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1 Introduction

This thesis has two big parts, one is a new proof of the Borel-Brascamp-Lieb (BBL)
inequality via geodesics in general Wasserstein spaces which makes it possible to define an
abstract curvature condition. In the second part, the observation of Jordan, Kinderlehrer
and Otto [JKO98| to identify the heat flow and the gradient flow of the entropy functional
in the 2-Wasserstein space is developed further to show that a similar identification holds
for the ¢g-heat flow and the gradient flow of the Renyi entropy in the p-Wasserstein space.

1.1 Borel-Brascamp-Lieb and the curvature dimension

The proof of the BBL inequality for Riemannian manifolds by Cordero-Erausquin-McCann-
Schmuckenschlédger [CEMSO01], and later for Finsler manifolds by Ohta [Oht09], led Lott-
Villani [LV09, LV07]| and Sturm [Stu06a, Stu06b| to a new notion of a lower bound on the
generalized Ricci curvature for metric measure spaces, called curvature dimension. Both,
the BBL inequality and the curvature condition, rely on geodesics in the 2-Wasserstein
space, which was a natural candidate because of its connection to convex analysis in the
Euclidean setting.

Based on Ohta’s proof [Oht09] we show how to prove the BBL inequality via geodesics
in the p-Wasserstein spaces for any p > 1. Following Lott-Villani-Sturm, a new curvature
condition can be defined via convexities along geodesics in the p-Wasserstein space, and
many known results, like Poincaré inequality and Bishop-Gromov volume comparison,
follow by similar arguments.

The proof of the BBL inequality relied on three ingredients: (1) a solution to the Monge
problem and a prescription of the interpolation maps, (2) second order differentiability of
the solution potential and a cut locus description, and (3) positive (semi-) definiteness of
the Jacobian of the interpolation map. The solution to the Monge problem easily follows
by combining [McC01] and [Oht09]. The interpolation maps already give the idea that
optimal transport is along geodesics, which is well-known by Lisini’s result [Lis06|. For
the proof of second order differentiability, we rely on two observations: (1) Ohta [Oht09]
noticed that the lack of C%-smoothness of square distance d?(-,-) at the diagonal can
be avoided by splitting the transport plan into a moving and a non-moving part, this
actually works for all smooth functions of the distance, (2) the set of ¢,-concave functions
is star-shaped. (1) says we only need to check where the transport map maps to different
points and (2) helps to move the terminal point away from the cut-locus. Using this,
a proof of the (almost) semiconcavity of solution potentials (Theorem 4.10) is given,
which is shorter than Ohta’s orginial proof [Oht08|, yet it doesn’t show that c,-concave
functions are everywhere locally semiconcave. However, it easily adapts to the Orlicz
case, see Theorem 7.17.
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The star-shapedness of c,-concave functions, resp. pseudo star-shapedness of cr-
concave functions, and positive (semi-) definiteness of the Jacobian rely on the following,
quite innocent looking inequalities: if z € Z;(z,y) then for any m

71 (m,y) < d(m, 2) + 1 (1 — )P (2, y)

and
t L(d(m,y)) < L(d(m, 2)/t) + t (1 = t) L(d(z, y))

where L is a strictly increasing convex function. The orginial inequality with p = 2 can
be easily derived from the binormial formula. The more general cases need explicitly
convexity of L, resp. p > 1. The form of these inequalities can be predicted by analyzing
the original proof of the interpolation inequality for p = 2 backwards. For this one
needs a precise description of the Breinier-McCann-Ohta solution and the interpolation
solution. In the cases 1 < p < oo this was long known. In this thesis, it will be shown
that the statement geodesics in Wasserstein spaces transport their mass along geodesics
also holds for Orlicz-Wasserstein spaces.

As a "vertical dual" one can use the recent theory and calculus developed around the
g-Cheeger energy (q is the Holder conjugate of p) by Ambrosio-Gigli-Savaré [AGS13,
AGSl1a, Gigl2| to even get a g-Laplacian comparison, which, however, is equivalent to
the usual one in the smooth setting. In chapter 6, we will study the gradient flow of the
g-Cheeger energy, called g-heat flow, and use the "duality" and curvature condition to
identify it with the gradient flow of the (3 — p)-Renyi entropy if p € (1, 3).

1.2 Heat and gradient flows

In [JKO98| Jordan, Kinderlehrer and Otto showed in the Euclidean setting that one
can identify the heat flow with the gradient flow of the entropy functional in the 2-
Wasserstein space. The main idea was to show that the solution of the gradient flow
problem solves also the heat equation. Uniqueness of the solution implies that the two
flows are identical. The identification of the heat flow and the gradient flow of the entropy
functional on manifolds was later accomplished by Erbar [Erb10].

Otto [Ott96, Ott01] also gave a formal proof of how to use gradient flows in the p-
Wasserstein spaces modeled on R" in order to solve other equations like the porous media
equation and the parabolic g-Laplace equation, i.e. the g-heat flow. Rigorous proofs were
later given by Agueh [Agu02, Agu05]. Only recently Ohta and Takatsu [OT11a, OT11b]
also showed that a similar construction works on manifolds if the functionals are K-
convex.

All proofs until then required the contraction property which follows, at least in the
Riemannian setting, from the curvature dimension condition introduced by Lott-Villani
and Sturm [LV09, LV07, Stu06a, Stu06b]|. Since this condition can be defined on any
metric measure spaces it was believed that a similar identification holds also under such
a condition. In [Gig09] Gigli gave a proof which did not require the contraction property.
This proof let Ambrosio-Gigli-Savaré [AGS13| to define a new generalized gradient from
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which one gets a natural heat flow associated to a metric space. With the help of a
calculus of the heat flow and its mass preservation they could show that the heat flow
is a solution of the gradient flow problem of the entropy functional in the 2-Wasserstein
space. Using a convexity of the square of the upper gradient of the entropy functional
one gets uniqueness and hence the two flows are identical.

One of the main ingredient of the proof was the Kuwada lemma, i.e. if gy = fyp is a
solution of the heat flow and |f| is the metric derivative of ¢t — p; in the 2-Wasserstein

space Pa(M) then
2
Je

where the write hand side is called the Fisher information of f;. This was the “missing”
ingredient, since it was long known that the derivative along the heat flow ¢ — f; of the
entropy functional is (minus) the Fisher information of f;.

In [AGS11a] Ambrosio-Gigli-Savaré showed the Kuwada lemma for g # 2, namely if
t — f; is the g-heat flow such that the density is bounded from above and away from
zero from below (implying the measure p is finite), they showed

) V fil?
|Mt!p§/| p_t‘l du
t

where this time the metric derivative is taken in the p-Wasserstein space P,(M), t —
e = frp is a solution of the ¢-heat flow and p and ¢ are Holder conjugates. A formal
calculation reveals that the derivative of the following functional

1 3—p _
(3—p)(2—p)/f fep.

called (3 — p)-Renyi entropy, along the g-heat flow in the p-Wasserstein space is exactly
minus the right hand side of the previous inequality, which can be called the ¢-Fisher
information.

In this paper, we will follow [AGS13] and first develop a calculus of the ¢g-heat flow to
show mass preservation in the non-compact setting and that the formal calculation above
holds in an abstract setting. In case ¢ > 2 there is almost no restriction on the measure
to get mass preservation besides a ‘not too bad” growth of the measure of a ball. The
cases ¢ < 2 are more restrictive. Using generalized exponential functions already know
from information theory [OT11a, Section 3] one of the conditions can be stated as

f—

/expp(—Vp)d,u < 00

where V(z) = Cd(z, zo) for some C' > 0 and exp, is the generalized exponential function
which agrees with the usual exponential function and the condition with the condition
stated in [AGS13]. In R™ this condition boils down to ¢ > nz—_:_"”l However, the current
proof requires the more restrictive condition

/Vp exp, (=V?)dp < oo.
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In the second part under some assumptions on the functional, which hold assuming
a curvature condition defined in chapter 46, we show that the proof of [AGS13| can be
adjusted to show that the ¢-heat flow solves the gradient flow problem of the Renyi
entropy in Pp(M). For g > 2 we also get convexity of the g-the power of the upper
gradient and hence uniqueness of the gradient flow. This implies that the g-heat flow
and the gradient flow of the Renyi entropy can be identified. The current proof of the
cases ¢ < 2 requires the space to be compact and the measure be n-Ahlfors regular for
some n depending on gq. However, this condition is satisfied on smooth manifolds if the
the curvature condition C'D,(0, N) holds for N > n.

The difficulty of the cases p # 2 rely on a lack of Cauchy-Schwary inequalty and
that in the original proofs many times the binormial formula is used instead of Jensen’s
inequality or convexity. Furthermore, the entropy functional and the heat equation are
already well-studied objects . In particular, the condition [ exp(—=V?2)du < oo was known
to be sufficient to obtain mass preservation of the heat flow long before the paper [AGS13|
whereas the author couldn’t find any known condition on the mass preservation of the
g-heat flow.

A note on the notation and prepublished results

Notation

In this work we try to use a context-sensitive notation in order to avoid overcomplicated
names with 7, °, . Below we will define distinct functionals Uy,U, and U, and assume
m,p, N € R. Whereas U3 is ambiguous, we hope that statements about U,, Uy or Uy, are
unambiguous in the embedded context. Furthermore, whenever possible we will assume
that p and ¢ are Holder conjugates and if not otherwise stated 1 < p,q < oo.

Preprints

Chapter 3 to 5 and chapter 7 are already available as a preprint [Kell3| on arXiv and
chapter 6 as [Kell4]. All results are sole work of the author; only the remark on page 48
was given by Shin-ichi Ohta on an early version of [Kell3].



2 Notation and Preliminaries

In this part, we will introduce the main concepts used in this work. Most of the notation
and concepts of abstract metric spaces and gradients are taken from [AGS13, Gigl2| (see
also [AGS08]). For an introduction to the theory of optimal transport see [Vil09].

As a convention we will always assume that (M, d) is a locally compact metric space
and if not otherwise stated it is assumed to be geodesic (see below). Since we will also deal
with non-locally compact spaces (e.g. (P,(M),wp) with M non-compact), the sections
below do not assume that (X, d) is locally compact.

2.1 Calculus in metric spaces

Let (X,d) be a (complete) metric space and for simplicity we assume that X has no
isolated points.

2.1.1 Lipschitz constants and upper gradients
Given a function f: X — R = [~00, 00], the local Lipschitz constant |Df] : X — [0, o0]
is given by

Yy—x d(ya J:)

for x € D(f) = {z € X | f(z) € R}, otherwise |Df|(x) = co. The one sided versions
|DT f| and |D~ f|, also called ascending slope (resp. descending slope)

+ z — limsu [f(y) — f(‘r)]-i-
D fl@) = timsup LT
) e e ) = T

for x € D(f) and oo otherwise, where [r|4 = max{0,r} and [r]- = max{0, —r}. It is not
difficult to see that |Df] is (locally) bounded iff f is (locally) Lipschitz.

The following lemma will be crucial to calculate the derivative of functionals along the
gradient flow of the Cheeger energy.

Lemma 2.1 (JAGS13, Lemma 2.5]). Let f,g: X — R be (locally) Lipschitz functions, ¢ :
R — R be a C*-function with 0 < ¢/ <1 and ¢ : [0,00) — R be a conver nondecreasing
function. Setting

[=f+og—f), g=9g—9g—f)

10
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we have for every x € X

Y(IDF)(x) +¥(IDgl)(x) < (IDfI)(x) + (| Dgl)(x).

We say that g : X — [0,00] is an upper gradient of f : X — R if for any absolutely
continuous curve 7 : [0,1] — D(f) the curve t — g(vs)|¥s| is measurable in [0, 1] (with
convention 0 - co = 0) and

1
Fn) = Fl0)] < /0 o)t

It is not difficult to see that the local Lipschitz constant and the two slopes are upper
gradients in case f is (locally) Lipschitz.

2.1.2 Relaxed slopes and the Cheeger energy

In a metric space there is no natural gradient of L"-functions which are not Lipschitz.
Cheeger defined in [Che99| a gradient via a relaxation procedure using slopes of Lipschitz
function. In [AGS13, AGS1la] Ambrosio-Gigli-Savaré used a more restrictive version of
Cheeger’s original definition.

Definition 2.2 (g-relaxed slope). A function g € LY is a g-relaxed slope of f € L? if
there is a sequence of Lipschitz functions f, strongly converging to f in L? such that
|D fp| converges weakly (in L7) to some g € L9 with g < g. We denote by |V fl. 4 the
element of minimal L%-norm among all g-relaxed slopes.

Remark. In order to apply the gradient flow theory of Hilbert spaces, we divert from the
approach in [AGS11a] and use approximations of f in L? instead of LI. Note that the
proofs of [AGS11a| also work in this setting if appropriate changes are made.

It was shown in [AGS11a| that this definition, Cheeger’s original and two other defi-
nitions agree almost everywhere. However, if the space does not satisfy a local doubling
condition and a local Poincaré inequality, then the g¢-relaxed slope might be different
from the ¢’-relaxed slope if ¢ # ¢/, see [DS13]. Nevertheless, we will drop the dependency
on ¢q and just write |V f|..

One can show that the relaxed slope is sublinear, i.e. [V(f + g)l« < |V S|« + [Vgl«
almost everywhere, and satisfies a weak form of the chain rule, i.e. for any C'-function
¢ : R — R, which is Lipschitz on the image of f, we have |[Vo(f)|« < |&'(f)||Vf]« with
equality if ¢ is non-decreasing [AGS13, Proposition 4.8]. This can be easily proven for
Lipschitz functions and their slopes, and follows by a cut-off argument also for functions
and their relaxed slopes.

Now the g-Cheeger energy of the metric measure space (M, d, u) is defined as

Chy(f) = ¢ [ 19 51tdu

for all f admitting a relaxed slopes, otherwise Ch,(f) = oo. Similarly, given a convex
increasing function L : [0,00) — [0,00) with L(0) = 0, the L-Cheeger energy is defined
as Chr(f) = [L(|Vf|)du. Then the g-Cheeger energy is nothing but the L-Cheeger
energy for L(r) =r/q.

11



2 Notation and Preliminaries

Proposition 2.3. Let f,g € D(Chy) and ¢ : R — R be a nondecreasing contraction
(with $(0) = 0 if (M) = o0) then p-almost everywhere in M

IV +olg = I+ V(g = olg = ML < IVINIE+ V(gL

Proof. The proof follows along the lines of the proof of [AGS13, Proposition 4.8] using
Lemma 2.1 (see [AGS13, Lemma 2.5]). O

2.1.3 Fisher information

The Fisher information is the derivative of the entropy functional along the heat flow.
The Kuwada lemma, a key tool of [AGS13] to identify the heat flow and the gradient
flow of the entropy functional, shows that the square of the metric derivative in the 2-
Wasserstein space along the heat flow is bounded from above by the Fisher information.
In a different paper [AGS11a| they showed that in the compact setting with density of
the measure bounded from below and above, there is also a version of this along the
g-heat flow in the p-Wasserstein space (see Lemma 6.9 for a precise version). For that
reason we define the following g-Fisher information as follows.

Definition 2.4 (¢-Fisher information). Let ¢ € (1+2‘/5,oo). For a Borel function f :

M — [0, 00] we define the g-Fisher information F,(f) as

Fy(f) == / IV 7]4dj = qr? Chy(/7)

where g # # and

. (=1

q P

1+v5
2

In case ¢ = , note ¢ = p — 1 and thus we define

Fo(f) = / 1V log f|%du = q Chy (log /).

Remark. For g € (1+2\/57 o0), we also have r € (0,1), which will be our main interest

for technical reasons. Nevertheless, all case ¢ > 2 are covered. In the following, we

will just write » > 0. Furthermore, notice that N > 2 and 1 — % = 3 — p implies

p=2+4% <25< 3+T‘/5 Thus only the cases N € (1,2) remain to be covered. In the
smooth setting C'D, (K, N) with N € (1,2) can only hold for 1-dimensional spaces.

Proposition 2.5. Let r > 0. Then for every Borel function f: M — [0, 00| we have the
equivalence

IV
>0} frt

feDF,) < feL”(M,u) and / dp < 0o
{

12



2 Notation and Preliminaries

and in this case we have

VIl
Fo(f) = /{f>0} ’fp|1 dj.

In addition, the functional is sequentially lower semicontinuous w.r.t. the strong conver-
gence in L*" (M, ) and L*>(M, ). If p < 2 then the functional is also convez.

Remark. Compare this to [AGS11a, Remark 6.2] and [AGS13, Lemma 4.10|. And note

that the statement |Vf|, € L! follows already from f € L' and f%du < oo by
applying the reverse Holder inequality.

Proof. Similar to [AGS13, Lemma 4.10] first assume f is bounded. Then note that
f € D(F,) requires f™ € L*(M, u), i.e. f € L* (M, u) and by chain rule

VI
frt
Conversely, just use ¢(r) = /r + € — v/€, apply the chain rule and let € — 0.

Convexity for p < 2 follows from [Bor97|: Since in that case ¢ > p, we know (z,y) —
x9/yP~! is convex in R2, O

V=

Later we will see that the g-Fisher information is the derivative of the Renyi entropy

1
(3—p)

along the g-heat flow. In case ¢ = p = 2 we see that this boils down to the classical case.

f—

[ 1o i

2.1.4 Absolutely continuous curves and geodesics

If I C R is an open interval then we say that a curve v : I — X is in ACP(I,X) (we
drop the metric d for simplicity) for some p € [1, oo] if

t
d(vs, 1) < / g(r)ydr Vs,iteJ:s<t

for some g € LP(J). In case p = 1 we just say that v is absolutely continuous. It can be
shown [AGSO08, Theorem 1.1.2| that in this case the metric derivative

|9¢| := lim sup 4095, 7)
s—t |S - t’
with lim for a.e. ¢t € I is a minimal representative of such a g. We will say v has constant
(unit) speed if |%;| is constant (resp. 1) almost everywhere in I.
It is not difficult to see that ACP(I, X) C C(I, X) where C(I, X) is equipped with the
sup distance d*

d*(v,7) == supd(ve,71)-
tel

13



2 Notation and Preliminaries

For each t € I we can define the evaluation map e; : C(I, X) — X by

et(y) = -
We will say that (X, d) is a geodesic space if for each xg, 21 € X where is a constant
speed curve v : [0,1] — X with 7; = x; and
d(vs,7e) = [t = s|d(70, 7).

In this case, we say that «y is a constant speed geodesic. The space of all constant speed
geodesics vy : [0,1] — X will be donated by Geo(X). Using the triangle inequality it is
not difficult to show the following.

Lemma 2.6. Assume v :[0,1] = X is a curve such that

d(s, ) < [t = sld(v0,71)
then v is a geodesic from ~yy to 1.

A weaker concept is a length space: In such spaces the distance between point x¢ and
x1 € X is given by

1
d(zg,x1) = inf/ |¥e| dt
0

where the infimum is taken over all absolutely continuous curves connecting xy and
z1. In case X is complete and locally compact, the two concepts agree. Furthermore,
Arzela-Ascoli also implies:

Lemma 2.7. If (X,d) is locally compact then so is (Geo(X),d*) where d* is the sup-
distance on C(I, X).

2.1.5 Geodesically convex functionals and gradient flows

A functional E : X — RU {400} is said to be K-geodesically convex for some K € R if
for each xg, 21 € D(E) there is a geodesic v € Geo(X) connecting g and z; such that

B 1= 0td(0,m).

B(y) < (1= 1)B(y) +tE(m) - 5

In such a case it can be shown (JAGS08, Section 2.4| that the descending slope is an
upper gradient of E' and can be expressed as

E(z) - E(y)

D E|@z) = sup ( o

yeX\{z}

+ ];d(x,y)>

In particular, it is lower semicontinuous if E is. Furthermore, if z : [0,00) — D(F) is a
locally absolutely continuous curve then

E(x) > E(zs) - / || D B () dr

14



2 Notation and Preliminaries

for every s,t € [0,00) and s < t. Note by Young’s inequality we also have for any
p € (1,00)

1/t 1 [t
E(z) > E(x0) — / |2 |Pdt — / |D™E|%(x,)dr
P Jo q.Jo
Definition 2.8 ((E, p)-dissipation inequality and metric gradient flows). Let E : X —

R U {oo} be a functional on X then we say that a locally absolutely continuous curve
t — y € D(F) satisfies the (F, p)-dissipation inequality if for all ¢ > 0

Blzg) > B(zy) + /\xt]pdt—ir /yD E9(z,)d

t — x; is a gradient flow of F starting at yo € D(F) if

1 [t 1 [t
E@@=E@o+pﬁwmmﬁ+q4\01m@aw

In the geodesically convex case we immediately see that if ¢ — x; satisfies the (E, p)-
dissipation inequality then it is a (generalized) gradient flow and

d . _
G E(e) = —|ie]’ = —| D7 Bl ()

for almost all ¢ € (0,1).

Remark. The theory developed in [AGS08| covers mainly the case p = 2 and only men-
tioned the required adjustments. For a comprehensive treatment of the case p # 2 and
even more general situations see [RMS08].

2.1.6 Optimal Transport

Let (M,d) be a proper metric space. Given two probability measure pg, u1 € P(M)
and a (non-negative) cost function ¢ : M x M — [0,00) one can define the following
Kantorovich problem

Cluospn) = _int [ cla)in(a.y)

71'EH(:U‘OHUJ)

where IT(po, pi1) is the set of all m € P(M x M) such that (p1)«m = po and (p2)«m = 11
with p; being the projections to the i-th coordinate.

It is well-known that the problem has a solution 7, i.e. a probability measure 7
in II(uo, pe1) such that

cmmm>=/¢uwwmm@w»

Given any such cost function one can define a dual problem

Clpo, 1) = sup / dduo + / Y.
7y

p(x)+(y)<c(z
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2 Notation and Preliminaries

It is not difficult to see that C' < C.
The solution to this problem can be described by a pair of c-concave potentials: if
1 : M — R then one can define the c-transform as

Ve(y) = dnf c(x,y) — ¢(z).

We say that ¢ is c-concave if it is the c-transform of some function 1. Similarly, with ¢
replaced by ¢(z,y) = c(y,z) one defines the é-transform of ¢ and says v is ¢é-concave if
it is the ¢-transform of a function ¢.

Given a c-concave function ¢ = ¢ one can define the c-superdifferential d°¢ by

Fp(x) ={y € M|¢(x) +¥(y) = c(x,y)}-
One of the major results in optimal transport theory is the following:

Theorem 2.9. [Vil09, Theorem 5.11]One always has

C(po, 1) = Cpo, pi1)
and the dual problem is attained by a pair (¢,v) of c-concave/c-concave functions with
¢ = ¢ and p = ¢°. Assuming, for simplicity, that c is continuous, then the optimal

transport measure Top s supported on the graph of the c-superdifferential which is c-
cyclically monotone, i.e. given n couples (x;,y;) € 0°¢ one has

|
—

n—1

oz yi) < Z (@i, Yig1)-

=1

n

Il
o

%
Furthermore, if 0% ¢(-) is single-valued pg-almost everywhere, then oy is concentrated

on the graph of a measurable function T where T is a measurable selection of x — 9°¢(x)
which is uniquely defined pg-a.e..

