually small
compared to the natural frequency scales of electrons. For analytical calculations, it is

appropriate to consider the limit wy — 0 and to expand the denominator to first order in

ﬁw[b

77 = [ G A@Aq ) (413

In chapter 5, we consider an inhomogeneous system with spatially dependent relax-
ation times. Applying the above introduced calculation to this situation and assuming

A(qy, gy, 2) = const., we find

1 d4a dgy Im x_4(¢s, @y, 2, wo)
()T / (2m) / (2m) /dz o : (C.4.14)
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