Wasserstein spaces

In this section, we will give a short introduction to the Wasserstein spaces Pp(M), for
an overview see [Vil09, Chapter 6].

Fix some g € M and let P(M) be the set of probability measures on M. The p-
Wiasserstein space for 1 < p < oo is the space of all probability measures with finite
p-moments

Po(M) = (€ POD)| [ (o z0)du) < oc)
equipped with the metric

wp(po, p1) = (Cp(/my/il))%

where the cost function is given by ¢,(z,y) = d”(x,y)/p.

It is well know that (P,(M),wp) is a complete metric measure space if (M, d) is and is
geodesic if M is. Furthermore, it is compact iff M is (see [Vil09, Chapter 6]). However,
it is not locally compact if M is just locally compact. Nevertheless, in case M is a proper
metric space there is a sufficiently nice weak topology induced by the subspace topology
of P(M) with its weak topology.
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2 Notation and Preliminaries

Lemma 2.10 (see e.g. |[Kelll, Theorem 6|). Let (M,d) be a proper metric space, then
every bounded set in Pp(M) is precompact w.r.t. to the weak topology induced by P,(M) C
P(M).

Proof. Let zp be some fixed point in M. By [Vil09, Lemma 4.3] we know that the
Wp(0zy, ) is weakly lower semicontinuous. Thus we only need to prove tightness of every
wy-ball BY(0z,) C Pp(M), i.e. for every € > 0 there is a compact set K. C M such that
every p € B} (0z,)

H(M\K,) < e.

If we set K. = Bi(xzg) then

ONK) < @ [ @eaduta)
d(x,z0)>1
< Eppwg(émm n) < epRP
which implies tightness since any ball in M is compact. ]

In the chapter 7, we introduce more general Wasserstein spaces, called Orlicz-Wasserstein
space. For those the distance is not given by a single optimization problem and so far
there is no nicely defined dual problem. However, the lemma above also holds in a similar
way (see Proposition 7.5).

We say that a function E : P,(M) — R U {oo} is weakly lower semi-continuous if it
is lower semicontinuous w.r.t. the weak topology on Pp(M) C P(M). In particular, the
weak closure of bounded subset of sublevels of E are contained in that sublevel.

Theorem 2.11. Let (M,d) be a proper geodesic metric space and E be a functional on
Pp(M) such that E and | D~ E| are weakly lower semicontinuous. Then for all 1o € D(E)
there exists a gradient flow t — s of E starting at pg.

Proof. Just note by the previous lemma the assumptions [AGS08, Assumption 2.4a,c|
hold and thus [AGS08, Corollary 2.4.12] can be applied. O

Remark. The requirement | D~ E| to be weakly lower semicontinuous is rather restrictive
in the non-compact case. Note, however, below we only need lower semicontinuity, which
follows from K-convexity. Existence will follow from existence of the ¢-heat equation.

2.2 Finsler manifolds

In this section, we recall some notation and facts from Finsler geometry. We will mainly
follow the notation of [Oht09, Oht08] and otherwise refer to [BCS00, She01].
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2 Notation and Preliminaries

2.2.1 Finsler structures

Let M be a connected, n-dimensional C°°-manifold.

Definition 2.12 (Finsler structure). A C*°-Finsler structure on M is a function F' :
TM — [0,00) such that the following holds

1. (Regularity) F' is C* on TM\{0} where 0 stands for the zero section,
2. (Positive homogeneity) for any v € TM and any A > 0, it holds F(Av) = AF(v),

3. (Strong convexity) In local coordinates (z*)"_; on U C M the matrix

2( 12
0500 = (5550 ®))

is positive-definite at every v € 7~ 1(U)\0 where 7 : TM — M is the natural
projection of the tangent bundle.

Strictly speaking, this is nothing more than defining a Minkowski norm F|p, 5 on
each T, M with some regularity requirements depending on x. We don’t require F' to be
absolutely homogeneous, i.e. F(v) # F(—v) is possible. In such a case the “induced”
distance (see below) is not symmetric. As an abbreviation we let ' denote the reverse
Finsler structure, i.e. F(v) = F(—v).

Remark. Most of the statements below and in Chapter 4 only require C?-regularity of
the Finsler structure. The C*°-regularity is only assumed for convenience.

On any C*°-manifold one can define the differential df of a C'-function f. In order to
define the gradient of f one needs the following: let £ : T*M — TM be the Legendre
transform associating to each co-vector o € T M the unique vector v = L,(«) € T, M
such that F'(v) = F*(v) and a(v) = F(v)?, where F* is the dual norm of F on T*M.
This transform is C*° from T*M\{0} to TM\{0} and is C*° in case F' is a Riemannian
structure, i.e. the parallelogram inequality holds on each T, M. The gradient V f at x
of f is now defined by Vf(z) = L,(df.) € TxM. Then we have for every unit speed
Cl-curve n: [0,1] — M (i.e. F(dn/dt) =1)

l !
- [ P < s0w) ~ 1) < [ P50
Thus one can define an intrinsic metric of the Finsler manifold by

diz,y)=  sup  f(y)— f(x)

feCF(V)<1

which is symmetric iff F = F.

In the Finsler setting, there is no good notion of a (Finsler) Hessian of a C2-function
f, so that we will use the well-defined differential of df : M — T*M which can be written
in local coordinates as

) da? ‘I
df

adf)e = Y (5;‘- 2

1,j=1

0% f (2) 0
0zt 0zI o Ovt

df

Note, however, that this expression is not coordinate free.
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2 Notation and Preliminaries

2.2.2 Chern connection, covariant derivatives and curvature

In contrast to Riemannian manifolds there is no “unique” canonical connection defined
on a Finsler manifold. As in [Oht09] we will only use the Chern connection in this article
which is the same as the Levi-Civita connection in the Riemannian case. In order to
reduce the notation we will only use the Chern connection and denote it by V without
stating its exact property (|[Oht09, Definition 2.2|). For a thorough introduction see
[Oht09, BCS00, She01].

Recall that by strong convexity of F' the matrix (g;;(v)) is positive definite for every
v € T, M\{0} and hence defines a scalar product on T,M which will be denoted by

gu(+y+), e
- 0
9o (Z LSty Z 9ij (v w1w2

i=1 i,j=1

n

Using the definition of Legendre transform one sees that £;1(v)(w) = g, (v, w) for w €
T, M and thus g,(v,v) = F(v)%. Different from Riemannian metrics, g, is non-constant
and the following tensor, called Cartan tensor is non-zero (at least for some v € TM\{0}).

F(v) 8gi, . F(v) 03(F?
2 Ovk (v) = 4 Ovidvidvk ().
Further, we can define the formal Christoffel symbol by
i RN g1 g,k dg
a0 = 5 30 { T 0) - Tk o)+ P

=1

Aij(v) =

for v € TM\0 and also

S i 1 A m
)= ;%’k(v)vk — W k Z Ajk(v)ylkm(v)vlv

JIm=1
where (¢g%/) is the inverse of (g;;) and A;k =3, 9% Ajig.
Given the Chern connection V let w’ be its connection one-forms which are defined by

n

Zw e Z,Vvdaji = Z —w}(v)d;rj

j=1

and by torsion-freeness can be written as
w = Z I kdx

Given two non-zero vectors v,w € Tp,M\{0}, a C*-vector field X and the connection
one-forms, one can define the covariant derivative Dy’ X with reference vector w as

(DY X)(z) := Z { X +Zr vaxk} ai@

2,j=1
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2 Notation and Preliminaries

In the Riemannian case, the covariant derivative does not depend on the vector w and
is just the usual covariant derivative.
From the Chern connection one can also define its curvature two-forms

n
Jo._ i k i
Q; = dw; — ij A wy,
k=1
which can be also written as

Z ]kl v)dz® A da! _,_7 v)dz® A Sv'
=1 F(v) k=1

[\3\*—‘

where we require R;kl = —R;lk and 6vF = dvF + 3, Nfda!.

With the help of R? K one can define the Riemannian tensor with reference vector

veTM
. 0
| D k.l
E v Ry (v)w™v pp
i7j7k7l:1

which enjoys the following
gv(RY (w,v)v,w") = g,(R"(w',v)v,w) and R"(v,v) = 0.
Given all those definition we finally have the flag curvature

g (RY(w,v)v, w)
gv(U, U)gv(w, w) - gv(vv w)

K(v,w) := 5

and the Ricci curvature
n—1

Ric(v) :== Z’C(U, €i)
=1
where eq, ez, -+ ,ep—1,v/F(v) form an orthonormal basis of T, M w.r.t. g,.

On unweighted Finsler manifolds we say that (M, F') has Ricci curvature bounded from
below if

Ric(v) > K

for every unit vector v € T M. For weighted manifolds we need the following: Let © be
the reference measure and voly, be the Lebesgue measure on T, M induced by g,. If pu,
denotes the measure T, M induced by u define

— 1o VO]gu(B;IM(Ov 1)
V)=t g( b (B 11 (0,1) )

where BEFIM(O, 1) denotes the (forward) unit ball of radius 1 w.r.t. the norm F|r, /.
Further, let

d d
RGO AET

where 7 : (—¢,€) — M is a geodesic with 7(0) = v.

QWY = V()

t=0

20



2 Notation and Preliminaries
Definition 2.13 (Weighted Ricci curvature). Define the following objects:

1. Ricy(v) ==

—00 otherwise

{Ric(v) +O2V it 9,V =0

2. Ricy(v) := Ric(v) + 02V + ]\3,”—_)2 for N € (n,00).
3. Ricoo(v) := Ric(v) + 02V

Which is called the (weighted) n-Ricci curvature, resp. N- and oo-Ricci curvature of the
weighted Finsler manifold (M, F, u).

Remark. By a recent paper of Ohta [Oht13a] it also makes sense to define the N-Ricci
curvature for negative V.

Now a lower curvature bound K on the N-Ricci curvature (resp. n-, oo-Ricci curvature)
is nothing but
Ricy(v) > K

for all unit vector v € TM. In the Riemannian setting Rics is the so called Bakry-Emery
Ricci tensor and a lower curvature bound K is equivalent to the Bakry-Emery curvature
condition on the heat flow, i.e.

IVEf? < e 2Kt PV f]?).

Similarly, a lower bound on Ricy is equivalent to a more general Bakry-Emery conditions
involving N. However, the Bakry-Emery calculus requires the space to be Riemannian,
resp. infinitesimal Hilbertian. Nevertheless, one could define a Finsler version of the
Bakry-Emery condition similar to the Finslerian Bochner inequality of [OS11]. Tt is not
difficult to see that those curvature bounds are equivalent. The lack of a well-defined
linearization of the heat flow makes it difficult to even define such a generilized Bakry-
Emery condition for more abstract spaces.

2.2.3 Geodesics and first and second variation formula

Given a C'-curve 7 : [0,7] — M its arclength is defined by
£ = [ PG

where 7y = %Ut- We say that a C*°-curve 7 is a geodesic (of constant speed) if Dgﬁ =0
on (0,7). Note however that the reverse curve 7y = 7(_;) may not be a geodesic (not
even w.r.t. the reverse Finsler structure F').

The exponential map is given by exp(v) = eXPr(yy v := n(1) if there is a geodesic
n:[0,1] — M with 59 = v. Note however, that the exponential map is only C' at
the zero section. We say that (M, F') is forward geodesically complete if the exponential
map is define on all of TM, i.e. if we can extend any constant speed geodesic 1 to
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2 Notation and Preliminaries

geodesic 1 : [0,00) — M. For such case, we can connect any two points of M by a
minimal geodesic, i.e. for every z,y € M there is a geodesic 1 from x to y such that
L(n) =d(z,y).

Given a unit vector v € T, M, let r(v) € (0,00] be the the supremum of all r > 0
such that ¢ — exp,tv is a minimal geodesic. If 7(v) < oo then we say that exp,(r(v)v)
is a cut-point of x and denote by Cut(z) the set of all cut points of z, also called
the cut locus of z. One can show that the exponential map is a C*°-diffeomorpism
from {tv|v € T,M,F(v) = 1,t € (0,7(v))} to M\(Cut(x) U {z}). This also shows
that the distance d(zx,-) is C* away from x and the cut locus of x. In particular, if
L :[0,00) — [0,00) is C*° away from 0 then L(d(z,-)) is C*° away from x and the cut
locus of x.

A variation of a C*°-curve n : [0,7] — M is a C*°-map o : [0,r] X (—¢,€) — M such
that 7(t) = o(t,0). We abbreviate the derivatives as

T(t,s) = 0wo(t,s),U(t,s) = 0so(t,s).

The first variation of the arclenth is given by

oL UT)]" " T
0s F(T) |, 0 F(T)
where we dropped the dependency on ¢ and s. In case 7 is a geodesic, the second term
is zero. Furthermore, the second variation along a geodesic has the form

oo ] oy (52

02L(0)
052

s=0

where

1VW) = g [ {an(DIV.DIW) = gy (Vi )} e

Since the tensor R” enjoys some symmetry, we easily see that I(V, W) = I(W, V). And
if V' is a Jacobi field then the second term is zero and one can show

1 8 r
IV, W) = —— [9(DJV, W)]
W= Fgy 9PaV ] g
And finally, we say that a C*°-vector field J along a geodesic 7 : [0,7] — M is a Jacobi
field if it satisfies

N 7 2V —
DiD;J + R(J,0)n = 0.

Any Jacobi field can be represented as a variational vector field of some geodesic variation
o (each o is a geodesic) and vice versa.
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3 c¢,-Concave Functions

Assume throughout that M is a proper geodesic space.
Define for 1 < p < oo
d(z,y)
PR
We say that a function ¢ : X — R is proper if it is not identically -oc.

CP($7 y) =

Remark. Almost all results about c,-concave functions also hold for cy-concave functions
by exchanging ¢, with ¢, where L is a strictly convex, increasing, function differentiable
in (0,00) and
cr(x,y) = Ld(z,y)).

If L is fixed then ¢; will be an abbreviation for ¢y, where Li(r) = L(r/t).

The definition of ¢,-transform can be localized. This has the advantage to give proper-
ness of the function and Lipschitz regularity on the domain also in the non-compact
setting.

Definition 3.1 (cp-transform and the subset Z5(X,Y’)). Let X and Y be two subsets of
M. The ¢p-transform relative to (X,Y) of a function ¢ : X — R is defined as

o (y) = dnf cp(,y) — ().

In case X =Y = M we just write c,-transform. Similarly, we define the c,-transform
relative to (Y, X) of a function ¢ : ¥ — R as

P (x) = inf cp(z, ) — h(y).

We say that a proper function ¢ : X — R is ¢,-concave (relative to (X,Y)) if there is a
function ¢ : Y — R such that ¢ = ¢)°. Similarly, we define ¢,-concave function relative
to (Y, X) as those proper function ¢ such that ) = ¢ for some function ¢ : X — R.

Let Z%(X,Y) (resp. Z%(Y, X)) denote the set of all ¢,-concave functions relative to
(X,Y) (resp. the set of all ¢,-concave functions relative to (Y, X)).

Note that Z%(X,Y") € T¢(X,Y) for all Y/ C Y. Indeed, if ¢ € T¢(X,Y’) and
' 1Y’ — R is such that ¢ = (¢0')% then let

_ ¥y ifyeY’
Vi) = {—oo ifyeY\Y'.

Then obviously ¢ = (/)% = 9% and thus ¢ € Z°%(X,Y). Similarly, if X’ C X, we can
extend any function ¢ € Z%(X',Y) to a ¢,-concave ¢ € Z%(X,Y) by letting ¢ be the
¢p-transform of 9 : Y — R relative to (Y, X).

The following is easy to show:
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3 cp-Concave Functions

Lemma 3.2. Let ¢ : M — R U {—o00} and let all statement be relative to some pair
(X,Y) of compact subsets. Then the following holds:

1. ¢ < gbcpép and ¢Cp = QSCPEPCP
2. if ¢ is not identically —oo then ¢ is cp-concave iff ¢ = >

3. if {bitier C I%(X,Y) for some index set I and ¢(x) := inf; ¢;(x) is a proper
function, then ¢ € T%(X,Y).

4. If ¢ 1s cp-concave, then it is Lipschitz continuous and its Lipschitz constant is
bounded from above by a constant depending only on X,Y and p.

Corollary 3.3. If M is compact and ¢ is cp-concave then ¢ is Lipschitz continuous
with Lipschitz constant bounded from above by a constant only depending on M and p.
In particular, the set of c¢,-concave functions with ¢(xg) = 0 is a precompact subset of
C°(M,R) with bounded Lipschitz constant only depending on M.

Since X and Y are compact, the inf in the definition of ¢,/¢,-transform is actually
achieved and the following sets are non-empty for each ¢,/¢,-concave functions.

Definition 3.4 (¢p-superdifferential). Let X and Y be two compact subsets of M and
¢ : X — R be a ¢p-concave function relative to (X,Y’) then the ¢,-superdifferential of ¢
at x € X is the non-empty set

07¢(z) ={y € Y[ o(x) = cp(z,y) — 97 (y) }.

Similarly, we define ¢,-superdifferential of a ¢,-concave function ¢ : ¥ — R as the non-
empty set .
I*Y(y) ={z € X |¥(y) = cp(a,y) — o7 (2)}.
It is not difficult to see that
y € 07¢(x) <= x € I?P(y)
whenever ¢ is ¢,-concave. Furthermore, y € 9% ¢ (9% ¢ (y)).

Lemma 3.5 (Semicontinuity of the cp-superdifferential). Let X,Y be two compact subsets
of M and ¢ be a cp-concave function relative to (X,Y). Then, whenever y, € 0% ¢(zy)
for some sequence (Tn,yn) € X XY such that (xn,yn) — (x,y), we have y € %¢(x).
In particular, if 0 ¢(x) = {y} is single-valued, then for every neighborhood V' of y, the
set (9%¢) "1 (V) contains a neighborhood U of  (relative to X ), in particular, for any
2 eUNX thereis ay € 0%¢p(x) NV NY.

Proof. Note that ¢ and ¢» are Lipschitz continuous on X, resp. Y. Since X and Y are
closed we have (z,y) € X x Y and hence

0= ¢(xn) + % (Yn) — cp(Tn, yn) = ¢(x) + % (y) — cp(2,y) =0,

ie. ye 0%¢(x).
The second statement directly follows from the set-wise continuity of 2’ — 9% ¢(z’) at
x in case 0?¢(x) is single-valued. O
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3 cp-Concave Functions

In case M is non-compact and X =Y = M we can show the following.

Lemma 3.6. Let ¢ be a cp-concave function and Q@ C X the interior of {¢ > —oo}.
Then ¢ is locally bounded and locally Lipschitz on  and for every compact set K C 2
the set Uze 0% @ is bounded and not empty.

Remark. This lemma extends [GRS13, Lemma 3.3] to all cases p # 2. The same result
also holds for cp-concave functions if we assume that L is strictly increasing and convex
and satisfies the following

L(R)— L(R—¢€) — o0
as R — oo for any € > 0, i.e. if L(R) = fORl(r)dr with [ increasing and unbounded.

Proof. By definition ¢ = (¢°)% and thus ¢ is the infimum of a family of continuous
functions and therefore upper semicontinuous and locally bounded from above.

As in [GRS13], we prove that ¢ is locally bounded from below by contradiction. As-
suming ¢ is not locally bounded near a point z., € €2, there is a sequence 2 3 x — z
such that ¢(z,) — —oo.

Furthermore, for every n € N we can find y, € M such that

d(xn) > cp(xn, yn) — 67 (yn) — 1.

This immediately yields ¢ (y,) — co. Because

R 3 ¢(2o) < cp(Too, Yn) — 07 (Yn),

we must have ¢,(2o0, yn) — 00, i.€. y, is an unbounded sequence. In addition, also note
cp(Tn, Yn) — 00.

So w.l.o.g. we can assume ¢,(zp,yn) > 1. Now let 4" : [0,d(xp, yn)] = M be a unit
speed minimal geodesic between x,, and y,. We will show that

sup ¢ — —o0 as n — oo.
By(77

In order to prove this, note that for x € B1(y?) we have d(z,7") < 1 = d(xp,~}) and
thus

< d@r) + d(11's yn))”

p(z) < Cp<33vyn) — &7 (yn) — ¢ (yn)

p
(d(was7) *2; WL )P _ geay

= Cp(xmyn) - ¢0p(yn) < gb(l’n) + 1.

<

Because ¢(x,) — —o0, we proved our claim.

Since M is proper, we can assume 7" — z such that d(z., 2z) = 1. In addition, the
claim implies that ¢ is identically —oo in the interior of Bj(z). But this contradicts
Too € Q. Therefore, ¢ is locally bounded in €.
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3 cp-Concave Functions

It remains to show that ¢ is locally Lipschitz. Choose T € € and r > 0 such that
Bs,(z) C 2. Choose x € B, (Z) and let y,, be a sequence such that

o) = T ey, ) — 6% (3).

We will show that y,, € Bo () for some C' only depending on Z,r and ¢. We may assume
d(x,yn) > r otherwise we are done. Let 4" : [0,d(z,y,)] — M a minimal unit speed
geodesic from z to y,. We have

lim sup ¢(x) = ¢(v;') = lim sup ¢ (z, yn) = cp(7", Yn)
and we know already that the left hand side is bounded. If R,, := d(yy,z) — oo then for
I(r) =rP~!

Rn
(T, yn) — cp(9y s yn) = / l(s)ds >r-l(Ry, —1) = 00
Ry—r
which is a contradiction. Hence y,, is bounded and by properness has accumulation points
which all belong to 0°?¢(x). Similarly, we can show that U,cx9°¢(x) is bounded for any
compact K.
Finally, for all z € B,(Z)

p(x) = yigﬂfdcp(ff,y)—cbcp(y)
= égi(g)cp(w,y)—éc"(y)-

Since for y € Be(Z) the functions z — ¢,(x, y) — ¢ (y) are uniformly Lipschitz on B, (x),
¢ is locally Lipschitz as well. O

For z,y € M and t € [0,1] define Z;(z,y) C M as
Zy(x,y) :=={z € M|d(z, 2) = td(z,y) and d(z,y) = (1 —t)d(z,y)}.

If there is a unique geodesic between x and y then obviously Z;(x,y) = {7y(¢)}. Further-
more, for general set X, Y C M define

Z(,Y) = | Zi(a.y)
yey
and Z;(X,Y) as
Z(X,Y) = | Zu(@,Y).
rzeX
The following three results are crucial ingredients to show absolute continuity of the
interpolation measure in the smooth setting (see Lemma 4.17 below). It generalizes
[CEMS01, Claim 2.4] and will be used in Lemma 3.8 (see [Oht09, (3.1) p. 221] for
the case p = 2). Lemma 3.9 will also help to prove “almost everywhere” second order
differentiability of c,-concave functions. This proof is much easier than the original one
given in [CEMS01, Oht08]. There is also a counterpart in the Orlicz-Wasserstein case
which is stated and proved in the appendix (see Lemma 7.7).
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3 cp-Concave Functions

Lemma 3.7. If x,y € M and z € Zi(x,y) for somet € [0,1]. Then for allm € M
=Ll (m,y) < dP(m, 2) + 2711 — t)dP (2, y).

Furthermore, choosing x = m this becomes an equality.

Proof. Using the triangle inequality, the fact that d(z,y) = (1—t)d(z,y) and that r — P

is convex for p > 1, we get

tPLdP(m,y) < tp1{t-1d(m,z)+(1—t)d(x,y)}p

1 p
< {t- (td(m, z)) + (1 —t)dp(a:,y)}
= dP(m,z) + P11 — t)dP(x, y).
Furthermore, choosing m = x we see that each inequality is actually an equality. O

Lemma 3.8. Let n: [0,1] — M be a geodesic between two distinct points x and y. For
t € (0,1] define

fr(m) = —cp(m, ny).
Then for some fized t € [0,1] the function h(m) = f;(m) — t*~1 f1(m) has a minimum
at x.

Proof. Using Proposition 3.7 above we have for z = n, € Z(z,y)
—ph(m) = "' (m,y) — d’(m,z) < 11— t)d"(z,y)
P dP (x,y) — dP(z,me) = —ph(z).
O

The following lemma will be useful to describe the interpolation potential of the optimal
transport map. It generalizes [CEMS01, 5.1] to the cases p # 2.

Lemma 3.9 (¢,-concave functions form a star-shaped set). Let X and Y be compact
subsets of M and let t € [0,1]. If ¢ € % (X,Y) then tP~1¢p € I% (X, Z,(X,Y)).

Proof. Note that the cases t = 0 and ¢ = 1 are trivial since 0 € Z% (X, X). For the rest
we follow the strategy of [CEMSO01, Lemma 5.1]. Let t € [0,1] and y € Y and define
é(x) := cp(x,y) = djj(z)/p. We claim that the following representation holds

trlap = inf <{d? inf (1 —t)dP :
sofp= e @m0 o)

Indeed, by Lemma 3.7 the left hand side is less than or equal to the right hand side for
any z € Zy(X,y). Furthermore, choosing = m we get an equality and thus showing
the representation.
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3 cp-Concave Functions

Now note that the claim implies that tP~1¢ is the ¢,-transform of the function

z)=— inf 1 —t)dP (2
V@) ==l eyt AT OG@)/p
(real-valued on Z;(X,Y)) and therefore tP~1¢ is c,-concave relative to (X, Z4(X,y)).
Since % (X, Z4(X,y)) C I%(X, Zy(X,Y)) we see that each P~ d}) /pisin T% (X, Z;(X,Y)).

It remains to show that for an arbitrary ¢,-concave function ¢ and t € [0, 1] the function
tP~1¢ is cp-concave relative to (X, Z;(X,Y)). Since ¢ = ¢ we have

tp_lqb(m) = igftp_lcp(a:,y) - tp_lqbcp(y).

But each function
by(x) =t ep(a,y) — g (y)

is ¢p-concave relative to (X, Z;(X,Y")) and ¢ is proper, thus also the infimum is ¢,-concave
relative to (X, Z;(X,Y)), i.e. t#71¢p € I%(X, Z,(X,Y)). O

Finally, assuming the space is non-branching, e.g. a Riemannian or Finsler manifold,
we want to show the well-known result that the optimal transport rays cannot intersect
at intermediate times. The proof is easily adaptable to Orlicz-Wasserstein spaces and
will give positivity of the Jacobian for the interpolation measures.

Definition 3.10 (non-branching spaces). A geodesic space (M,d) is said to be non-
branching, if for all z,y,y’ € M with d(z,y) = d(z,y") > 0 one always has

Zi(x,y) N Zy(z,y) # @ for some t € (0,1) = y =1y .

Lemma 3.11. Assume M is non-branching and po and (11 two measures in Pp(M). If 7
is an optimal transport plan between pg and py then there is a subset U of M x M of -
measure 1 such that for i = 1,2 let ~; be a geodesic between x;,y; € U, then v1(t) = va(t)
for some t € [0, 1] implies (x1,y1) = (x2,Yy2).

Remark. Exactly the same results hold for the optimal transport plan with cost function
L(d(-,+)). In particular, it holds for Orlicz-Wasserstein spaces using [Stull, Proposition
3.1] and cy-cyclicity of the support where A = wr (uo, 111) (see appendix for definition of
wr,).

Proof. According to [Vil09, Theorem 5.10| there is a subset U of M x M of m-measure 1
such that for each (z;,y;) € U

d(xhyl)p + d($27y2)p < d($1,yz)p + d(l’z,?ﬂ)p’
p p p p

this property is called ¢,-cyclically monotone (of order 2) (see [Vil09, Definition 5.1]).
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3 cp-Concave Functions

Now assume for some (z;,y;) € U there is a t € (0,1) such that we have z = v1(t) =
~v2(t). Then

d(z1,y2)? +d(ze,y1)" < (d(w1,2) +d(2,92))" + (d(22, 2) + d(z,91))"
= (td(z1,y1) + (1 = t)d(z2,92))"

+ (td(z2,y2) + (1 = t)d(z1,91))"

td(z2, y2)" + (1 — t)d(z2, y2)”

+td(z2, y2)” + (1 = t)d(z1, 41)”

= d(z1, )" + d(22, y2)".

IN

Because U is c¢,-cyclically monotone we see that the inequality actually must be an
equality. Since p > 1 we must have d(z1,y1) = d(x2,y2) and

d(x1,y2)P + d(z2,y1)" = d(w1,y1)? + d(22,y2)P.

This also implies that d(z1,y2) = d(x1,y1) = d(z2,y1). Because z is the common ¢ :
(1 —t) fraction point and there are no branching geodesics, we must have x; = x2 and

Y1 = Yo. O
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4 Optimal Transport on Finsler
manifolds

In this section we will assume throughout that M is a C*°-Finsler manifold. We are going
to show that the interpolation inequality can be proven along p-Wasserstein geodesics.
From this inequality and a lower Ricci curvature bound, one can easily derive the cur-
vature dimension condition as defined in the next section. Furthermore, it turns out
to be equivalent to the lower Ricci curvature bound. As Ohta [Oht09] noted, in the
Finsler setting one needs additional assumptions on the background measure to get a
lower (weighted) Ricci curvature bound from the curvature dimension condition.

4.1 Notation and technical ingredients

Let ¢ be the Holder conjugate of 1 < p < o0, i.e. %—1—% = 1 or equivalently (p—1)(¢g—1) =
1.
In order to get a nice description of the interpolation maps we need to define the
following ¢-gradient
Vig = |Vo|T V.

Note that for v € T, M
Vo(z) = vfP~?v
iff
Vip =wv.
Also note that V¢ = 0 iff V9¢ = 0, and = — V7¢(z) is continuous iff z — V¢ (x) is. For

t > 0 we have
VI(tP~1p) = tVie.

In addition, we use the abbreviation Kd¢ = V9¢ (note that Ld¢ = V¢). This is indeed
invertible, continuous from T*M — TM and C*° away from the zero section. Further-
more,

KutPtde, = tVig(x).

Remark. K, can actually be seen as the Legendre transform from 7T;M — T,M that
associates to each cotangent vector a € T*M the unique tangent vector v = K(«a) € TM
such that F(v)P = F*(a)? and a(v) = F*(«)? where F* denotes the dual norm of F' on
T"M.

In order to show that optimal transport is almost everywhere away from the cut locus
we need to following result. Its proof is based on [Oht09, Lemma 3.1].
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4 Optimal Transport on Finsler manifolds

Lemma 4.1 (Cut locus charaterization). If y # x is a cut point of x, then f(z) =
dP(z,y)/p satisfies

i JEO) FIEGCD) —20@)
v—0ETy M F(v)?

where &, - [=1,1] — M s the geodesic with £,(0) = v.

Proof. First recall that y is a cut point of z if either there are two minimal geodesics
from x to y, or y is the first conjugate point along a unique geodesic 7 from z to y, i.e.
there is a Jacobi field along 7 vanishing only at = and y (see [BCS00, Corollary 8.2.2]).

So let’s first assume there are two distinct unit speed geodesics 7, ¢ : [0,d(z,y)] — M

from z to y and let v = ((0) and w = 7(0). For fixed small € > 0 set y. = n(d(z,y) — €)
then y. ¢ Cut(z) U{z} and using the first variation formula we get for ¢t > 0

F&(=1) = f(x) < {d(&(=1),yc) + €} /p — {d(x,yc) + €}’ /p
= t{d(z.y) + e} ga0) (v, 71(0)) + O(t?)
td" (2, y)g(0) (v, 1(0)) + O(t?).

The term O(t?) is ensured by smoothness of &, and by the fact that = # y.. We also get
by the Taylor formula

F&(®) = fla) = {d(z,y) — )7 [p — dP(z,y) /p = —td"" " (z,y) + O(£*).
Combining these two facts with g, (v, w) < 1 (n and § are distinct), we get

f&u(—1)) + ft(fv(t)) —2f() < 1 - 91;(?1, w)dp—l(x, y) +t720(t*) - —c0 ast — 0.

Next we will treat the case that y is the first conjugate point of x along a unique
minimal geodesic 7 : [0,1] — M from x to y. By definition, let J be a Jacobi field along
7 vanishing only at x and y. For v = D;’J(O) € T,M\{0} let V; be the parallel vector

field along 7 (i.e. Dng = 0) such that V7(0) = v. Furthermore, define for ¢ € [0, 1] the
vector field V'(¢) := (1 — t)Vi(t) and J. = J + €V for small € > 0. Note that J.(0) = ev
and J¢(1) = 0, and since g;,o)(v,v) > 0 also Je # 0 on [0, 1) for sufficiently small € > 0.

We define a variation o : [0,1] x [~1,1] — M by o(t,s) = 0s(t) := £;.()(s). Because
Je # 0 on [0, 1) this variation is C*° on (0,1) x (—1,1). According to the second variation
formula we get (see [Oht09, Proof of 3.1|)

?L(os)| gD Jen) 1 OF(80), >
DR e A {752 0)

where L is the length functional

E(Us) = length(as(‘))’
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4 Optimal Transport on Finsler manifolds

By definition of tangent curvature 7 (see [Oht09]), we have
To)(v) = ga(Dyv = Do) = € 2gy0) (D3 Je = D Je1) = =€ 2gi0) (D7, Jes )
where the last equality follows from the fact that oo = £; (o) is a geodesic. Combining
these we get
0?L(0s)
0s?

< I J) +2eI(J V) + ELV, V) + €Tp0)(v) /d(z, y)

s=0

. 1 . 1
{ (94(D}1,7)] e (94(D}2, V)] e (0)(1))} Jd(z,y) + 1V, V)
= {—2697'7(0) (v,v) + 62’777(0) (U)} Jd(x,y) + eQI(V, V).
Furthermore, note by the first variations formula and the fact that og is a geodesic

0L(0y)
0s

o (94 (Jes )] =g = legn (V)] ,—g = —€gi(0)(v.71(0)) = —€F (v).

So that we get

o. )P o )P — a0)? 2
lim Lloa) + £ S;> 2Ll _ pLP*(00) [[,(Go)(;;L(as)
s=0
2
oo (55 |

IN

pdP~%(z,y) < — 2egy(v,v)

+E Ty (o) + e )IVV) + (0= DFW?} ),
Using the fact that f(&,(es)) < L(os)P/p we obtain
lim inf J(&oles)) + F(&u(es)) = 2/ () < liminf L(os)? + L{o—s)" — 2L(00)"

s—0 €252 50 pe2s?

< @ a,y) < e ga(v,0)

T () + d(z, ) I(V, V) + (p — 1)1%)2).

Letting € tend to zero completes the proof. ]

4.2 The Brenier-McCann-Ohta solution

The first step to prove the interpolation inequality is showing the existence of a transport
map. This was first done by Brenier [Bre91] in the Euclidean setting and later by McCann
[McCO01]| for Riemannian manifolds and any cost function c¢z. Later Ohta proved it for
Finsler manifolds for the cost function ¢. The proof easily adapts to any p € (1,0).
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4 Optimal Transport on Finsler manifolds

Lemma 4.2. Let ¢ : M — R be a cp-concave function. If ¢ is differentiable at x
then 0 ¢(x) = {exp,(VI(—¢)(x))}. Moreover, the curve n(t) := exp,(tVI(—¢)(z)) is a
unique minimal geodesic from x to exp,(VI(—¢)(x)).

Proof. Let y € 0°¢(x) be arbitrary and define f(z2) := ¢,(2,y) = dP(2,y)/p. By defini-
tion of 0?¢(x) we have for any v € T, M
flexp, v) = ¢ (y) + ¢(exp, v) = f(z) — ¢(x) + d(exp, v) = f(x) + dp=(v) + o(F(v)).

Now let n : [0,d(z,y)] — M be a minimal unit speed geodesic from x to y. Given
€ >0, set ye = n(d(z,y) — €) and note that 1o 4(z,)—¢ does not cross the cut locus of .
By the first variation formula, we have

flexp,v) — f(z) < ; {(d(exp, v, 5) + ) — (d(z, 5e) + ")
=~ (A, 5e) + P g0y (0,7(0)) + o(F(0)).
Pz, y) L5 (7(0)) (v) + o(F(v)).

Therefore, d¢,(v) < —dP~1(z,y)L 1 (H(0))(v) for all v € T,M and thus V(—¢)
dP~1(x,y)n(0).,i.e. VI(—¢) = d(x,y)n(0). In addition, note that n(t) = exp, (tVI(—o¢)(z
which is uniquely defined.

[P

Let Lip,, (X,Y) be the set of pairs of Lipschitz function tuples ¢ : X — R and
1 Y — R such that

o(z) +¥(y) < cp(a,y).

Lemma 4.3. Let pg and py be two probability measures on M. Then there exists a unique
(up to constant) c,-concave function ¢ that solves the Monge-Kantorovich problem with
cost function c,. Moreover, if py is absolutely continuous, then the vector field VI(—¢)
s unique among such minimizers.

Proof. Note that if (¢, %) € Lip, (X,Y) then (¢, ¢) € Lip, (X,Y) and ¢ > ¢ and
gZscpép 2 ¢

Now fix some g € X and let {(én, 9n) tnen C Lip,, (X,Y’) be a maximizing sequence of
the Kantrovich problem. By the remark just stated, it is easy to see that also (qgn, TZJH) =
(b — o (20), I — i’ 7 (w0)) is maximizing and in addition ¢ is c,-concave. Since
the sequence has uniform bound on the Lipschitz constant and qgn(azo) = 0, the sequence
is precompact and thus we can assume w.l.o.g. that ((;Aﬁn)neN converges to a Lipschitz
function ¢ : X — R. By similar arguments, we can also assume that (Qﬁn)neN converges
to a function 9 : Y — R. In addition, note that ¢“» = 1 and that because each qgl is
cp-concave also ¢ is, in particular, a solution of the Monge-Kantorovich problem exists
and each solution is a pair (¢, ) € Lip., (X,Y).

It remains to show that this solution is unique: Let (¢1,%1), (¢2,¢2) € Lip., (X,Y’) be
two solutions of the problem. Now setting ¢ = (¢1+¢2)/2, we see that ¢ > (47" +¢57) /2
and thus (¢, ¢#) € Lip, (X,Y’) and hence, by maximality, ¢% = ( T+ ¢F)/2 and ¢ is
cp-concave.
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4 Optimal Transport on Finsler manifolds

Now if y € 9%¢(x) then y € 0%¢1(x) N I?Pa(x). Thus, using Lemma 4.2 above and
the absolute continuity of pg we see that

Vip(z) = Vigi(x) po-almost every x € X.
O

Theorem 4.4. Let pg and p1 be two probability measure on M and assume pg is ab-
solutely continuous with respect to p. Then there is a cp-concave function ¢ such that
m = (Id X F)spo is the unique optimal coupling of (1o, 1), where F(x) = exp,(VIi(—¢)).
Moreover, F is the unique optimal transport map from pg to py.

Remark. The proof follows line by line from [Oht09, Theorem 4.10]. For convenience, we
include the whole proof.

Proof. Let ¢ be given by the Lemma above. Define F(z) = exp,(V4(—¢)) for all points
where ¢ is differentiable. Since pg is absolutely continuous, F is well-defined and contin-
uous on some 2 with 1o(2) = 1, in particular it is measurable.

Now let h be a continuous function and put ¥, = ¢ + eh for € € R close to 0. Let
x € M be arbitrary, then we can find y. € M such that

(the)% () = ep(,Ye) — e(ye)-

Furthermore, whenever ¢ is differentiable at = then y. converges to yo = F(x). In
addition, we have

¢(x) — eh(ye) cp(x,ye) — 7 — eh(ye) = ()™ (x)

(e, F(2)) = ¢e(F(2)) = ¢(2) — eh(F(x))

and thus () (z) = ¢(z) — eh(F(z)) + o(|e]) and |o(Je])] < 2¢[[]|oc.
Now set J(€) = [(ve)?dp + [ edv and by maximality of (¢, ) we have

<
<

0 = 1im 2O =70 :—/hdf*uo+/hdu1

e—0 €
and hence Fypuo = p1.

Obviously we have for my := (Id X F), o that c,(x,y) = ¢(x) + ¢ (y) holds my-almost
everywhere and thus [ cpdmy = [ ¢dpo + [ ¢dpy, which implies that m, is optimal.
Conversely, if 7 is an optimal coupling of (po, pt1) then cp(z,y) = ¢(z) + ¢ (y) holds
m-almost everywhere, therefore 7 (U, (2, F(x))) = 1 which implies 7 = 7. O

Corollary 4.5. If pg is absolutely continuous and ¢ is c,-concave, then the map F(z) =
exp,(VI(—@)) is the unique optimal transport map from pg to Fipig.

Furthermore, we will see in Lemma 4.17 below that the interpolation measures are
absolutely continuous if pg and Fipug are.
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4 Optimal Transport on Finsler manifolds

Corollary 4.6. If ¢ is c,-concave and pg is absolutely continuous, then the map Fi(x) =
expy(VI(—tP~1¢9)) is the unique optimal transport map from pg to pr = (Fi)spo and
t — e is a constant geodesic from g to p in Pp(M).

Proof. We only need to show that

wy(pss p1e) < |8 — tlwp(po, p1)-

Let 7 be the plan on Geo(M) = {~ : [0,1] — M |~ is a geodesic in M} give by pg, the
map F and the unique geodesic connecting p-almost every x € M to a point Fi(z) (see
e.g. |Lis06, Theorem 4.2] and [Vil09, Chapter 7|), in particular, pu; = (F¢)«p0. Since
(es, er)sm is a plan between pg and py for s,t € [0, 1], we have

wplpinr ) < ( / dp<vsmt>dw<v>)l/p

— ls-el(f dp(%,%)dﬂ(v))l/p — s — thl (10, -

4.3 Almost Semiconcavity of c,-concave functions

This section will be one of the main ingredients to show Theorem 4.16. In [Oht08] Ohta
showed that every cp-concave function is almost everywhere twice differentiable. He
proved this by showing the the square of the distance function df/ = d?(-,y) for fixed
y € M is semiconcave [Oht08, Corollary 4.4] and extending the Alexandrov-Bangert
Theorem [Oht08, Theorem 6.6] to Finsler manifolds.

Theorem 4.7 (Alexandrov-Bangert [Vil09, 14.1] [Oht08, 6.6]). Let M be a smooth sym-
metric Finsler manifold, then every function ¢ : M — R which is locally semiconvex in
some open subset U of M is almost everywhere twice differentiable in U.

Even though for general 1 < p < oo we cannot show that every c,-concave function is
semiconcave, we show that almost all points x of differentiability of a ¢,-concave function
¢ with d¢, # 0 are twice differentiable.

We will show this result in two different ways: The first one will show, similar to
[Oht08], that db is semiconcave on M\{xz}. In the second one we will use Lemma 3.9
and the fact that dP(-,y) is C* in U\{y} for some sufficiently small neighborhood U of
y. In both cases we conclude that ¢ is semi-convex in an open set of full measure relative
to M\{x € M |z € 0%¢p(x)}.

Proposition 4.8 (Almost Smoothness of d}.). Let M be a connected, forward geodesically
complete C°°-Finsler manifold. Then for any distinct points x and y in M and w € T,M
with F(w) = 1 we have

timsup o (d7(E(~5)) + d2(Eu(s)) — 202(y)} < C < oo

s—0
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4 Optimal Transport on Finsler manifolds

where &y : (—e,€) = M is a geodesic with £,(0) = w and d, = d(x,-). Furthermore,
C > 0 can be chosen uniformly in a neighborhood of x and y. In a similar way it is
possble to prove

timsup 5 {d5(6.(~s) + d}(6.(5) ~ 2d5(a)} < C < .

Remark. In [Oht08, Theorem 4.2,5.1] showed that the same holds for d?(x,-). He used
the semiconcavity (see below) to show that ca-concave functions are semiconcave [Oht08,
Theorem 7.4]. Note that the second statement follows by using the inverse Finsler struc-
ture.

Proof. We will only indicate where Ohta’s proof needs adjustment:

Set r = d(z,y) and note that if o : (—e,€) x [0,7] is a C*-variation such that o¢ =
o(0,-) is a minimal, unit speed geodesic between x and y then the first variation of the
length function s — L(os) at s = 0 has the following form

100120 = G0y (U (1), 60()) ~ 85000 (U(0), 50(0)),
where 9
U(t) = £0|3:0.

Note because £ (v)(w) = go(w,v) for every v,w € T, M (see [Oht09, p.215]) we easily
see that

9oo(t) (U (2), 00(1))

is bounded as long as U(t) is.
Now let o be a C"*°-variation such that og is a geodesic then

2

2
s e Lo = p(Eo)Y ™ { L0 Lo + (0~ 1 Liolmo |

ds

Js Os
= prP2 {lL +(p—2)I}.

82 ol 0
= PTP*Q {7‘8511(‘73)’5—0 + =-L(0s)]s=0 + (p — 2)L(US)’5—O}

In the first case we choose the variation as in [Oht08, Theorem 4.2]) to get the following
bound of I;:
S2r/k cosh(Vkr)

sinh(v/kr)
where 6 > 0, S > 1 and k£ > 0 can be chosen uniformly in a neighborhood of (x,y)
depending only on (M, F). Note that —k represents a lower bound on the flag curvature

which is locally bounded by C*°-regularity of the Finsler structure. Since the norm of
U(t) is bounded we easily see that the second term I5 is bounded from below and above.
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4 Optimal Transport on Finsler manifolds

Furthermore, we note that this bound can be chosen unformly in a neighborhood of y.
Thus, we see that pr?=2 {I; + (p — 2)I5} is bounded and noting that

, 1 9?
limsup o5 {d5(6(=5)) + d2(&u(s)) = 2d2(y)} < - (L(05))" [s=o0
s—0 S S
we can conclude the proof. O

Following the proof of [Oht08, Corollary 4.4] we immediately get the following.

Corollary 4.9. For every distict x,y € M there is a ball neighborhood Bgr(x) of x with
R = R(z,y) such that d satisfies

db(y()) > (1 = t)db(v(0)) + tdb (y(1)) — C(1 — t)td*(7(0), (1))

for any v(0),v(1) € B% () and some K = K(z,y). In particular, each di is locally

semi-convex on M\{y}.

Remark. Note that we can actually prove that there are neighborhoods U of z and V of
y such that each dZ’ is semiconcave on V with constant C'.

Proof. Let U be a neighborhood such that the previous lemma holds for some constant
C > 0. Then, in particular, V' contains a ball Br(x).

Now let 1 : [0,1] — M be a minimal geodesic between two arbitrary point z,2z’ €
B% (z). Then n(t) € Br(z) and therefore for each 7 € (0,1)

lilis(l)lp; {@(n(r = €).y) + & (n(1 — €),y) — 2d°(1)(7), )} < C - d*(2,2").

Thus 7 — dP(n(7),y) — 72Cd?(2,2') is concave on [0, 1] and hence we have
& (n(r),y) — T2Cd*(2,2") = (1 = 1)d(z,y) + 7 {d’(<,y) — Cd*(2,2)} .
The desired inequality is obtained after rearrangement. O

Finally, we can prove that any c,-concave function is semiconcave away from the points

with x € 0% ¢(z).

Theorem 4.10 (Almost semiconcavity of ¢,-concave functions). Assume M is a con-
nected, forward geodesically complete C*°-Finsler manifold. Let Y C M be compact and
U be an open, precompact set. Then any c,-concave function ¢ : ClU — R relative to
(C1U,Y) is locally semiconcave in U\Q;q where Qg = {x € ClU |z € 9%¢p(x)}. In
particular, ¢ is twice differentiable almost everywhere U\Sq. The same result holds for
Cp-concave functions.

Remark. Note by continuity of x — 9 ¢(z) the set ;4 is closed and U\$;4 contains all
point z of differentiability of ¢ with d¢, # 0.
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4 Optimal Transport on Finsler manifolds

Proof. The second statement immediately follows from Ohta’s extension of the Alexandrov-
Bangert theorem [Oht08, Theorem 6.6]. Thus we only need to show that ¢ is semiconcave
on U\Qjq4.

Choose some x € U with y € 9°¢(z). Then for some sufficiently small neighborhood
Bpr(z) of z and and V' of y the functions {dz, = dP(-,y') }yev’ are semiconcave on U’
with some constant C' > 0. By continuity of z — 0¢(z) at z (see Lemma 3.5) we can
also assume that 9% ¢(z) NV’ is non-empty for every z € Br(x).

Now let v : [0,1] — Bac(z) be a minimal geodesic and set z; = ~(t). Choose y; €
0 ¢ps(x¢) N Vi. By the definition of ¢,-concavity we have

0u(a0) < Guar) a0, ) = )
6u(e1) £ o)+ o) = ).
Further, because y; € V7 we also have
d?(ze,yt) > (1 = t)dP(wo, yr) + td”(z1,y:) — C(1 — t)tdz(xow’ﬂl)-

Therefore, taking the (1 —1t),t convex combination of the first two inequality we obtain

dp(xt,?/t) dp(JUant) _tdp(xhyt)
p p

—(1-1)

> (1= t)u(x0) + tds(a1) — j(l )t (w0, 1).

¢s(ze) = (1 —t)s(xo) + t¢s(z1) +

O]

For the alternative proof note the following: If the Finsler metric F' is C* then the
function dj(z) = d(z,y)? is C* in U,\{y} for some sufficiently small neighborhood U, of
y. This follows from smoothness of the exponential map exp, in V\{0} C T, M for some
neighborhood V of 0, € T, M , see [She97, p. 315|. In particular, for z € U,\{y} we can
choose a small neighborhood U; C U of x and an open set V; C U disjoint from U; such
that {d’y)/ : Uy — R}yey, are uniformly bounded in C?, in particular the functions are
uniformly semiconcave. In addition, note that since M is compact, U, can be chosen to
contain a ball B, . (y) where i, > 0 can be chosen locally uniformly on M, in case
M is compact even uniformly.

Remark. Note that we only need a C?-bounds so that F only needs to be locally C2.
Also note that the same argument holds for any convex function of the distance which
is smooth enough away from the origin. Furthermore, the theorem below holds for any
cr-concave function if Lemma 7.9 is used instead of Lemma 3.9.

Theorem 4.11. Let ¢ be a c,-concave function. Let ;4 be the set of points v € M
where ¢ is differentiable and d¢, = 0, or equivalently 0 ¢(x) = {x}. Then ¢ is locally
semiconcave on an open subset U C M\Qyq of full measure (relative to M\q). In
particular, it is second order differentiable almost everywhere in U.
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Proof. Since 0°?¢(x) is non-empty for every x € M and semicontinuous in z, we have the
following: if ¢ is differentiable in x with d¢, # 0 then x € int(M\Q;4). Thus it suffices to
show that each such point has a neighborhood U; in which ¢ is uniformly semiconcave.

So fix such an x with d¢(x) # 0 and note that ¢ is semiconcave on U; iff A¢ is for an
arbitrary A > 0. Furthermore, by Lemma 3.9 we know that ¢, = sP~1¢ is cp-concave for
any s € [0,1].

Since d¢(z) # 0, there is a unique y € M with 0°¢(x) = {y} and a unique geodesic
n:[0,1] — M between z and y (see Lemma 4.2). Also note that ¢ is differentiable at
x and

O gs(x) = {n(s)}.

Let s € [0,1] be such that d(z,n(s)) < ™3=. Because x # n(s) and z — 0% ¢(z)
is continuous and single-valued at x, we can find a neighborhood Vi C U of y such
that (0°°¢s)~ (V1) N U contains some ball By (z) disjoint from V;. Thus the functions
{d}) : Bae(z) — R} ey, are semiconcave with constant C'.

Now let v : [0,1] — Bac(z) be a minimal geodesic and set z; = y(t). Choose y; €
0 ¢s(x¢) N V1. By the definition of ¢,-concavity we have

0u(a0) < Guar) ) = P an )
0u(e1) £ o) o) = ).
Further, because y; € V1 we also have
(24, y1) > (1= )dP (20, y¢) + tdP (x1,91) — C(1 — t)td* (o, 21).

Therefore, taking the (1 —t),t convex combination of the first two inequality we obtain

dp(x(b yt) _ tdp<m17 Z/t)
p p

b)) = (L= 06u(w0) +10,(o0) + T 0

> (1— D)u(a0) + ths(ar) - (;(1 )t (zp, 71).

4.4 \Volume distortion

In order to describe the interpolation density, one needs to have a proper definition of
determinant of the differential of the transport map. We follow Ohta’s idea to describe
the volume distortion as a proper replacement.

If Q: T,M — T,M we define D[Q] = py(Q(A))/ps(A) where p, and p, are the
measure on T, M induced by pu and A is a nonempty, open and bounded Borel subset
of T,M. Note that D satisfies the classical Brunn-Minkowski inequality, i.e. if Qq, Q1 :
TpM — Ty M then for Q; = (1 —t)Qo + tQ1

D[Q:] = (1 = )D[Qo] +tD[Q1].
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4 Optimal Transport on Finsler manifolds

Now if B (x) denotes the forward ball of radius r around z, i.e. all y € M with
d(xz,y) < r and B, (x) the backward ball around z, i.e. all y € M with d(y,x) < r. then
define the volume distortion coefficients as follows

<(r — lmw and v (z = lim ———————=
o) = By ) = )

Remark. In the symmetric setting one has v (z,y) = o7, (y, z).

Theorem 4.12 (Volume distortion for d? [Oht09, 3.2]). For point x # y € M with
y ¢ Cut(x), let n:[0,1] — M be the unique minimal geodesic from x to y. Fort € (0,1]

define gi(z) = —d(z,n(t))?/2.

Then we have

nf(m,y) = D [d(expm)Vgt(x) © [d(expx)v‘(h(m)]il]
o7 (z,y) = (1—1)7"D [d(exp, oLs)d(gy), © [d (d(tg1)), — d (dge),]] -

Theorem 4.13 (Volume distortion for dP). Let x # y with y ¢ Cut(z) andn be as above.
For t € (0,1] define fi(z) = —d(z,n(t))?/p.

Then we have

o (2,y) = D [d(expy)vagy(a) © [d(expa)vaf @) ']
o7 (z,y) = (1—8)7"D [d(exp, oKo)agr-17y), © [d (A"~ 1)), — d (df),]] -
Proof. The first equation follows from the fact that
Vifi(z) =V (=d(z,n(t)?/2) .
For the second part note that
L.(d(tgr)z) = K. (d(t"~ f1)z)
and thus

o7 (z,y) = (1—1)""Dd(expoLo (d(tgi):))]
= (1—1t)7"D [d(exp okC)gr-11,), ©d (d(tp_lfl))x] .

Similar to [Oht09, Proof of 3.2] since d(f;). = d(t?~! 1), it suffices to show that
d(eibpm o ]Cm)d(ft)x © d(dft)z = 0.

Note that
L.(d(gt)z) = K (d(ft)2)
and thus
L(z) = exp, oK, (d(ft).) = exp,oL,(d(gt)z)
= n(t).
Which immediately implies dL = 0. O
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4 Optimal Transport on Finsler manifolds

4.5 Interpolation inequality in the p-Wasserstein space

The following proposition is a generalization of [Oht09, 5.1] to the case p # 2. The proof
is up to some changes in notation and changes of powers the same as Ohta’s.

Proposition 4.14. Let ¢ : M — R be a c,-concave function and define F(z) =
exp,(VI(—¢)(z)) at all point of differentiability of ¢. Fix some x € M such that ¢
is twice differentiable at x and do, # 0. Then the following holds:

1. y = F(z) is not a cut point of x.

2. The function h(z) = cp(z,y) — ¢(2) satisfies dhy, =0 and

9%h
(axiaxa’@)) 20

in any local coordinate system (x'), around x.
3. Define fy(z) := —cy(2,y) and
dF; = d(exp, oKz)4(—g), © [d(d(=9))z — d(dfy)z] : TeM — T, M

where the vertical part of Ty_g), (T*M) and Ty_g4), (T*M) are identified. Then
the following holds for all v € T, M

sup {|u — dF,(v)| | exp, u € 8%¢(exp, y), lu| = d(y,exp, u)} = o(|v]).

Proof. As ¢ is differentiable at x we have 9¢(z) = {y} and hence for any vector
v € T, M with F(v) =1 and sufficiently small ¢ > 0, we have by ¢,-concavity of ¢

W) = cp(x,y) = o) = 6% (y) < p(§u(E1), ) — A(Eu(1)) = h(&u(£t))
where &, : (—€,€) — M is a geodesic with &,(0) = v. Thus, we have

¢(&(t) + ¢ (1) = 2¢(x) _ fy(&(t)) + fy(&o(=t) — 2y (2)
t2 - 2 '

Since ¢ is twice differentiable at = we have

8t2 t—0+ t2

and hence y is not a cut point of x (Lemma 4.1).

Now the second statement follows immediately from the inequality above and the fact
that y ¢ Cut(z) U {z} implies that f, is C* at x and VIf,(z) = Vi¢(x), i.e. h takes its
minimum at x.

The last part follows from the fact that dh, = 0 implies d(f,), = d¢, and thus the
difference d(d(—¢)), — d(df ), makes sense. Putting z; = exp,, tv for some v € T, M and
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4 Optimal Transport on Finsler manifolds

small ¢ > 0 we can find u; € T, M such that y; := exp, uy € I°¢p(x¢) and d(y, y) = F(uz).
In addition, we have

—d)(eprt w) Z _gb(l‘t) - fyt (xt) + f(expzt w) = _¢(l't) + d(fyt)il?t (w) + O(F(’LU))
for w € T, M. Differentiating y; = exp okC(d(fy,)z,) at t = 0 we get

oy
ot

Moreover, we have exp oK(d(fy)z,) = y and thus d(exp oK) 4(y,), ©d(dfy)=(v) = 0. There-

fore,

|t:0 = d(eXp OIC)d(f¢>)I ° d(d(_¢)x)(v)

|y = dlexpoK)a—y. o [dld(~0): — d(dfy)a] (v) = dFo()
Note that, because d(d(—¢),) — d(df,) contains only vertical terms (see also [Oht09,
Proof of 5.1]) we regard it as living in Ty_g), (T M) and thus replace d(exp o K)g—g),
by d(exp o Ky)a(—g),- The last part follows immediately by noticing that ¢ is second
order differentiable and thus y; = exp, u; with u; = dF,(tv) + o(t) where o(t) can be
chosen uniformly in v. O

Proposition 4.15. Let ug and p1 be absolutely continuous measures with density fo and
f1 resp. and assume that there are open set U; with compact closure X = Uy and Y = U,
such that supp p; C U;. Let ¢ be the unique c,-concave Kantorovich potential and define
F(z) = exp,(VI(—¢)(z)). Then F is injective pp-almost everywhere and for po-almost
every x € M\Qq

1. The function h(z) = c,(z, F(2)) — ¢(z) satisfies

0%h
<8xi81:j (x)) >0

i any local coordinate system (xi)?zo around x.

2. In particular, D[dF;] > 0 holds for the map dF, : TyM — TryM defined as

above and
1(0% (B (v)))
"0 u(B (@)

= D[d]:a:]

and

f(x) = g(F(x))D[dF,].

Remark. defining dF, = Id for points x of differentiability of ¢ with d¢, = 0, we see
that the second statement above holds p-a.e.

Proof. The proof follows without any change from [Oht09, Theorem 5.2|, see also [Vil09,
Chapter 11]. O
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Theorem 4.16. Let ¢ : M — R be a c,-concave function and x € M such that ¢
is twice differentiable with dg, # 0. For t € (0,1], define y; := exp,(VI(—tP~1¢)),
fi(2) = —cp(z,y¢) and Ji(x) = D[d(F;)5] where

d(Ft)z := d(exp, oKz)q—p-14), © [d(d(—t"7'$))x — d(d(f2))a] : ToM — Ty, M.
Then for any t € (0,1)
Jo(@)'" = (1= 1)o7 (2, 90)"" + tof (w,y1) /" T () ™.
Remark. The proof is based on the proof of [Oht09, Proposition 5.3].
Proof. Note first that
d(d(~t"71¢))e — d(dfy)e = {d(d(—t"719))s — d(d(t*™ f1))a}
+{d(d(t" f1))x — d(dfi). }

and
d(fi)e = d(_tp_1¢)w = d(_tp_lfl)x-
Now define 7 : T*M — T*M as 74(v) = s~!v and note

d(exp, ofCa) g—w-14), © (A(d(=t771¢))s — d(d(t?~" f1))z)
= d(exp, oKz)q(—tr-14), © ATt)a(—g), © [d(d(=0))s — d(d(f1))a]
(exp, oK )d( -1g), © d(Tt>d( #)a [d(expx OICx)d(—@z}il o d(F1)
d(exp,)va(—m-14), © d(Kz 07t 0 K )ga(—g), © [d(exp,)va(—g),] " o d(F1)
=t d(exp,)va(—m-14), © [d(exp,)va_g),] " o d(F1),

|
e

because K, o 7, 0 K1 is linear and for v € T,M
Keotiok,H(v) = Ko (8P 1K (v) = to,

ie. d(Kyom oK, )ya_g), =t-1d. Note that we identified Ta(—p—1¢)(z)(TeM) with
TGa(—¢)(2) (T M) to get the last inequality.
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Because D is concave we get
Jy(x)"" = D[d(Fp)a)""

= D [d(expx ole)d(_tpﬂd,)x o [d(d(tpflfl))w — d(dft)x]
1/n
+ d(exp, oKa) g—-14), © (A(d(—tP71$))e — d(d(t"" f1))z) ]
— D [dlexp, oKoha- 141, (AP ) — )

Yn
- d(expy)warm-1g, © ld(expa)vai_, ] o d(ﬂ)]

v

n
(1-¢t)D [(1 — ) Yd(exp, oK) d(—tp-14), © (d(d(tpflfl))x - d(dft)x) ]

Yn
+tD [d(expx)w(tp—w)z o [d(exp,)va(—g),] " © d(fl)] :
= (L= 1)o7 (,50)"" + top (, 1) Tu ().
U
Combing this with Lemma 3.11 and Lemma 4.18 below we get similar to [Oht09, 6.2]:

Lemma 4.17. Given two absolutely continuous measures p; = pip on M, let ¢ be the
unique c,-concave optimal Kantorovich potential. Define Fy(z) := exp,(VI(—tP~1¢)) for
t €[0,1]. Then uy = (Fi)xpo is absolutely continuous for any t € [0,1].

Proof. By Lemma 3.11 the map JF; is injective pg-almost everywhere. Let §2;4 be the
points x € M of differentiability of ¢ with d¢, = 0. Then

Mt‘Qid = (-Ft)*(MO‘de) = Ho Qia

By Theorem 4.10 the potential ¢ is second order differentiable in a subset Q C M\Q;q
of full measure. In addition, D[d(F})] > 0 for all z € Q (see Proposition 4.15) and F;
is continuous in Q for any ¢ € [0,1]. The map d(Fi), : ToM — Tr, ;)M defined in
Proposition 4.14 as

A(Ft)e = d(exp, oKg)g—w-14) © [d(d(—t""'¢))x — d(d(f1)]
where fi(z) := —cp(z, Fi(x)) for t € (0,1]. Also note that for x € Q
d(d(—t""1))o — d(dfe)s = {d(d(~t7719))s — d(d(t"™" f1))o } +{d(d(t" ™ 1))o — d(ft)a} -

Which implies D[d(F}).] > 0 because D[d(F;);) > 0 and the lemma below.
The result then immediately follows by [CEMS01, Claim 5.6]. O
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Lemma 4.18. Let y ¢ Cut(x) U {x} and n:[0,1] — M be the unique minimal geodesic
from x to y. Define

fi(z) = =ep(z,m(1)).
Then the function h(z) = tP~1 f1(2) — fi(2) satisfies

9%h
<axiaxj<x>) 20

i any local coordinate system around x.

Proof. This follows directly from 3.8. O
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In this chapter we define a curvature condition & la Lott-Villani-Sturm (|[LV07, LV09| and
[Stu06b, Stu06a]) with respect to geodesics in Pp(M) with p € (1,00). For simplicity,
throughout this chapter, we assume that M is a proper geodesic space.

5.1 Curvature dimension

In [LV09| (see also [Vil09, Part II-III]) Lott and Villani introduced the following set of

real-valued functions.

Definition 5.1 (DCy). For N € [1,00] let DCy all convex functions U : [0,00) — R
with U(0) = 0 such that for N' < oo the function

YN =AU
is convex on (0,00). In case N = oo we require

YA = U(e™)
to be convex on (—00, 00).
Lemma 5.2 ([LV09, Lemma 5.6]). If N < N’ then DCpn+ C DCy .
Example 5.3. Note the following examples

1. if m=1— 4 for N € (1,00) then Um:xHﬁxm is in DCy

2. the classical entropy functional Uy :  +— zlogz is in DCq
3. if m > 1 then U, € DC

Given a function U € DCy for N € [1,00] we write U'(c0) = lim,_, @ Given

some reference measure p € P(M) we define the functional U, : P(M) — R U {oco} by

() = [ U+ U (oo ()

where v = pu + us the the Lebesgue decomposition of v w.r.t. u.

Remark. In the following we usually fix a metric measure space (M,d, ) and drop the
subscript p from the functional i,. In addition, we use U,,, U, etc. to denote the
functional generated by U,,, Uy, etc.
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In [LVO7, Section 4] Lott and Villani defined for each K € R and N € (1,00] the
functions B; : M x M — RU {oo} and ¢ € [0, 1] as follows

o K(=)dwom)® if N — o0,
00 if N <oo,K>0and o >,
. N-1
Bi(x1,x2) = (stlgi(jz)) if N <oo, K >0and «ac€[0,],
1 if N <ooand K =0,
sinh(ta) N-1 .
(tsinha) if N <ooand K <0,
where
_ /K]
= N_ld(ffo,l”l)
and for N =1

o if K >0,

Pelwo, z1) = {1 if K <0.

Note that 5 and « depend implicitly on an a priori chosen K and N which will be
suppressed to keep the notation simple.

Remark. In [BS10] Bacher and Sturm defined a reduced curvature dimension condition
with a different weight function oy instead of £;. Because of the localization and ten-
sorization property this weight function turned out to be powerful ([AGS11b, AGMR12,
Rajl2, Rajll, GM13, EKS13, Gigl3, HKX13]). Using the inequalities of the proof of
Lemma 3.11 most of the things proven in [BS10| will also hold for localized version
CD,(K,N).

Definition 5.4 ((strong) CD,(K,N)). We say (M, d, p) satisfies the strong CD,(K, N)
condition if the following holds: Given two measures pug, 1 € P(M) with Lebesgue
decomposition p; = p;pt + i s. Then there exists some optimal dynamical transfer plan
IT € P(Geo) such that p; = (er)II is a geodesic from p to p; in Pp(M) such that for
all U € DCy and t € [0, 1]

U(pe) < (1-1) /MXM51—1:($0,$1)U <p0($0)> dr(z1]xo)dp(zo)

Bi—t(xo, 1)
p1(zi)
* /M><M filwo, z))U <Bt(ﬂ?0,$1)) dm(zol|z1)dp(zr)
+U'(00) ((1 = t)po,s (M) + tp1s(M)),

where m = (e, e1).I1 is the optimal transference plan of (10, 1) w.r.t. ¢, associated to II.

Furthermore, in case ;(zg,z1) = oo we interpret Ss(zg,z1)U (ﬁsp(iz(:il)) as U'(0)p;(x;).
In addition, we say that the very strong C'D, (K, N) condition holds if the inequality

holds for all optimal dynamical transference plans (and thus all geodesics).

47



5 Abstract curvature condition

Note that this definition is Lott-Villani’s [LV07, Defnition 4.7] by just requiring the
geodesic t + p; to be in P,(M) instead of Pp(M). And, in case both p; are absolutely
continuous it looks like

U) < (1—1) Blt(xo?“h( po(zo)

> dm(xg, 1)

po(zo) Br—t(zo, 1)
Bi(xo, 1) p1(z1)
+t pl(xl) U <5t(l‘0,$1)> dﬂ'(ﬂ?o,ﬂ?l).

An immediate consequence of the curvature condition is the following:

Lemma 5.5. Assume (M,d, j1) satisfies the strong CDy(K,N) and po and pq are ab-
solutely continuous, if t — s satisfies the functional inequality then p: is absolutely
continuous.

Proof. The proof follows from [LV09, Theorem 5.52] (see also [LV07, Theorem 4.30]) by
noting that [LV09, Lemma 5.43| does not need p; to be in P§¢(M). O

Furthermore, we will also define a variant of Sturm’s curvature condition [Stu06a,

Stu06b]:

Definition 5.6 ((weak) CD,(K,N)). We say (M,d, n) satisfies the weak CD,(K, N)
condition if for N € (1,00) the above inequality holds only for the functionals

UN/(’I“) = N’T(l - ’I“_l/N,)
for any N’ > N. In case N’ = oo the functional U, generated by
Uso(r) =71logr

and has to be K-convex along a geodesic t — iy in P, (M), i.e.

Ui (1) < (1 o (110) + U j) — 5 H(1 = )2 1o, ).

The following follows immediately from Theorem 4.16 by similar statements to the
case CDy(K, N) (see e.g. [Oht09, Vil09]).

Corollary 5.7. Any n-dimensional Finsler manifold with N-Ricci curvature bounded
from below by K and N > n satisfies the very strong CD,(K,N) condition for all p €
(1,00).

Remark. Note! that in contrast to the case p = 2 the strong CD,(K, 0o)-condition does
not imply the weak one. Indeed the strong C'D, (K, co)-condition [LV07, Lemma 4.14]
only gives

Use(gi) < (1~ s 110) + Uoo(pr) — SAD)E(1 — 1 / 0 (,y)dope (7, 9).

"We thank Shin-ichi Ohta for making this remark on an early version of a preprint
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where 7, is the dP-optimal coupling between pg and p1. However, using Holder inequal-
ity we get for p > 2

/dQ(%y)dﬂopt(fE,y) < (/ dp(x,y)dwopt(x,y)>p = Cpwj (1o, 1)

and for p < 2

cridlponin) < [ @odr(on)) < [ e pirgpten).

Thus we get K’-convexity for some K’ depending only on p and K follows if either
AU)>0and p<2or A(U) <0 and p > 2.
In the negatively curved case with bounded diameter one can also do the following:
the function
A= erUs(e7)

is convex and non-increasing. This means, if we take some f;(-,-) < B(-,-) then we still
have

U(p) < (1-1) ”Bllt(xo’xl)U< po(o)

) dm(zg, 1)

po(20) B _i(z0, 1)
By (0, 1) ( p1(z1) ) -
T o) B ) 0T

assuming po and pp are absolutely continuous. Now choose for r < 2 and D, =
(diam M)*™" then d?(z,y) < D,d"(z,y) and define the following function

Bi(ary) = AP )

If K < 0 then obviously B; < B¢ and the interpolation inequality above holds. As above
we conclude that the functional is K’-convex for some K’ depending on D, K and p > r.

5.2 Positive curvature and global Poincaré inequality

In this section we will show a Poincaré inequality for positively curved spaces first proven
by Lott and Villani in [LVO7] for the case p = 2.

For that fix a metric measure space (M, d, 1) and let ¢ be the Holder conjugate of p.
Then for a given U € C?(R) we define the generalized ¢-Fisher information (associated

to (U, 1)
L) = [0 erppltas
= [ o0 @D"

where v is an absolutely continuous measure w.r.t. p.
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Remark. The Fisher information defined here is more general then the one define in
section 2.1.3. In case U(r) = m(r?’_p — 1) where p is the Holder conjugate of ¢
one has equality.

In case the C'D, (K, N) holds for K > 0 and N € (1,00) the following directly follows
from [LVO7, Theorem 5.34| without changing the proofs.

Lemma 5.8. Let (M,d, 1) be a metric measure space satisfying CDp(K, N) for K > 0
and N € (1,00). Then for any Lipschitz function f on M with [ fdu =0 it holds

N —1 _
/f%zug - /|D fPdu.

However in case N = co we need to adjust the proof using the Lemma below.

Lemma 5.9. Let (M,d,pn) be a compact geodesic metric measure space and U be a
continuous convex function on [0,00) with U(0) = 0. Let v € Pp(M) and assume t — p
is a geodesic in Py(M) from po = v to p1 = p such that the functional U (associated to
(U,p)) is K convex along pu, i.e.

() < (1= (o) + () — 10— 1) (a0, ).

Then K
(v ) < UW) ~ ).

If U is C?-regular on (0,00), v = pp for some positive Lipschitz function p on M with
U(v) < oo and py is absolutely continuous for each t € [0,1] then

U(w) ~U(p) < v, 1) {f1,(0) ~ v )2

Proof. The proof follows from [LV09, Proposition 3.36] by making some minor adjust-
ments. We will include the whole proof, since it can also be used to generalize [LVO07,
Theorem 5.3| (note that & with U € DCy is not necessarily K-convex).

The first part follows directly from the K-convexity: Let ¢(t) = U (i), then

B(1) < t6(1) + (1~ )9(0) — 5#(1 ~ (v, 1)

If the inequality does not hold then ¢(0) — ¢(1) < 3w, (v, 1)* and hence

6(0) — 0(1) = (1=0) (6(0) ~ 6(1) — 0,017

which implies that ¢(¢) — ¢(1) is negative for ¢ close to 1. But this contradicts [LV09,
Lemma 3.36], i.e. U(u) > U(v) = U(1). Therefore, the first inequality holds.
To prove the second part, let p; be the density of ;. Then ¢(t) = [ U(pt)dp and from

above we have
o) —9(1) K

$(0) —¢(1) < B 5(1 — wy(v, M)2-
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5 Abstract curvature condition

So to prove the second inequality we just need to show

lim inf <—w> < wp(v, p) ¢/ I4(v).

t—o0

Since U is convex we have

Ulpe) = Ul(po) = U'(po)(pe — po)-
Integrating w.r.t. p and dividing by —t < 0 we get

160 -00) < —1 [ Unle) (dpela) - duta)
= 1 [ Ut - Ul

where II is the optimal transference plan in P(Geo) associated to ¢ +— fi;.
Since U’ is non-decreasing and d(7¢,70) = td(y0,71) we obtain for

3 V@00 Vo < [ o) 6] o)
po(ye)<po(vo
U'(po(1t)) — U’ (po(70))
: / po(7t) — po(70)
X[PO(V;)W;PP;O()% d(71.70)dI1(~)

Applying Holder inequality we get

\// [U"(po()) — U (po(70))]4 [po(72) — po(v0)] dTi(v)
[po(e) — po(70)]9 d(ve,70)?

{// (70, 71)7dII(7).

where the second factor is just wy,(v, ). Taking continuity of py and the definition of
|D — pp| into account we conclude as in the proof of [LV09, Proposition 3.36] that the

first factor equals
\q/ [ U oDl = /1,0,

Corollary 5.10. Assume that the (weak) CD,(K,o0) condition holds for K > 0 and
some N € [1,00]. Then for all v € Py(M)

O

K (v, 1) < Uno(w).

2
If v is absolutely continuous with positive Lipschitz density p then
. K 9 1 2
Uso (V) < wp(v, p) {f 1g(v) — Ewp(Vv p)” < 29K (Ig(v))4
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5 Abstract curvature condition

Proof. Just note that if U is K-convex along a geodesic t — u; between absolutely
continuous measures, then each p; is absolutely continuous. O

Note that in this case

Lo |D”pl*
I4(pp) Z/ppq!D plqduz/ s dp.

Similar to [LV09, Section 6.2] we will show that the (2, ¢)-log-Sobolev inequality

[SEIN]

Uselpm) < 5 (Tyfpi)

implies a global (2, ¢)-Poincaré inequality. Note that the (2, ¢)-log-Sobolev inequality is
different from the one defined in [GRS12].

Corollary 5.11. Assume for K > 0 and all positive Lipschitz functions

Usolpp) < 5 (Tu(om))

[SEIN]

Then the (2, q)-Poincaré inequality holds with factor independent of q, i.e.

)

for h € Lip(M). In particular, this holds if (M,d,p) satisfies the weak CDp(K,o0)
condition.

Proof. We will first prove
Claim. If f € Lip(M) satisfies [ fPdp =1 then

< [ logfqdu>2 <L < / ID‘f!qdu>q-

Proof of the claim. For any € > 0 let p. = flpj; then from the previous corollary

2
1 D~ p|? q
/pelogpeduéﬂ{</’ qu du) :

€

By chain rule we have

[D7pel? 1 (afh)e
T Tae(fir o

IV = D S|

as € — 0, which implies the claim. O
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5 Abstract curvature condition

Assume w.l.o.g. [h=0. For € € [0, ||h|1|oo> set fe = ¥/1+ eh > 0. Then by chain rule

€| D™ hl
a1
q(1+e€h)

1 . @1 . ‘
lim — /]D fel%dp | = - /|D hl%dp ) .
e—0 € q

Note that the Taylor expansion of x log x —z+1 around zg = 1 is given by %(i’— 1)2+..

and thus )
lim/feqlogfeqdu—/thu.

e—0 €

(/h%@ < ;K </|D_h|qdu>é.

(D™ fe| =

and thus

Combining this we get

5.3 Metric Brenier

Lemma 5.12 (|Gigl2, 5.4|). Let (M,d,p) be a metric measure space and (fin)nen be a
sequence P(M) and let pug € P(M) be such that ug < p . Assume for some bounded
closed set B C M with u(B) < oo we have supp pu, Usupp o C B, u, converges weakly
to u and

Un(in) = Un(p)  as n — oo.

Then for every bounded Borel function f: B — R it holds
Jim [ fde, = [ s

Proposition 5.13. Let (M, d, 1) be a metric measure space and B be a bounded closed
subset of M with u(B) < oco. Assume g and pq are two probability measures in Pp(M)
such that po < p and there is an optimal coupling ™ € OptGeo,(uo, p1) such that

lim Un (1) = Un (p10)
t—0

and supp(pt) C B, where uy = (et)sm. If ¢ is the associated Kantorovich potential
of the pair (uo, 1) and ¢ is Lipschitz on bounded subsets of X. Then for every T €

OptGeoy, (f0, 1)
d(v0,m)” = (|IDT¢|(70))"  F-a.e. 7.

Remark. The proof follows by similar arguments as in [Gigl2, 5.5] and [AGS13, 10.3].
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5 Abstract curvature condition

Proof. Let x € M be arbitrary and choose any y € 9 ¢(z), then for all z € M
P(z) = cp(z,y) — 67 (y),
o(z) < cplz,y) — 9% (y).

Thus

(d(z, ) + d(z, )P — d(z,y)
p
= (d(z,2) + h1(d(z,2)) - d(z,y)P~?

where h; : R — R is such that hq(r) = o(r) as r — 0 depending only on p > 1. Therefore,
dividing by d(z, z) and letting z — = we see that

DT ¢l(z) < inf d(z,y)P .
DYolie) < _nt day)

In particular, since for an arbitrary # € OptGeo, (o, 1) we have 41 € 9%¢(vg) for
m-almost every -y, we also have

D ¢|(70) < d(yo,m)P"! F-ae. v

Note that ¢ - (p — 1) = p and thus

/ ID* $l%dpo > wh (o, ).

So it suffices to show the opposite inequality. For that let 7 € OptGeo(ug, 1) as in
the hypothesis. Because ¢ is a Kantorovich potential we have for ¢ € (0, 1]

d(v0) — d(ye) > d(%];%)p _ d(%],?%)p

Wu = (1=1)") = d(y0, )P (t + o(t))-

Thus dividing by d(v0,v:) = td(0,7v1) and integrating to the ¢g-th power we get

_ q
gt [ (202200 4no) > [ donn Pan() = o ).

Because ¢ is locally Lipschitz, |[D¢| is an upper gradient for ¢, we also have

[ (2o=e0) oy < [ L([1pegias) it

< [ v [ 1Dt o asint)
= [ [10rortdntis
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5 Abstract curvature condition

qg _ 1 __
p=p1 41

Now our assumptions imply that |D*¢|? is a bounded Borel functions thus we can
apply the previous lemma to get (see also [Gigl2, 5.5]

because

1
lim —
t—0 t

/tt/|D+¢|q(%)dﬂ(7)ds:/|D+¢|qdu0‘

O

In order to avoid the introduction of complicated notation, we just remark that one
can also prove [Gigl2, Corollary 5.8] and show that the plan m above weakly g-represents
V(—¢) (for definition see |Gigl2, Definition 5.7]).

5.4 Laplacian comparison

As an application to the metric Brenier theorem we get the following. Since we do not
prove the theorem, we refer to [Gigl2] for a precise definition of infinitesimal strictly
convex spaces.

Theorem 5.14 (Comparison estimates). Let K € R and N € (1,00) and (M, d, i) be an
infinitesimal strictly convex CDp(K, N)-space. If ¢ : X — R is a cp-concave function.
Then

peD(D,)  and A < Nogn(|V| ™ )du

where

% (1 4 Hmcotan («9\/%» if K >0

Grn(0) =141 YE=0
%<1+9\/mcotanh(9 %)) if K <0

Proof. Follow |Gigl2, Theorem 5.14] and just note that the metric Brenier theorem
implies d(y0,m) = [Vg[& . O

Corollary 5.15 (Laplacian comparison of the distance). For any xg one has

db db
— e D(Aq) with Aqio < Na—K,N(dl‘o)dl’L Vg € X
p p
and N n(da)
. OK,N\Ug
dIO c D(Aq,X\{IEO}) with AquO‘X\{a:o} S Tlod
z0o
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5 Abstract curvature condition

Remark. Note that formally

Aqdio V- (,v%|q—2vdgo>
p p p
= V- (& "1 'Vd,,)
d2
= V- (dm(JVdmo) = A%?

thus the result might not give any new results in the smooth setting.

Proof of the Remark. Note first that db, /p is ¢p-concave and because |Vdy,| = 1 almost
everywhere and by the chain rule |V(d8, /p)| = dby*. O

5.5 ¢,-concavity of Busemann functions

In |Gigl3] Gigli used, beside many other things, co-concavity of the Busemann function
and linearity of the Laplacian to prove the splitting theorem for RC'D(K, N)-spaces, i.e.
CD(K, N)-spaces with a linear Laplacian. We will show that the Busemann function
is ¢,-concave for any p € (1,00), even more general it is ¢z-concave. In the non-linear
setting and the case p = 2, Ohta [Oht13b| used a comparison principle to show that
Busemann functions on Finsler manifolds are harmonic. The author believes that such
a principle also holds in a more general non-linear setting and even for the case p # 2 so
that one can conclude harmonicity (resp. p-harmonicity) of Busemann functions.

A function ~ : [0,00) — M is called geodesic ray if for any 7" > 0 the restriction to
[0,7] is a minimal geodesic. Furthermore, we will always assume that a geodesic rays
are parametrized by arc length. We can define the Busemann function b associated to ~
by

b(xz) = lim by(x) where b(z) = d(x,v) — t.

t—o00

Note
t— by(z) is non-increasing

Lemma 5.16. Let (M, d) be a geodesic space and b be the Busemann functions associated
to some geodesic ray 7y : [0,00) — X. Then b is cp-concave.

Proof. From Lemma 3.2 we know b > b, so that we only need to show the opposite
inequality.

Fix an arbitrary z € X and ¢t > 0 and let v%% : [0,d(x,y)] — X be a unit speed
geodesic connecting 2 and 7¢. Then for any t > ¢, we have d(x,v) > 1 and

_ P P (% 1 P (7. DT
bcpcp(x) :ylg;( §u§ d (;73/) . d (f})y) -I—b(.f) < §u§;? . d (‘,E]?)/yl )
TEe Te

+ be(Z).
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5 Abstract curvature condition

Furthermore, for any £ € X and ¢t > ¢, we also have

1 dP(z.~457 1 dP(z,A"
L@@ Ly = LoT@EN) ey
P p P P
1 dP (7 t,x
< 2- <$p%> + d(E,A") + (7T ) —

—1  dP(F, A" :
- <p”1 ) 4 d(@ ) + dla ) —

< d(w) —t = b(2)
where we used Young’s inequality and (p — 1)/p = 1/q. Therefore,
@ (x) < li = b(z).
b (x) < lim by(x) = b(x)

O]

Actually, we can also show that the Busemann function is cp-concave for any convex
functional L such that cr(z,y) = L(d(z,y)) (see chapter on Orlicz-Wasserstein spaces).

Lemma 5.17. Let (M, d) be a geodesic space and b be the Busemann functions associated
to some geodesic ray 7y : [0,00) — X. Then b is cr-concave where such that cp(z,y) =
L(d(z,y)) for some convex function L : [0,00) — [0,00) such that L*(1) = r — L(r) for
some r > 0.

Remark. The condition for such an r to exist rather weak, e.g. superlinearity of L is

sufficient.

Proof. Let L* be the Legendre transform of L, then Young’s inequality holds
zy < L(x) + L*(y),

in particular z < L(x) + L*(1).
Let r be such that L*(1) = r — L(r). As above, we only need to show that b < b.
We have

beLeE(x) = inf sup L(d(z,y)) — L(d(Z,y)) + b(Z) < sup L(r) — d(Z,7%7) + bi(2).
yeX zex TeX
Furthermore, for all £ € M and ¢ > t, such that d(x,v) > r we get

L(r) = L(d(z,7")) + be(2) = L(r) — L(d(Z,7%")) + d(fﬁ %) —t

L(r) — L(d(&,75%)) + d(#,7}%) + d(y0", ) — t
L(r) —r — L(d(%, %x)) (3«"7 W) +d(x, ) —t
—L*(1) — L(d(z, ")) + d(Z,%") + d(z, %) —
d(z,v) —t = by(x).

where we used Young’s inequality to get the last inequality. Therefore,

crCr, < i — .
beLer () < tli>I£10 bi(z) = b(x)

IN

IN
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6 Gradient flow identification

Let o € P(M) be some reference measure, we define the functional U, : P(M) — RU{oo}
by

) = [ U+ U (oe) ()

where v = pu + ps the the Lebesgue decomposition of v w.r.t. pu.

In the following we usually fix a metric measure space (M, d, 1) and drop the subscript
p from the functional . In addition, we use U, U, etc. to denote the functional
generated by U,,, Uy, etc.

Now let
1

(B3-p)(2-p)
and let U, be the associated functional.

Up(z) = (2P —2)

Remark. The linear term in U, is just for cosmetic reasons, it does not have any influence:
Take U = ¢ -z with ¢ > 0 and let U be the associated functional, then U’(c0) = ¢ for
p € (2,3) and thus

Z/l(u):c/fd,u—i—c-l/s(M):c

where v = pu + v° is the Lebesgue decomposition w.r.t. p. Therefore, we have Uy(v) =
Uy(v) — m Wit}.l Up(z) = maz?’_p. For p € (1,2) we have U,(r) < oo iff
v® = 0 and hence the linear term is constant as well.

Following the strategy in [AGS13, Section 7.2 and 8] we will show that under a cur-
vature condition the ¢g-heat flow can be identified with the gradient flow of the function
Uy, in the p-Wasserstein space: More precisely, if p € (1,2) then 3 —p € (1,2) and the
functional is displacement convex if the strong version of C'D,(K,00) holds for some
K >0. If pe (2,3) we have 3—p € (0, 1) so that U, is displacement convex if C'D,(0, N)
holds with 1 — % =3—-p.

Remark. Note, that in contrast to the case p = 2, the strong version of C D, (K, c0) does
not imply K-convexity of functionals in DC, for K < 0 and p < 2. We get K’-convexity
in those cases if the space is bounded (see remark on page 48). Also Ohta and Takatsu
could show that on a weighted Riemannian manifold of non-negative Ricci curvature the
functional U, with p € (2,3) is K-convex in Py(M) if CD(K,N) holds (see [OT11a,
Theorem 4.1]). This is, however, not enough for p # 2.

Recall from the introduction that r > 0 will be an abbreviation for g € (1+2‘/5, 00), or

equivalently p € (1, 3+2\/5).
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6 Gradient flow identification

Lemma 6.1. Assume r > 0 then
v Uy (V)

is lower semicontinuous in Pp(M).

Proof. Just note that U, is convex and for r > 0 we have p € (1, 327\/5) C (1,3) and thus
3—p>0. ]

Remark. The functional U, appeared in a similar form already in [Gigl2, Proof of Lemma
3.13] and Otto’s preprint [Ott96] and also Augeh’s thesis [Agu02, Agu05|. Gigli used the
functional and the gradient flow of the g-Cheeger energy to show that all gradients of
g-Sobolev functions can be weakly represented by a plan. In the Euclidean case, Otto
and Augeh showed that the parabolic ¢g-Laplace equation, which is the g-heat flow for
smooth solutions, can be solved using the gradient flow of I, in the p-Wasserstein case.
This should also be compared to [OT11a, OT11b|, where the (parabolic) porous media
equation is solved via a gradient flow of a similar functional in the 2-Wasserstein space for
Riemannian manifolds of non-negative Ricci curvature. Note, however, no identification
is done. Furthermore, our approach shows that the abstract solution of the g-heat flow
solves the gradient flow problem in the p-Wasserstein space.

6.1 Gradient flow of the Cheeger energy in L?

We assume now that Ch, is the g-Cheeger energy on (M, d, 1) where (M, d) is a proper
metric space and p is a o-finite measure. From [AGS13, Proposition 4.1] we know that
the domain of Ch, is dense in L?(M, ).

Since L?(M, i) is Hilbert and Ch, is convex and lower semicontinuous, we can apply
the classical theory of gradient flows developed in [Bré73| (see also [AGS08]). For that
recall that the subdifferential 0~ Ch, at f € D(Chy) is defined as (possibly empty) set
of functions ¢ € L?(M, i) such that for all g € L?(M, )

/ Ug — f)dp < Chy(g) — Chy(f).

If f ¢ D(Chy) then 9 Chy(f) = @. The domain D(9Chy) of 0~ Ch, will be all f €
L?*(M, i) such that 9~ Ch, # @, which is dense in L?(M, ) (see [Bré73, Proposition
2.11]).

By [Bré73] the gradient flow of Ch,, gives for all fy € L?(M, u1) a locally Lipschitz map
t = fi = Hy(f:) (we drop g if no confusion arises) from (0,00) to L2(M, i) and f; — fo
in L2(M, ) as t — 0 and the derivative satisfies

%ft € =0~ Chy(fe) for a.e. t € (0, 00).

Definition 6.2 (¢-Laplacian). Let f € D(0Chy) then A,f is defined as the element
¢ € —9~ Chy(f) of minimal L?-norm.
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6 Gradient flow identification

By [Bré73, Theorem 3.2] we have the regularization effect that % f+ exists everywhere
in (0,00) and is the element £ € —9~ Ch,(f;) with minimal L?-norm, i.e. %ft = Ay fi.

Remark. We can also define the L-Laplacian using the same theory where L is a convex
increasing function with L(0) = 0. Since such flows might be interesting in combination
with Orlicz-Wasserstein spaces, we will analyze these flows in the future.

Proposition 6.3 (Properties of the Laplacian). If f € D(A,;) and g € D(Ch,) then

- [onusau< [ 19611V 512 dp

Equality holds if g = ¢(f) for some Lipschitz function ¢ : J — R with J a closed interval
containing the image of f (and ¢(0) =0 if w(M) = o). In that case one also has

- [ onnsdn= [ S (pIVItdn.
If, in addition, g € D(A,) and ¢ is nondecreasing and Lipschitz on R with ¢(0) = 0 then
[@a0= 240t~ N <0

Proof. The first two parts were already proven in [AGS1la, Proposition 6.5] for C!-
functions ¢. However, using the proof of [AGS13, Proposition 4.15], adapted to p # 2,
this can be proven in the same way. For convenience we include the full proof: Since
—Ayf € 07 Chy(f) we have for all e >0

Chy(f) ~ [ egofdu < Chy(f + c9).

Furthermore, |V f|« + €|Vg|« is a relaxed slope of f + €g, we get

1
- / WAl < o / (IVf1s + €[ Vgla)? — |V |4dp

e [ 1Val.19 12 du -+ ofe).

Dividing by € and letting ¢ — 0 we obtain the result.
In case g = ¢(f) we apply the chain rule and get |V (f + €d(f))|« = (1 + €' (f))|V fl«
and thus

Chy(f +€d(f)) — Che(f) = ;/!Vf\i((lJraﬁ(f))q—l)du

— < [T Fltdu-+ ofe).
For the third part, just set h = ¢(g — f), then h € D(Ch,) and for e > 0
— [(@uf - Aghau - / Bof +hdp e [ Bg-
< (f 4+ €h) — Chy(f) + Chy(g —eh) Chy(g).
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6 Gradient flow identification

Taking e sufficiently small such that e¢ is a contraction, we can apply Proposition 2.3
and conclude. O

Actually with the help of Proposition 2.3 we can also prove:

Proposition 6.4. If f,g € D(AL) and ¢ is nondecreasing and Lipschitz on R with
#(0) =0 then

/ (Arg — Apf)élg — f)du <.

Proof. As above set h = ¢(g — f), then h € D(Chy) and for € > 0

— [(@ns - Aughdn = —¢ [ Aus hd— e / Ag-(
< Chr(f+e€h) — Chr(f)+ Chr(g — eh) Chr(g).
Then conclude by taking e sufficiently small and applying Proposition 2.3. O

Using these results we can generalize [AGS13, Theorem 4.16] to the case p # 2 (and
also [AGS11a, Proposition 6.6] where 0 < ¢ < fp < C' < oo is required).

Theorem 6.5 (Comparison principle and contraction). Let f; = Hy(fo) and g = Hy(go)
be the gradient flows of Ch, starting from fo,g0 € L*(M,u) respectively. Then the
following holds:

1. (Comparison principle) Assume fo < C (resp. fo > c). Then fy < C (resp. fi >c)
for everyt > 0. Similarly, if fo < go+C for some constant C € R, then fr < g:+C.

2. (Contraction) If e : R — [—1,00] is a convex lower semicontinuous function and
E(f) = [e(f)du is the associated conver and lower semicontinuous functional in
L?(M, 1) then

E(f:) < E(fo) for every t > 0,
and
E(fi—g9:) < E(fo—g0)  for everyt > 0.
In particular, Hy : L>(M, p) — L*(M, i) is a contraction on L?(M,u) N L™ (M, u
w.r.t. the L™ (M, p)-norm for all v > 1, i.e. for all fo,g0 € L*(M,u) N L" (M, 1
then

~— —

1H:(fo) = H(go)ll» < Il.fo = gollr-

3. If e : R — [0,00] is locally Lipschitz in R and E(fy) < oo then
t
B+ [ [ IS hlsduds = (o) ¥ 20
0
4. When p(M) < oo we have

/ftd,u = /fod,u for every t > 0.
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6 Gradient flow identification

Remark. (1) The first two assertions also hold for the gradient flow of the L-Cheeger
energy, we will leave the details to the reader.

Proof. The proof follows along the lines of [AGS13, Theorem 4.16]. We will only show
the result assuming e’ is bounded and globally Lipschitz. By the same approximation as
in [AGS13, Theorem 4.16] the result follows.

Note first that the first statement follows by choosing e(r) = max{r — C,0} (resp.
e(r) = max{c—r,0}).

So let €’ be bounded and Lipschitz on R then for z,y € R we have

/()] < [€'(0)] + Lip(e) ||,

le(y) —e(x) —€'(2)(y — 2)| < 1Llp Ny — af”

le(y) — e(z)] < (|€'(0)] + Lip(e)) (|z] + |y — 2]) |y — .
where we assume €/(0) = e(0) = 0 if pu(M) = co. Furthermore, we will assume w.l.o.g.
E(fo— go) < oo (which forces e(0) = 0 if u(M) = o0).

By convexity of Ch, the maps ¢ — f; and ¢ — g; are locally Lipschitz continuous in
(0, 00) with values in L2(M, u1) (see [AGS08, Theorem 2.4.15| and [Bré73, Theorem 3.2]).
Thus, the map ¢ + e(f; — g¢) is locally Lipschitz in (0,00) with values in L'(M, p), in
particular, wherever ¢ — f; and t — ¢g; are commonly differentiable, we have

%e(ft —g9) = €(fi— gt)%(ft -9t
= €(fi — 9)(Agfi — Agge) < 0.

Hence the function is ¢ — E(f; — g¢) is locally Lipschitz in (0,00). Integrating we see
that the second assertion holds.

For the third statement, set g9 = g = 0. Absolute continuity of ¢ — E(f;) and the
previous theorem yields for ¢ = ¢’

d

G [ ettodu= [ ¢naupdn =~ [ Vit

In case u(M) < oo we can choose e(r) = r and thus

G [ == [0-1951ta

and hence [ fidu = [ fodp. O

In order to prove mass preservation for u(M) = oo we adjust [AGS13, Section 4.4|.
First we recall some facts about the p-logarithm (see also [OT11a, Section 3]) which will
make the notation below easier.
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6 Gradient flow identification

Lemma 6.6. The following inequality holds for p € (2,3), x >0 and V >0

rlnyr > x—exp,(=V?) - (p—2)VPexp,(-V?)

+(p —3)VPz
where )
exp,(t) = {1+ (2 —p)t}>»
and )
s“P—1
Inp(s) = 2_p

which are inverse of each other for t € (—oo,
its domain and for sufficiently small h

~5]. Note also that exp,, is monotone on

=

exp,(h) - exp,(—h) < 2.
Proof. Note first that xIn, x is convex and thus

zlnpz > zoln,zo + (In, 2o + x?]*p)(x )

= zln,zo+ 25 P(x — 20).

Now choosing xg = exp,(—V?) > 0 then

22w —20) = {1+ (p— 2V} (2 — exp,(—V7))
= x—expy(=VP) = (p—2)VPexp,(=VP) + (p - 2)VPz

Since z In, xg = —VPx we see that
zln, x> x —exp,(=V?) — (p — 2)VP exp,(=V?) + (p — 3)V’z.
O

Lemma 6.7 (Momentum-entropy estimate). Assume p € (1,3). Let u be a finite measure
and V : X — [0,00) be a Lipschitz function with V' > € > 0 such that

o ifpe(12)
A TR

is finite and if p € (2,3) assume in addition

/expp(—Vp)du <1

Let fo € L?(X, 1) be non-negative with

/foOdH < o0
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6 Gradient flow identification

and for some z > 0
Z/epr(—Vp)du < /fodu

if p € (2,3) and otherwise choose z < 1. Then t — [ VP fydy is locally absolutely contin-
uous in [0,00) and for every t >0

/ VP fdp < S,

q
[ Ty s
(f>01 f& 3-p

. 1
1= ot (g [ DT o) GV 4 ) o)

and

where

with Cy = (p- (3 — p)™1)4/q and I, = max{ﬁ, 1}.

Proof. Define the following

Mi(t) = f VP fidp, EB(t) = (3_p)1(2_p) f ft3_p — fidu,
q
FP(t) = [0 'fo'; dy.

Applying Theorem 6.5 (see remark below that theorem) to (f: +€) = H¢(ft + €) and
letting € — 0 we see that F' € LP(0,T) for every T' > 0 and

d

ZE(t) = —F"(t) ae. in (0,T).

Furthermore, by the Lemma above, conservation of mass and the assumption [ expp(—Vp)du <
1, we have for p € (2,3)

(3-pE{t) = / fo Iy frdu

/ft —exp,(=VP)du — (p —2) / VP exp,(=V?P)dp
3)MA(t)

/ fo — expy(—VP)dp — T, — (p— YM(t)

A\

v

v

(1-271) / fodp — T, + (p — 3)M(1)

AV

by [ fod— 1, + (o= )07
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6 Gradient flow identification

For p € (1,2) note that (2ip) 2z37P > 0 and hence

(3 p)E() =(22ﬁ/ﬁW—ﬂw

1
> —M/fod,u
> 7, [ fodi = 1o+ (- 3)M7(0).

In order to estimate the derivative of M (t) we introduce a truncated weight Vi (z) =
min{V (z),k} and the corresponding functional M} (¢) as above. We know that the
function t — M} (t) is locally Lipschitz continuous and thus for a.e. t >0

d
dtM’Z(t)‘ = ’/sz)Aqfth'
< p / VI VLI A2 g
p—1 % |vft|zi1
< pL Vi )| | du

It
< pLF(t)Mg(t)
using Lip Vi, < L and Hélder inequality (note (p — 1)g = p).

Since by mass preservation My (t) > € := € [ fodu, we can apply Gronwall’s inequality
and get

M(t) < M(0) exp< tPLF(S))dS> < M(0) exp (/Ot pLF(s)d8>

1 zq—1
o M (s €4

for t € [0,N]. Thus M,Z (t) is uniformly bounded and by monotone convergence, we
obtain the same differential inequality for M9(t), i.e. for ¢ € [0, 00)

thq(t)‘ = pLF(t)M(t).

Now combining this with the result above we get

d
5 (3=p)E+pM") + (3= p)F? <p’LFM < (3 = p)F" + C, LM

where

Co=(p-3-p)""q
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6 Gradient flow identification

Combining this with the inequality above, we get by the Gronwall inequality

=2y [ fodn =+ (2 - 30 < (3 pE() + pMI(D)
< e ((3—p)E(0) + pM9(0)).
< 6C’qut ((3 o p)E(O) + qu(O)

+Z_1lp / fodM + Ip> .

Furthermore, we have

(3—17)/0 FP(s)ds < (3—p)(E(0)—E(t)) < (3—p)E(0)+Iq+Z1lp/fodu+(3—p)Mq(t)-

O]

Having established this, similar to [AGS13, Theorem 4.20| we can show that the gradi-
ent flow of the g-Cheeger energy is mass preserving even if the measure p is just o-finite.
The proof relies on an approximation procedure developed in [AGS13, Section 4.3]. We
will freely use the concepts and results during the proof. The reader may consult [AGS13,
Section 4.3] for further reference.

Theorem 6.8. Assumep € (1,00). If p is a o-finite measure such that for some Lipschitz
function V : X — [e,00] for some € > 0 such that for p € (2,3)

/expp(—Vp)du <1

and

/Vp exp,(=V?)du < oo

and for p € (1,2) there is an increasing function ® : R — [0, 00| such that

/(D(—Vp)du <1

Then the gradient flow H; of the q-Cheeger energy is mass preserving, i.e. for fy = Hy(fo)

with [ fodp < oo
/ﬂw=/hw.

Moreover, if fo € L*(M, 1) is nonnegative and

[ vesoda, [ fod < oc

then the bound of the previous Lemma hold.
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6 Gradient flow identification

Proof. We will use the construction of [AGS13, Theorem 4.20|, see in particular, [AGS13,
Proposition 4.17|. By homogeneity of the Hy, i.e. HAf = NH,f, we can assume
[ fodp < 1if [ fodpu < oo. In case [ fodu = oo, we can find a sequence fJ' < fo such
that n < [ fl'du < co. Since mass preservation holds for those functions, we can use
the comparison principle to show that [ fidu > n for all n and hence it also holds in the
case [ fodp = oco. So w.lo.g. [ fodu <1.

We first show the case p € (2,3). For that use the following approximation: p% :=
exp,(—=V?)u and pk = exp,(=VF)u® = for Vi, := min(V, k). Then p¥ is an increasing
family of finite measures and

lim p*(B) = u(B) VB € B(M).

Since V is Lipschitz we see that the density of p w.r.t. u is bounded from below and
above on any bounded set.
For each p* let ff = HF(fy) be the gradient flow starting at fy. Then since 1l expp(—Vp)duk <

1 we can apply the previous lemma with z; = [ fEdu* for all t > 0 and obtain
; 1 _
/ VP ffdpt < 2P (Ip + / PR ORd G lep)foduk> :
-D

Since fF — f; strongly in L?(X, u") (see [AGS13, Proposition 4.17]) we can assume up
to changing to a subsequence fF — f; p-almost every where, and thus Fatou’s lemma
and monotonicity of u* implies

/ VP fidp < lim inf / VP frduk
—00

and the bound of the previous lemma holds since 2z, * z = [ fodp = 1.
Now consider Ay, = {z € M |V (z) < h}. Since we assume [ exp,(=V?)du < 1 we can
choose h such that exp,(h)exp,(—h) < 2 and get by monotonicity

() < [ 2exp, (1) expy(~V7)dn < 2eap () < o0

and thus by (4.42) of [AGS13, Proposition 4.17]

fedp = lim frdp®.
Ap k—o0 Ap,

From the bound on the p-th moment we obtain for every t > 0 a constant C' > 0 such
that

R / frdu* < ©
X\ Ay,

for every A > 0 and hence

/ftdﬂ

Y

fud = Jim [ st
Ay, k—o00 Ay,

k—o0

> z—limsup/ frdp* > 2z —c/np.
X\Ap
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6 Gradient flow identification

Since h is arbitrary and the integral of f; does not exceed z we see that [ fidu = z. The
second inequality of the previous lemma follows by lower semicontinuity of the Cheeger
energy (see 2.5).

Mass preservation for signed initial data fy follows by the same arguments as in
[AGS13, Theorem 4.20].

In order to treat the case p € (1,2) let ® be increasing such that [ ®(—V)dp < 1 and
construct a monotone approximation p* = ®(—V;)u® and proceed as above. ]

Remark. Let p € (2,3) if p — 2 then the condition

/epr(—Vp)du <1
converges to
/eXp(—V2)du <1

which is precisely the condition used in [AGS13, (4.2)]. Note, however, it is stronger:
Assuming p € (2,3) and (p — 2)V? > 1 we have

exp,(—V") = {1+@2=p)(-V")}*7
< 20—V}

= CVT > Cexp(—V?)

if V is sufficiently large. In the Euclidean setting with V' (z) =~ ||z| we get

exp,(—VP)d\ =~ =T
P
R™\B1(0) R\B1(0)

o0 p
~ / r 2y
1
2n

which is finite if p < 1) ie q> f—fl However, note that we currently need the more

restrictive condition
o0 P
/ VP exp,(=VP)du ~ / Pz gy,
1

which is finite iff
p— L%—n <1,
p—2

n n

i.e.p<%<3—n+\/n2+2n+9)%2—1—2—%—%—%(’)(#) as n — oo.
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6 Gradient flow identification

6.2 Gradient flow in the Wasserstein space

Throughout this section we will assuming that the gradient flow of the g-Cheeger energy
is mass preserving, i.e. the conditions of Theorem 6.8 hold. Furthermore, we assume
that all slopes of Lipschitz functions are equal almost everywhere, i.e.

|Df| = |D*f| p-almost everwhere.

This condition holds if the space satisfies a local doubling and Poincaré condition, in
particular if CD,(K, N) holds with N < oo.

Our motivation for the functional ¢/, and the identification is the Kuwada lemma. It
appeared the first time in [Kuw10| for p = 2 and was extended by Ambrosio-Gigli-Savaré
to p # 2 for finite measures and 0 < ¢ < fy < C < 0.

Lemma 6.9 (Kuwada lemma). Let fo € L9(M, j1) be non-negative and (fi)ic(o,00) be the
gradient flow of the q-Cheeger energy starting from fy. Assume [ fodp = 1. Then the
curve t — dpy = frdp is absolutely continuous in Pp(M) and

i 'V fild
e |P < 1 for almost every t € (0,1).
t

Proof. The proof follows from [AGS1la, Lemma 7.2| because using Theorem 6.5 above
the requirement 0 < ¢ < fp < C' < 0o can be easily dropped. [

Remark. Formally this lemma can be extended to cover 0; f; = A¢(f;), which includes the
porous media equation, ¢(r) = ¢, -r™. The theorems below hold with minor adjustments
as well. However, since a general existence theory of such equations on abstract metric
spaces is not available, an identification is difficult using our approach. This is exactly
why Ohta-Takatsu [OT11a, OT11b| can only use the gradient flows in P, to get a solution,
but they do not identify the two flows.

We say that the measure p is local n-Ahlfors if for every R > 0 there are constants
0 < cgr < Cpg such that for all z € M and 0 < r < R we have

crr” < uw(By(x)) < Crr"™.

Proposition 6.10. Let M be a proper metric measure space. In case p € (2,3) assume,
in addition, that M is compact and local n-Ahlfors reqular for 3 —p > 1 — %, i.e. n(p —
2) < 1. Ifr > 0 and Up(po) < oo, then |D™U,|(pno) < oo implies pg is absolutely
continuous w.r.t. pu and if there is a sequence of absolutely continuous measure p, such
that wy(po, ptn) — 0 and

_ . Up(po) — Up(pin)
DU = lim -2 P
D thlluo) = I o)

Remark. (1) The proof is extracted from [OT11a, Proof of Claim 7.7 and Remark 7.8|. It
is stated in the smooth setting but also works in the Ahlfors regular case. The proof de-
pends on the Ahlfors regularity to show that U, (i) < Up,(po), but it might be interesting
to know if Ahlfors regularity is really needed.
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6 Gradient flow identification

(2) The only time where this proposition is needed is during the proof of Theorem 6.12
which is based on [AGS13, Theorem 7.5]. In order to use the coupling technique and
convexity absolute continuity of u, is essential.

Proof. Let m = 3 — p. In case m > 1 the measures pug and p, must be absolutely
continuous. So we are left to show the cases 0 < m < 1.

First assume pg has non-trivial singular part, i.e. ug = fou + p® where p® and p are
mutually singular. Define for each r > 0 a measure /i, as follows

XB,(y) ()

(@) = po(@iute) = { ofo) + [ X205

dﬂs(y)} dp().

Then we have

[ora = [1[{50 ffgféf;}d“s(”]md“m
)

v
t('n
=

i

Y,

tfl.>

=

3

L
— —

Jo 1 s
fom 0% u(&(y))md“] W)

Ahlfors regularity implies that for some C, ¢ > 0
¢ 1" < u(B,(y)) < C 1"

and thus
RN [ B ) ) 2 g0,

Furthermore, notice
m 1-m
[ < ([ o) ([ o)
By (y) Br(y) Br(y)
/ fod,u Cl—m,rn(l—m)‘
Br(y)

Since limy—0 Supyepy fBT(y) fodp = 0 we see that for sufficiently small » > 0 (note (m —
1)<1)

IN

IN

um(/lr) < Z/[m(,u[)) — C/LS(M)m . rn(l_m)‘
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6 Gradient flow identification

Furthermore, by our assumption
n(l—m)=n(p—2) <1.

To estimate wy (i, fir) note that the density of i, is defined as follows

s(e) e [ XBE@®)
o) = / O S (1),

Now choose the following coupling 7 between p* and p;u

in(a) = [ LD i1 x 1000 210)

M(Br(z))
Then
A 1
wp (o, fir) - < /dp(x,y)dw(x,y)
p
L / / XB,(z) (%)
< - dpl', —T " _d 'rdIdXId*Sz,y
p (@.9) B, () W) )att*(2,y)
1
< /rpd,us
p
and thus
N S(IM)Y\ 7
wP(MOaNT) <r ('u ( >>
p
Combining these we get
7 —Un(fir
| D" Up|(po) > limsup (#0) AN(H)
=0 wP(MO),Ufr)
~ S M m n(lfm)
> limsup Cp( r ~ s
r=0 us(M)\p
(“5")

since n(1 —m) < 1. Which implies that ;1o must be absolutely continuous.
For the second part, a similar argument works. Given p, we can construct fi;, similar
to fi,. The estimates for U,, hold without any change. For the rest just note

wy (1o, fiy,) 1 N
et < —————{wp(po, pin) + wp(pn, fi
wp(/'LO’/an) wp(,u,ohun){ p( n) p( n n)}
1
1 s(M)\ »
< 1+ . (M ( ))P .
wy (Ko, fin) D

S

~ -1
Mm(l’l’o) - Z/[m(ﬂ;) > um(MO) — Mm(ﬂn) + C:U’S(M)Tn(lim) 14+ rlu'fL(M) )
wp(/m,ﬂﬁ) B wp(/’b(]?/’bn) p%wp(lu()?un)
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6 Gradient flow identification

Now choosing 7y, such that r, /wy(po, ttn) — 0 we see that

lim sup Un(110) —L{m(unn) U (o) — U (fin)
n—00 wp (4o, fin) wy (10, in)

> limsup

By maximality of u, we see that this has to be an equality, so up to extracting a subse-
quence we get
U Up (7
(DUl (o) = limg o lb0) = Lol A")
n—0 wp (o, fin)

O

Theorem 6.11. Assume r > 0 and let pg € D(Up) with |D~Up|(po) < oo. Then
o = pp, p" € D(Chy) and

770 [ 1957 1d < DUy 1),
Proof. We will follow the strategy of [AGS13, Theorem 7.4]. First assume p € L%(M, )
and let (pt)te((),oo) be the gradient flow of the ¢-Cheeger energy starting from p. Let

s = pep then according to the definition of the ¢-Fisher information we have by Lemma
6.5 and 6.9

(i) ~Uolie) >+ [ Fatpis 1 [ i
S )33 oy
> t</0 Md5> wy (o, fit)-

Thus dividing by w, (o, ) and letting ¢ — 07 we get the result, since lower-semicontinuity

of F, implies
F ) <li f— s
(po im inf - / v/ Falps)

In case just Uy(pp) < oo holds we prove the result by approximation: Let p" =
min{p,n} and (p}') be the corresponding gradient flow of the g-Cheeger energy. Using
the comparison principle we see that p; = lim,,_,~ p} almost everywhere. Thus using
the fact that z, = [ p"dp = [ pidp we deduce that pj' = —p?’,u converges to (i = pil
in Pp(M). Now using the lower semicontinuity properties ofnup we deduce

U)o = 7 ([ /P ) wtia

and conclude as above. O
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6 Gradient flow identification

Theorem 6.12. Assume p is finite and, in addition if p > 2, assume also that (M, d, 1)
is as in Proposition 6.10. Let po = pp € D(U,) and assume p is a bounded Lipschitz
continuous map with p > €. Then

Dpl4
|ppp|1 dp = T‘q/le"lqdu,

where | Dp|(z) = max{|D* p|(x), [ D~ p|(x)}.

DUy (o) < /

Remark. For p < 2, we have 2 — p > 0 and the idea of [AGS13, Theorem 7.5] can be
followed in a similar way using the approximation function ® (see Theorem 6.8) so that
a similar version to that theorem follows. For p > 2, we have 2 — p < 0, so that an
appropriate version requires further work. Note, however, that Proposition 6.10 requires
M to be compact and hence p to be finite.

Proof. Recall that

1
U. - T (3P _
= e
~ _ 1 3—p
Ul = et
Defi
o (ﬁﬂ%”(;r:)—ﬁp”p(y))Jr :
L(z,y) == aww) ifz#y
|DP| if o =
pp—l y

Note that L is measurable and for fixed 2 € M the map y — L(x,y) is upper semicon-
tinuous. Furthermore, since p is Lipschitz and € < p < M, L is bounded.
Now take a sequence of absolutely continuous measures i, with wp(p0, ptrn) — 0 and

- . U (NO) -U, (Mn)
D U = lim -2 P
1D Uyl (ko) = lim wp (Ko, fin)

Let py, be the density of p, w.r.t. 1 and 7, be some c,-optimal transport plan of (1, ftr).
Because 7 — Up(r) is convex we have

(1) ~Uplp) = [ Wnlo) = Uplpa)) i = [ Vo)l = p)a
= [ Ui~ [ Uy = [ (Ty0) = Tytot0))) draa.)
1/q
< [ Leaiin ) < won) ([ L)

aptios ) [ ([ 22wzt ) (o)) v
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6 Gradient flow identification

where 7, ; is the disintegration of m, w.r.t. the first marginal p and ﬁp(x) =7 x

1
3—p)(2—p)
Since [([ dP(z,y)dmp 2 (y))dpo(z) — 0 we can assume w.l.o.g. that for po-a.e. z € M

lim [ d”(z,y)dm, .(y) = 0

n—oo
and in particular

/ L9 y)drna(y) — 0
M\Br(x)

for all » > 0. Furthermore, notice

limsup/Lq(:U,y)dwn,x(y) < limsup/ LY(z,y)dmy 2 (y)
B (x)

n—oo n—o0

+ lim sup / Lq(xa y)dﬂ-n,x (y)
M\By(z)

n—o0

IN

timsup [ L p)dna() < s Li(a.g),
n—o0 JB,(2) yEB, ()

By upper semicontinuity of L(z,-) we immediately get limsup,, [ LY(z,y)dm, »(y) <
Li(z,x) for pp-almost every = € M. Since L is bounded, we can use Fatou’s lemma and
conclude

- - Up(po) — Up(pn)
| D™ Up|(110) n—0  wy(ko, fin)

/ lim sup < / Lq(ﬂf,y)dwn,z(y)>l/q dpo ()
(/ Lq<x,x>du0<x>)

Dot N (1Pl N\
p—1a” PN

Proposition 6.13. If |D~U,| is sequentially lower semicontinuous w.r.t. Pp(M) then

IN

IN

O

|D™Up|*(po) =" / IVp"lidp Yo = pp € D(Up).

Remark. In [AGS13, Theorem 7.6] Ambrosio-Gigli-Savaré proved also that the converse
holds for the entropy functional. We are not able to prove the converse in case 2r > 1,
ie. p> 2.

Proof. By the above results we only need to show that |[D~U,|(uo) < r~2 [ |Vp"|idp.
First assume p is bounded and find a sequence of measures p, € P,(M) with Lipschitz
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6 Gradient flow identification

densities p, bounded from below by % converging in L?* (M) to p (by compactness
pr — p" in L?) such that

o1
lim —
n—oo q

[ V6% 1 = i),
Since |V |w = |Dp}| almost everywhere, we see that

D Uyl(o) < Timinf |D"2Up|(1n)

IN

liminfr_q/|Vp;|Zd,u:r_q/|Vpr|f£du.

In case p is unbounded we can truncate p without increasing the g-Cheeger energy use
the lower semicontinuity again to conclude the result. O

Corollary 6.14. Assume one of the following holds:
e p € (1,2) and the strong CD,(K,o0) condition holds for some K > 0

e pE (2 3+2‘/5), the CD,(0,N) condition holds such that p = % and M is n-

Ahlfors reqular for some n < N.

Then |D~U,| is lower semicontinuous and an upper gradient of U,,.

Proof. In case p € (1,2) note that 3—p € (1,2) and thus U, € DC. Incasep € (2, 3+2‘/5)
we have 3—p € (0,1) and thus U, € DCy for 3—p=1-— % In both cases displacement
convexity, i.e. K-convexity with K = 0, follows. Which implies that |[D~U,| is lower

semicontinuous and an upper gradient of U,. [

The conclusion holds equally if U, is just K-convex. Since K-convexity neither follows
from the strong C'D, (K, co)-condition in case p € (1,2) nor from CD,(K,N), we use
those conditions to imply convexity. Nevertheless, we hope that it is possible to show
that |D~U,| is lower semicontinuous and an upper gradient of U, if one of the curvature
condition holds.

Theorem 6.15 (Uniqueness of the gradient flow of U,). Let r > 0 and assume that
|D~U,|? is lower semicontinuous and conver w.r.t. linear interpolation. Then for every
to € Pp(M) there exists at most one gradient flow of U, starting from .

Remark. By Lemma 2.5 and [AGS13, Theorem 7.8] convexity of [D~U,|? holds if p <
2 <q.

Proof. Assume that (pi) and (u?) are two distinct gradient flows starting from gg. Then
we have fort =1,2 and all T > 0

, I
Uli) = Upli) + /0 ot
1

T
1 / DUy .
qJo
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6 Gradient flow identification

Note that the curve ¢ — py = (uf + p?)/2 is absolutely continuous in P,(M) and

o 1|p + g 2|p
|ﬂt|p < |:ut| 5 |Mt’ )
Using the strict convexity of U, and the convexity of [D~Uy,|? we conclude

1 [T
Uli) > Uplpr) + / ue| 7t

1 [T
+/ | D™ Up | (pe)dt
q9.Jo

T
> Up(ur) + /0 iel DUy ()t

But this is a contradiction to

Uy (1) > Uy (1) — / el DU )t

for s,t € [0,00) (note |D~U,| is an upper gradient). O

Finally we can identify the two flows. The theorem and its proof is similar to [AGS13,
Theorem 8.5].

Theorem 6.16 (Identification of the gradient flows). Let r > 0 and assume that U,
is K-convex in Py(M). Then for all fo € L*(M,p) such that po = fou € Pp(M) the

following is equivalent:

1. If f; is the gradient flow of Chy in L?(M, ) starting from fo, then s = fiu is the
gradient flow of U, in Pp(M) starting from po, the map t — U, (1e) is absolutely
continuous in (0,00) and

d ) _
= Uy () = ful” = DUl for a.et € (0,50).

2. Conversely, if we assume in addition that |D~Up|? is convex w.r.t. linear interpo-
lation, then whenever p; is the gradient flow of Uy, in Pp(M) starting from pg, then
e is absolutely continuous and its density f; w.r.t. p is the gradient flow of Chy
in L2(M, 1) starting from fo. The same holds if the gradient flow of Uy, in Py(M)
starting at pg 1S unique.

Proof. By K-convexity of U, we know that [D~U,| is an upper gradient and
[ D™ Up|*(pr) = Fq(p)

thus by the Kuwada lemma we know that if f; is the gradient flow of the ¢g-Cheeger
energy then

q
il < [ ':pf”l dyi = Folf)
t
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6 Gradient flow identification

and
t = Up(pe)

is absolutely continuous with

d _ |V fe]4

pte(1e) = = = dp.
Hence VA ) .

t . _
S A > 5|Mt|p+ QID Up|”

t
so that ji; satisfies the U),-dissipation inequality, i.e.

t v § q
Up(po) —Up(pe) = /0 ’fpf_1| dpds

1 [t 1 [t
> [liaras - [ Dt lrds
P Jo q.Jo

and i is the gradient flow of U), in P,(M) starting at pg. Absolute continuity of ¢ —
Uy (1) in (0, 00) implies

Y

d _

@up(ﬂt) = —|wml|D up|
— P

= _’Diup|q‘

For the second part, assume that ¢t — ft is the gradient flow of the g-Cheeger energy

starting at fo. By the previous part we know that fiy = fip is also a gradient flow of U,.
Uniqueness (Theorem 6.15 above) implies that p; = fi; for all ¢ > 0. O
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7 Orlicz-Wasserstein spaces

In this chapter we show that the interpolation inequality can be proven also for Orlicz-
Wasserstein spaces using similar arguments. Before that we will define and investigate
Orlicz-Wasserstein spaces. The main difference between a general convex and increasing
function L and a homogeneous function is that there is no well-defined dual problem.
However, one can use cp-concave function and the geodesic structure to determine the
interpolation potentials.

7.1 General Results

Let L : [0,00) — [0,00) be a strictly convex increasing function with L(0) = 0. Assume
further there is an increasing function [ : (0,00) — (0, 00) with lim, o l(r) = 0 and

L(r) = /0 " i(s)ds

and hence L'(s) = I(s).
Define Ly(r) = L(r/)) and note

and thus 1
AOESUCY

() = M),

and

We denote by ¢y, the cost function given by cr,(z,y) = L(d(z,y)) and as an abbreviation
C\x =CL,-
The cp-transform of a function ¢ : X — R relative to (X,Y") is defined as

¢ (y) = nfer(z,y) — ¢(z)

and similarly the é-transform.

Definition 7.1 (Orlicz-Wasserstein space). Let u; be two probability measures on M
and define
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7 Orlicz-Wasserstein spaces

wr,(po, p1) = inf {)\ >0 eHi(I;lLf ) )/LA (d(z,y)) dn(z,y) < 1} .
™ 0,41

With convention inf @ = oo.
According to Sturm [Stull, Proposition 3.2|, wy, is a complete metric on

Pr(M) = {m € P(M) | wr(p,0z,) < 00}

where z( is some fixed point.
Even though the following lemma is not needed, it makes many proofs below easier.

Lemma 7.2 (|Stull, Proposition 3.1]). For every u; € Pr(M) there is an optimal
coupling Tope of (o, 1) such that

)\min = wL(NO»Nl) = /L)\mm (d(l‘a y))dﬂ-opt(xyy) =1

Actually the Lemma shows that the whole theory of Kantorovich potentials will depend
on the distance. Furthermore, the cy-convace functions are not necessarily star-shaped.
Nevertheless, we will show that P (M) is a geodesic space iff M is and that a similar
property to the star-shapedness holds.

Proposition 7.3. Let ® be a convex increasing function with ®(1) =1, then
wr, < WooL-

Remark. This just uses Sturm’s idea to show the same inequality for the Luxemburg
norm of Orlicz spaces. Compare this also to [Vil09, Remark 6.6], but note that Villani
defines w, without the factor %.

Proof. This follows easily from Jensen’s inequality. Let ug, 1 be two measures and A > 0
and 7 be a coupling such that [(®oL)x(d(z,y))dn(x,y) <1 then since (PoL)y = PoL

a( / La(d(z,y))dn(z,y)) < / B o Ly(d(x, y))dn(z,y) < 1

Since ®(1) < 1 and @ is increasing, we see that [ Ly(d(z,y))dmr(z,y) < 1 which implies
wr, (1o, p1) < Waor(Ho, p1)- -

Proposition 7.4. Assume for all A >0

L(AR)
ftsse L(R)

If tin, oo € Pr(M) and py, converges weakly to piso, then
Wi, (fin, floo) = 0 <= lim limsup/ Ly(d(x,xo))dp, =0
M\Bg(zo0)

R—00 n—oo

for all 0 < X < .
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7 Orlicz-Wasserstein spaces

Remark. This generalizes [Vil03, Theorem 7.12]. The other equivalences in Villani’s
theorem can be proven similarly. We, however, only need the one stated above.

Proof. Fix some xg € M. It is not difficult to see that for any A > 0 and any p’' € Pr(M)

lim Ly(d(z,z0))dy' (z) =0 < lim L(d(z,x0))dp/(z) = 0.
00 S\ Bp(x0) =00 JM\Br (o)

First assume wr, (fin, tioo) and let m, be the optimal plans with [,, = wr (tin, pieo) and

/Lln(d(ﬂz,y))dﬂn(:c,y) =1.

For n large, for any A > 0 choose a sequence 1, < % such that [, = r,A\. Then using the
triangle inequality and convexity of L we get

/ Ly (d(x, 20)) dpn(z) = / Ly (d(z, 20)) dmn (2, y)
< 7 / Lrn/\ (d(x7 y)) dﬂ'n(xa y) + (1 - Tn) /L(lrn))\ (d(y7 .’L‘o)) dﬂ'n<xv y)

<t (=) [ Ly, (. 0) dioel).
since Ly )x < L%A' Therefore,
lim hmsup/ Ly(d(z,x0))dpn(z) < lim Ly, (d(z,20))dpoo () = 0.
00 noo JM\Br(0) R=00 JM\Br(wo) 2

Now assume that

lim hmsup/ Ly (d(z, x0))dpn(x) =0
M\Bg(zo)

R—0c0 p—oo

for any 0 < A < Ag and p, converges weakly to pioo. This bound ensures that peo is in
Pr(M).
Take any A > 0 and an optimal coupling 7, of (tn, i) W.r.t. Ly. For R > 0 and
AN B = min{A, B} we have
d(.ﬁU, y) < d(l‘, y) AR+ 2d(£7 :Bo)XBR/Q(mO)(x) + 2d($07 y)XBR/Q(Zo)(y)

and thus by convexity of L and L(0) =0

LA(d(,9)) < 5L (A, ) AR)+ 5 L (A, 20)X ) () +

Thus integrating over m, we get

3/L,\(d(m,y))d7rn(a:,y) < /L

+ L (d(z,z0))dpn(z)
M\Bg/2(z0)

+,
M\Bpr/> 060)

1
§L% (d(@0, Y)X By s(z0) (¥))-

w

(d(z,y) A R)dm,(x,y)

w|>

@

(d(wo,y))d oo (y)-

ov\y



7 Orlicz-Wasserstein spaces

we first take the limsup with n — oo and then R — oo and conclude that the last
two terms converges to zero by our assumption and since L (d(x,y) A R) is a bounded
3

continuous function and m, converges weakly to the trivial coupling (Id x id).fie0, the
first term converges to zero as well. In particular, for n > N(\) we have

[ Bt p)im o) < 1.

and thus
wL(Nn7Noo) <A
Since A was arbitrary we conclude wr,(fin, fioo) — 0. O

Proposition 7.5. Assume M is a proper metric space and ® is convex, increasing,
®(1) =1 and L(r) — oo and r/®(r) — 0 as r — oo. In addition, assume for all X > 0

L(AR)
fooe L(R)

Suppose A is closed subset of Pr,(M) such that w; is bounded where L=®oL. Then A
is precompact in Pr(M).

< 00

Remark. Compare this to [Kelll, Theorem 6] for the case L(t) = tP, ®(t) =t" forp > 1
and r > 1.

Proof. 1t suffices to show that each w;-ball is compact in Pr,(M)
So for some r > 0 and o € P;(M) C Pr(M) let

B = B,(jo) = {m € PL(M) |wg (po, 1) < 1}

and let (jun)nen be a sequence in B. Then there are (optimal) couplings 7, such that

/ Ev(d(z, y))dmn(z,y) < 1

(for wj (fin, p10) < 7 just take the definition. Using the proposition above,we see

/ Lo (d(z, ) (2, ) < 1.

Because of the stability of optimal couplings and lower semicontinuity of the cost [Vil09,
Theorem 5.20, Lemma 4.3|, we only need to show that (u,)nen is weakly precompact
and

R—00 n—oo

lim limsup/ Ly(d(z,x0))dp, =0
M\Bg(zo)

i.e. it is precompact in Pr(M) by the lemma above.
Since B is bounded w.r.t. wj we can assume that for some R > 0

wi(,urw 5$0) < )\0-
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7 Orlicz-Wasserstein spaces

Now set \g = 0. For ¢A = )\ and ¢ € (0, 1) we have

EEONCON P (Ao N
/M\BR<xo> bt zo))dule) < (L, (R)) /M\BR(xo) Laldle, 20))dpin(z)

LAO(R) L)\o(cilR) <C L)\O(R)
(I)(L)\O(R)) L/\O(R) N (I)(L)\O(R))

for some C' > 0 depending only on Ao, ¢ and L. Hence by the fact that L(R), ®(R) — oo
as R — oo we conclude

lim limsup/ Ly(d(x,x0))dpn = 0.
M\Br(xo)

—00  n—oo

In order to show weak precompactness notice that L(R) > 1 for R > ry = r¢(L) implies
tightness, which is equivalent to precompactness by the classical Prokhorov theorem.
Indeed, Br(zg) is compact and for 7o < R — oo

Ly, (R)
dMn < o207
/M\BR(JEO) q)(L/\o (R))

uniformly in n. O

Proposition 7.6. Assume M is a geodesic space. Let oy be the optimal coupling of
(o, p1) then there is a I1 supported on the geodesics such that for i = 0,1

(€i)«Il = p;.
Furthermore, let uy = (e4)sI1 then
wr, (s, ) = [s — tlwr (po, p1)-
In particular, Pr(M) is a geodesic space.
Proof. The first part follows from using the measurable selection theorem for
(x,y) = {7:]0,1] = M |~ is a geodesic from x to y}

similar to |[Lis06| in case of p-Wasserstein spaces.
For the second part note for Ay = wr (po, p1)

[ (20 Y an) = [ L., (@) ai) = 1.

’8 —t’/\mm

Hence
wL(NtuMS) < ’5 - t’)\mzn

So t +— pt is absolutely continuous in Pr,(M) and || < A\pin. But we also have

1
Amin = wr,(po, p1) = / | f1e|dt.
0
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7 Orlicz-Wasserstein spaces
Therefore, |ui| = Amin and

wr,(ps, ) = = |s — tlwr(ps, put)-

t
/HMW

It is also possible to define a dual problem by

sup{\ > 0| sup ){/qﬁduo—k/qscxdul} > 1}.

¢EL (po

However, we will not go into this dual problem and directly deal with the c¢)-transform
whenever Kantorovich potentials are needed. Main “problem”: the restriction property
does not hold for wy, and many results depend on (the number) wr,(uo, p1)-

The following inequality will help to show that cj-conave functionals enjoy a similar
property to star-shapedness. It will also show that the Jacobians of the interpolation
measures are positive semidefinite.

Lemma 7.7. If x,y € M and z € Zi(x,y) for some t € [0,1]. Then for allm € M
7 L(d(m,y)) < Ly(d(m, 2)) + (1 — t)L(d(z,y)).

Furthermore, choosing x = m, this becomes an equality.

Remark. This extends Lemma 3.7.

Proof. Since L is convex and increasing

L(d(m,y)) L(t -t Yd(m, 2) + (1 — t)d(z,y))

<
< tLy(d(m, 2)) + (1 — ) L(d(z,y)).

Dividing by t we get the inequality and choosing x = m we see that all inequalities are
actually equalities. O

Lemma 7.8. Let n: [0,1] = M be a geodesic between two distinct points x and y. For
t € (0,1] define

fi(m) == —ci(m,ny).
Then for some fized t € [0,1] the function h(m) := fi(m) —t~Lf1(m) has a minimum at

xX.

Proof. Using Proposition 3.7 above for t € (0,1) we have for z = n: € Z(z,y)

—h(m) =t L(d(m, y)) — Li(d(m,2)) < t~'(1-t)L(d(x.y))
7 L(d(x, ) - Li(d(z,m)) = ~h(z).
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7 Orlicz-Wasserstein spaces

Lemma 7.9. Let X and Y be compact subsets of M and let t € (0,1]. If ¢ € IT°¢(X,Y)
then t=1¢ € T (X, Z,(X,Y)).

Proof. For t = 1 there is nothing to prove. For the rest we follow the strategy of
[CEMSO01, Lemma 5.1]. Set L,(z) = L(d(x,y)) and let t € (0,1] and y € Y and define
¢(z) = cr(x,y) = Ly(x). We claim that the following representation holds

'L = inf Li).(m) + inf 711 —¢t)L }
) = ot om0 0L 0)

Indeed, by Lemma 3.7 the left hand side is less than or equal to the right hand side for
any z € Zy(X,y). Furthermore, choosing x = m we get an equality and thus showing
the representation.

Now note that the claim implies that t~1¢ is the ¢,-transform of the function

z)=— inf =1 =)L, (x
vE =it ()

and therefore t71¢ is ¢;-concave relative to (X, Zy(X,y)). Since % (X, Z;(X,y)) C
I°(X, Zi(X,Y)) we see that each t 1L, is in Z%(X, Z;(X,Y)).

It remains to show that for an arbitrary cz-concave function ¢ and ¢ € (0,1] the
function ¢t ~1¢ is ¢;-concave relative to (X, Z;(X,Y)). Since ¢ = ¢°L°L we have

() = igft_lL(d(fB,y)) — 719 (y).

But each function
U’y(x) = t_lLy(x) - t_1¢c(y)

is ¢p-concave relative to (X, Z;(X,Y")) and ¢ is proper, thus also the infimum is ¢;-concave
relative to (X, Z;(X,Y)), i.e. t71¢ € (X, Zy(X,Y)). O

7.2 Orlicz-Wassterstein spaces on Finsler manifolds

7.2.1 Technical ingredients
For simplicity, assume throughout the section that L is smooth away from O.

For L, = L(d(x,-)) and x # y

VL(y) = l(d(z,y))Vds(y).

Define
I~ (V)
Vo

Note that for v € T, M with |[v]| =1 and r >0

vig .= V.
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7 Orlicz-Wasserstein spaces

iff
vig =ru.

We also use the abbreviation
Vi = Vg
It is easy to see that under our assumptions that ¢ — V% ¢ is continuous and (as)
smooth (as L) wherever Vo (z) # 0.
Similar to the c,-case we will use the abbreviation KLdg, (resp. K)de,) for VE¢(x)

(resp. V*¢(x)). As mentioned above, this can also be seen as a Legendre transform from
T*M to TM.

Lemma 7.10 (Cut locus charaterization). If y # = is a cut point of x, then f(z) :=
L(d(z,y)) satisfies

faing TE ) + F(E (1) ~ 2f()

v—0€T: M F(v)?

= —00

where &, : [—1,1] — M is the geodesic with &,(0) = v.

Proof. The proof follows in the same fashion as Lemma 4.1. We will show the necessary
adjustments.

As above, let’s first assume there are two distinct unit speed geodesics 1, ¢ : [0, d(z,y)] —
M from z to y and let v = ¢(0) and w = 7(0). For fixed small € > 0 set y. = n(d(z,y)—e¢)
then y. ¢ Cut(z) U{z} and using the first variation formula we get for ¢t > 0

f&u(=t) = f(z) < L(d(&(=1),yc) + €) — L(d(z,yc) + €)

— H(d(w, 5e) + €)930)(v:7(0)) + OF2)
= HU(d(, ) gi(0) (v 7(0)) + O(E2).

The term O(t?) is ensured by smoothness of &, and by the facts that = # y. and that
L(d(-,-)) is bounded in a neighborhood (z,y). We also get by Taylor formula

f(&(t)) = f(z) = L(d(z,y) — t) — L(d(z,y)) = —tl(d(z,y)) + O(t?).
Combining these two facts with g, (v, w) < 1 (n and £ are distinct), we get

f(gv(_t)) + f(gv(t)) — Qf('r) < 1-— gw(’U,’LU)

2 < ; I(d(z,y)) +t2O0(t?) = —oc ast — 0.

For the conjugate point case, we use the same construction and notation as in the
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7 Orlicz-Wasserstein spaces

proof of Lemma 4.1. Note that

i L£(95)) + L(L(0-s)) — 2L(£L(00))

s—0 52

s=0

)

< U(d(z,y)) ( — 2eg;(v,v)/d(z,y)

+ (o) (25

+2 {Ti0) (v)/d(z, y) + 1(V, V) })
+U'(d(x,y))F (v).
Using the fact that f(&,(es)) < L(L(0s)) we obtain

limin LG + S Ee) Z20@) :
s—0 €?s s—0 €S

< id(z.y)) ( 2 ga(v,0) d(.y)

L(L(0s)) + L(L(0—s)) — 2L(£(00))
2

T(0)/d(z,y) + d(z, ) I(V, v>>
+1'(d(z,y))F(v)%

Letting € tend to zero completes the proof. O

7.2.2 The Brenier-McCann-Ohta solution

Lemma 7.11. Let ¢ : M — R be a cp-concave function. If ¢ is differentiable at x
then 0°L () = {exp (VY (—¢)(x))}. Moreover, the curve n(t) := exp,(tVE(—¢)(x)) is
a unique minimal geodesic from x to exp, (VI (—¢)(z)).

Remark. See also [McC01, Theorem 13] for the Riemannian case.

Proof. Let y € 0°¢(x) be arbitrary and define f(z) := cr(z,y) = L(d(z,y)). By
definition of 0 ¢(z) we have for any v € T, M

flexpav) = ¢ (y) + ¢lexpyv) = f(x) — d(x) + dlexpev) = f(z) + ddo(v) + o(F(v)).

Now let n : [0,d(z,y)] — M be a minimal unit speed geodesic from = to y. Given
€ >0, set y. = n(d(z,y) — €) and note that 1]y 4(z,)—¢ does not cross the cut locus of .
By the first variation formula we have

flexpyv) — f(z) < L(d(exprv,ye) +€) — L (d(x,ye) +¢€)
=L (d(2, ye) + €) G50y (0,71(0)) + o(F(v)).
= —l(d(z,)) L5 (7(0))(v) + o(F(0)).
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7 Orlicz-Wasserstein spaces

S1(0(0)(v) for all v € T,M and thus V(—¢)
,%)-1(0). In addition, note that n(t) = exp,(tV(—¢)(x)),

Therefore, do,(v) < —l(d(z,y))L
x

1(d(z,y))0(0)., i.e. VF(=¢) = d(
which is uniquely defined.

O

Lemma 7.12. Let t — p; be a geodesic between pg and py, i.e. wr(po, pe) = tA. If po is
absolutely continuous and the unique ¢, the Kantorovich potential of (uo, i) w.r.t. L
such that ¢¢(xg) = 0. Then ¢y =t~ 1¢.

Proof. For x # y € 0% ¢1(x) define z; = exp,(tVE(—¢)(x)). Since x; € 9 ¢y (x), we
have for ¢ € (0, 1]

Ty = exp, (tVLA )

= ex b l_( |
o \V( e

_ em(lt;u-ww (G @@))

,-\A
\_/

|
V(=4)[()
R <lt;<|v< ¢>|<x>>v(_t1¢)(x)>_

V(=t=19)|(z)
Since t~1¢ is ¢;-concave and t~1¢(x) = 0, uniqueness implies ¢y =t~ ¢. O

Remark. Note that this agrees with the cases L(r) = rP/p: Assume for simplicity that
wy(pto, p1) = 1 then ¢ = ¢ and L; = tPdP /p. Hence

dP(z,y)
p

i'(y) = inft? —t"1¢(x)

. f”;”jy) — 1 lg(z) = (1) (y)

Thus up to a factor the interpolation potentials are the same (recall that t*~1¢ gives the
potential of (uo, 1) w.r.t. cp).

The next results follow using exactly the same arguments as for c,,.

Lemma 7.13. Let pg and py be two probability measures on M. Then there exists a
unique (up to constant) cr,-concave function ¢ that solves the Monge-Kantorovich problem
w.r.t. L. Moreover, if ug is absolutely continuous, then the vector field V¥ (—¢) is unique
among such minimizers.

Remark. At this point we do not work with Pr (M) directly. However all statements make
sense also for Ly and any A > 0 and we will see later that Lemma 7.9 can be used to show
that the interpolation inequality in Theorem 7.21 is actually an interpolation inequality
w.r.t. the geodesic ¢t — u; in Pr(M) if the function L) is used with A = wr,(po, p1).
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Theorem 7.14. Let ug and p1 be two probability measures on M and assume g s
absolutely continuous with respect to w. Then there is a cp-concave function ¢ such
that m = (Id X F)«po is the unique optimal coupling of (po, p1) w.r.t. L, where F(z) =
expy (VY (—@)). Moreover, F is the unique optimal transport map from g to 1.

Corollary 7.15. If ¢ is cp-concave and ug is absolutely continuous, then the map
F(x) := exps(VE(—¢)) is the unique optimal transport map from g to Fepo w.r.t.
the cost function cr(z,y) = L(d(z,y)).

Corollary 7.16. Assume pug is absolutely continuous and ¢ is cy-concave with A =
wr, (1o, (F1)«pio) where Fy(x) := exp,(VM—t71)), then F; is the unique optimal trans-
port map from pg to py = (Ft)spo w.r-t. Ly and t — uy is a constant geodesic from g
to p1 in Pr(M).

Remark. We will see in Lemma 7.22 below that the interpolation measures are absolutely
continuous if pp and (F)po are.

Proof. We only need to show that

wr,(ps, ) < |s — tlwr (po, p1)-

Let 7 be the plan on Geo(M) = {~ : [0,1] — M |~ is a geodesic in M} give by pg, the
map F; and the unique geodesic connecting p-almost every x € M to a point Fj(x) (ex-
istence follows from [Lis06, Proof of Prop. 4.1], see also [Vil09, Chapter 7]), in particular,

e = (Fi)wpo. We also have
d %
/L< (’ng 1)d”(7)——1

for A = wr (o, p1) by definition wy. Since (es,e)«m is a plan between pg and puy for
s,t € [0,1] we have

Therefore, wr, (s, pt) < [t — s|A. O

7.2.3 Almost Semiconcavity of Orlicz-concave functions

The proof of almost semiconcavity of cp-concave functions follows along the lines of
the proof of Theorem 4.10 by noticing that ¢, = s '¢ will be c,-concave instead of
cr-concave, i.e. the type of concavity changes since the “distance changes”.

Theorem 7.17. Let ¢ be a cp-concave function. Let Q;q be the the points x € M
where ¢ is differentiable and d¢, = 0, or equivalently Ot ¢(x) = {x}. Then ¢ is locally
semiconcave on an open subset U C M\Q;q of full measure (relative to M\q). In
particular, it is second order differentiable almost everywhere in U.
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Proof. Since 9°C¢(x) is non-empty for every x € M and semicontinuous in z, we have
the following: if ¢ is differentiable in x with d¢, # 0 then z € int(M\Q;q). Thus it
suffices to show that each such points has a neighborhood Uj in which ¢ is uniformly
semiconcave.

So fix such an z with d¢(z) # 0 and note that ¢ is semiconcave on Uy iff A¢ is for an
arbitrary A > 0. Furthermore, by Lemma 7.12 we know that ¢, = s~ ¢ is cs-concave for
any s € [0,1].

Since d¢(z) # 0, there is a unique y € M with 9°¢¢(z) = {y} and a unique geodesic
n:[0,1] — M between = and y (see Lemma 7.11). Note that ¢ is also differentiable at
z and

9% ¢s(x) = {n(s)}-

Let s € [0,1] be such that d(x,7(s)) < ™=. Because x # 7(s) and z — 9% ¢(2)
is continuous and single valued at z, we can find a neighborhood Vi C U of y such
that (0%¢s)~1(V1) NU contains some ball Bs(z) disjoint from V3. Thus the functions
{Ly : Bac(x) = R}yev; are semiconvave with constant C'.

Now let 7 : [0,1] — Bac(z) be a minimal geodesic and set z; = 7(t). Choose y; €
0% ¢s(x¢) NV, By the definition of cgs-concavity we have

¢s(xe) + L(d(zo,yr)) — L(d(xe, ye))
¢s(we) + L(d(x1,ye)) — L(d(xe, ye))-

IN A

Further, because y; € V7 we also have
Ld(ze,y0)) > (1= ) L(d(wo,y0)) + tL(d(21,90)) — C(1 = t)td*(wo, z1).
Therefore, taking the (1 —1t),t convex combination of the first two inequality we obtain

bs(@t) (1 =t)¢s(xo) + tds(21) + L(d(ze, yr)) — (1 — t)L(d(xo, %)) — tL(d(z1, yt))

>
> (1= t)ps(w0) + tds(x1) + C(1 — t)td* (w0, 1)

7.2.4 Interpolation inequality in the Orlicz-Wasserstein space

Theorem 7.18 (Volume distortion for L). Let x # y with y ¢ Cut(z) and n be the
unique minimal geodesic from x toy. Fort € (0,1] define fi(z) = —Li(d(z,n(t)).
Then we have
Uf(ﬂfay) = D [d(efﬂpx)v%ft(x) o [d(eﬂfpx)val(x)]_l}
o7 (z,y) = (1—1)7"D [d(exps o KL)gu-14,), © [d (d(t_lfl))m —d(dfy),]] -

Remark. The statements hold equally if one takes Ly and L;y, they only depend on the
smoothness of L.
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7 Orlicz-Wasserstein spaces

Proof. Recall Theorem 4.12 and the function g;(z) = —d?(z,n(t))/2.
We have for L, ) = Li(d(-,n(t))

VL@ (x) = l(d(z,n(t))Vd(z,1(t))

and thus
V! fi(z) = 17 (e(d(z, () V(=d(2,n(t)) = Vge(2)
which implies the first equation.
For the second part note that (see calculations in the proof of Lemma 7.12)

I (Y AIR)

KL )2) A ey
YA,
NSRS

= tVEfi(z) = Lo(d(tg1).)
and hence

o7 (z,y) = (1—t) "D[d(expo Lo (d(tg1):))]
(1—1)7"D [d(exp o K')qu-14,), o d (d(t" f1)),] -

We have d(f1), = d(t'f1)s. Indeed, since I;(r) = t~'(t~'r) and d(d(-,n(t)). =
d(d(-,y))e

—d(f)a = d(L(d(-,n(t)))a
= li(d(z, n(t))d(d(-,n(t))z
= U td(x,y))d(d( y)e = —d(t fi)s

Similar to [Oht09, Proof of 3.2] it suffices to show that
d(expy o }Ci)d(ft)z o d(tildft)x = 0.

Now since V fi(z) = l;(d(z,1(t)))Vd, 1) (2) we get in a neighborhood U of  not containing
n(t),

KL(d(fr):) = VT fi)(z)
= 17N (W(d(z,n (1)) Ve (2)
- Ez(d(gt)z)

and thus the function D : U — M defined as

D(z) = exp, o K.(d(ft):) = exp.oL.(d(gt)-)
= n(t),

is constant in a neighborhood of of x. This immediately implies dL, = 0. O
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7 Orlicz-Wasserstein spaces

Proposition 7.19. Let ¢ : M — R be a cp-concave function and define F(z) =
exp.(VE(—=¢)(2)) at all points of differentiability of ¢. Fir some x € M such that ¢
is twice differentiable at x and d¢p, # 0. Then the following holds:

1. y = F(x) is not a cut point of x.
2. The function h(z) = cr(z,y) — ¢(2) satisfies dhy =0 and

9*h
<8xi81:j (x)) =0

in any local coordinate system (x')*_; around x.

3. Define fy(z) :== —cr(z,y) and
dF, = d(exp, oKL )a(—g), © [d(d(=))e — d(dfy)a] : ToM — TyM

where the vertical part of Ty_g), (T*M) and Ty_g), (T*M) are identified. Then
the following holds for all v € T, M

sup {|u — dF5(v)] | exp,u € 0 d(exp, y), [u| = d(y, exp, u)} = o([v]).

Proof. The proof follows without any change from the proof of Proposition 4.14 but using
Lemma 7.10 instead and the fact that y ¢ Cut(x) U {z} implies that f, is C*° at « and
VL, (@) = VEo(a). .

Similarly the Jacobian equation holds:

Proposition 7.20. Let ug and p1 be absolutely continuous measures with density fo and
f1 and X = wr(po, p1). Also assume that there are open sets U; with compact closed
X =Uy and Y = Uy such that supp pu; C U;. Let ¢ be the unique cy-concave Kantorovich
potential and define F(z) = exp,(V (=) (2)). Then F is injective jg-almost everywhere
and for po-almost every x € M\Q;q

1. The function h(z) = c\(z, F(2)) — ¢(2) satisfies

9%h
<axiaﬂ<~’“>) >0

in any local coordinate system (xi)?zo around x.
2. In particular, D[dF;] > 0 holds for the map dF, : TyM — TryM defined as

above and
o HOPG(BS (2)))
P (B (@)

= D[dfa:]

and
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7 Orlicz-Wasserstein spaces
Remark. defining dF, = Id for points x of differentiability of ¢ with d¢, = 0 we see that
the second statement above holds p-a.e.

Proof. Similar to Proposition 4.15, the proof follows without any change from [Oht09,
Theorem 5.2], see also [Vil09, Chapter 11]. O

Theorem 7.21. Let ¢ : M — R be a cp-concave function and x € M such that ¢ is
second order differentiable with d¢, # 0. For t € (0,1], define y; := exp,(Vi(—t"1¢)),
fi(z) = —ci(z,y) and Ji(x) = D[d(F)z] where

d(Ft)z == d(exp, oKL)g(—t-14), © [d(d(—t7"¢))z — d(d(f2))e] : TeM — T, M.
Then for any t € (0,1)
Ji(z) /" > (1= )07 (2, 91) " + tof (z, 1) T (2) /7.

Remark. The proof is based on the proof of [Oht09, Proposition 5.3] but is notationally
slightly more involved then the proof of Theorem 4.16.

Proof. Note first that

d(d(~t7"'9))e — d(dft)o = {d(d(~t7"¢))s — d(d(t™" f1))a } + {d(d(t™" f1))e — d(dfe)a |
and
d(fi)e = d(—t7'9)e = d(—t " f1)a.
Now define 75 : T*M — T*M as 75(v) = s~ v and note for Ve(x) # 0
I (V' o(z)))

1 o -1
KLt tde,) = Vo) Vit lo(x)

WIVO@D o e
Sy Vl) = Kk (o)

t
and thus
Ktormo (Kﬁ)_l = tIdp,
which implies
d(exp,, oKL g(—1-14), © (d(d(=t7"¢))z — d(d(t" f1))z)
exp,, oKL )a—i-1¢), © d(Tt)a(—g), © [d(d(—=9))e — d(d(f1))s]
-1
€XP, OICtz)d(ft—Hj))z o d(Tt)d(—¢)x e} [d(eacpm o Kﬁ)d(—qﬁ)x] (e] d(]'—l)
exXp,)vt(—t-14), © A(Ks 0 7t 0 KT V) yr(_g), o [d(exp,)yr(—g),] " 0 d(F1)
= t-d(exp,)vt(—i-14), © [d(exp,)yr(_g),] " 0 d(F1).

where we identified Tgt(_s-14) () (M) With Tyr(_g) ) (T:M) to get the last inequality
(remember tVi(—t~1¢) = VE(—9)).
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7 Orlicz-Wasserstein spaces

Because D is concave we get
Jy(@)"/" = D[d(F).] "

- D [d(expx oKL ar-1g9, © [Ad(E 11))e — d(dfs)a]
n
T d(expy oKL )a_r1), © (A(d(—t76))e — d(d(t" 1)) ]
- D [d(expx oK ar1, © (A 1)) — d(df).)

1/n
- d(exp,)ye(—i-14), © [dlexp,)yr(_g).] ' o d(}—l)}

AV

n
(1-HD [(1 by d(expy oKL ai1g, © (A(d(E F1))e — d(df)) ]

1/n
D [d<expx>w<_tl¢>x o [d(expy) i _g,] o d(ﬂ)]
(L= )7 () + 05 (1) VT ()
OJ

Combing this with Lemma 3.11 (see remark after that lemma) and Lemma 7.23 below
we get similar to Lemma 4.17 and [Oht09, 6.2]:

Lemma 7.22. Given two absolutely continuous measures p; = pip on M, let ¢ be the
unique cy-concave optimal Kantorovich potential with X = wr,(po, p1). Define Fi(z) =
exp, (VA (=t719)) for t € (0,1]. Then p; = pedp is absolutely continuous for any t €
[0,1].

Proof. By Lemma 3.11 the map JF; is injective pg-almost everywhere. Let §2;4 be the
points x € M of differentiability of ¢ with d¢, = 0. Then

Mt‘Qid = (ft)*(uo‘gzd) = #O‘Qid‘

By Theorem 4.10 the potential ¢ is second order differentiable in a subset Q C M\Q;q
of full measure. In addition, D[d(F})] > 0 for all z € Q (see Proposition 4.15) and F;
is continuous in ) for any ¢ € [0,1]. The map d(F;), : ToM — Tr, )M defined in
Proposition 4.14 as

d(Ft)z 1= d(expg O’Ci)d(—t—%) 0 [d(d(_til(ﬁ))x - d(d(ft)x]
where fi(z) := —cn (2, Fi(z)) for t € (0,1]. Also note that for z € Q
d(d(~t7"9))s — d(dfs)s = {d(d(~t7"¢))s — d(d(t™ f1))a } + {d(d(t™" f1))o — d(fe)a} -

Which implies D[d(F)z] > 0 because D[d(F1);) > 0 and the lemma below.
The result then immediately follows by [CEMS01, Claim 5.6]. O
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7 Orlicz-Wasserstein spaces

Lemma 7.23. Let y ¢ Cut(x) U{x} and n:[0,1] — M be the unique minimal geodesic
from x to y. Define

fi(z) = —ei(z,n(t))-
Then the function h(z) =t~ f1(2) — fi(2) satisfies

9%h
<axiaxj<x>) 20

i any local coordinate system around x.
Proof. This follows directly from 7.8. O

Using this interpolation inequality, one can show that a curvature dimension condition
CDp(K,N) holds on any n-dimensional (n < N) Finsler manifold M with (weighted)
Ricci curvature bounded from below by K. The condition C'Dy (K, N) is nothing but
a convexity property of functionals in DCy along geodesics in Pr(M). Most geometric
properties (Brunn-Minkowski, Bishop-Gromov, local Poincaré and doubling) also hold
under such a condition. However, the lack of an “easy-to-understand” dual theory makes
it difficult to prove statements involving (weak) upper gradients.

Corollary 7.24. Any n-dimensional Finsler manifold with N-Ricci curvature bounded
from below by K and N > n satisfies the very strong CDr (K, N) condition for all strictly
convez, increasing functional L : [0,00) — [0, 00) which is smooth away from zero.
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Conclusion and outlook

Curvature dimension and Orlicz-Wasserstein spaces

In this thesis a proof of the Borel-Brascamp-Lieb (BBL) inequality along geodesics in p-
Wasserstein spaces and along geodesics in Orlicz-Wasserstein spaces was given. This led
to a new definition of an abstract curvature condition C'D, (K, N) and resp. CDr(K,N)
along the lines of Lott-Villani [LV09, LV07] and Sturm [Stu06a, Stu06b|. The conditions
can be defined on metric measure spaces and similar to the case p = 2 one gets nice
geometric and analytical properties of the space. In particular, a metric variant of Bre-
nier’s theorem (Lemma 4.2) and a Laplacian comparison theorem (Theorem 5.14) were
derived.

To prove the interpolation inequality leading to the BBL inequality the Brenier-
McCann-Ohta solution was extened to cover the cases p # 2 and weak regularity proper-
ties of the transport map are given. For this the author showed how Ohta’s orginial idea
to avoid the diagonal can be used to give a nice and short proof of the almost everywhere
second order differentiability of the transport map.

For positivly curved spaces K-convexity of the entropy functional follows and a new
global Poincaré inequality can be derived. This global Poincaré inequality holds for
manifolds with positive Ricci curvature, because manifolds with Ricci curvature bounded
from below by K > 0 satisfy the C'D, (K, co)-condition for any p, where 0 < cx < K, <
Ck depends on K and p (see remark on page 48).

In the future, it might be interesting to see what the strong C'D,,(K, co)-condition for
negative K and unbounded spaces means. As seen on page 48, the strong C'Dp (K, 00)-
condition does not imply K-convexity of the functional generated by DC,. However,
one always gets K'-convexity if the space is bounded. Hence, the strong CD,(K, N)-
condition behaves differently for unbounded spaces.

In Chapter 7 the theory of Orlicz-Wasserstein spaces was developed. In particular, their
geodesic character and a structure of weak topologies among different Orlicz-Wasserstein
spaces similar to the cases 1 < p < oo was shown.

Having a description of the geodesics of Orlicz-Wasserstein spaces, the author could
follow along the lines of 1 < p < oo to show the interpolation inequality which can be
used to show that the condition C' Dy, (K, N) holds for n-dimensional (Finsler) manifolds
with Ricci curvature bounded from below by K and N > n.

In contrast to p-Wasserstein space, Orlicz-Wasserstein spaces are defined via two op-
timization problems and there is no nice dual theory for those spaces. Furthermore, it
is not clear what the analytical “vertical dual” of the theory is. In this thesis we could
show that the analyticial dual of p-Wasserstein spaces is the theory of the g-Cheeger
functional. Only from this, one gets the g-Laplacian which is required to formulate the
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Laplacian comparison theorm. By now it is not clear what the Orlicz-Cheeger functional
looks like. But by its nonlinear character it is clear that it must be more general than

f= [ LV fl.)dp.

Heat and gradient flows

In Chapter 6 the theory of the ¢-heat flow as a gradient flow of the ¢-Cheeger energy was
developed further. On the one hand, a more general comparison theorem and a calculus
along the g-heat flow (Theorem 6.5) was given which does not require bounds for the
density from above and away from zero. This made it possible to prove mass preservation
with a natural growth condition on the measure of balls of the background measure. In
the furture the author hopes to be able to drop the condition [ VP expp(—Vp Ydp < oo,
so that only [ exp,(—V?)dp < oo is required to obtain mass preservation.

In the second part of Chapter 6 the developed theory was used to show that the g-heat
flow is a solution of the gradient flow problem of the (3 — p)-Renyi entropy functional
in the p-Wasserstein space. For this, one needed to show that all measures at which
the descending slope is finite are absolutely continuous. The current proof for p € (2, 3)
requires the space to be compact and n-Ahlfors regular. Finding a proof which drops
one of these conditions might be challenging.

The purpose of the chapter was to identify the g-heat flow with the gradient flow of
the Renyi entropy functional. In the cases p € (1,2) convexity of the function (x,y) —
x4 /yP~1 are used to give uniqueness which implies immediately the identification of the
two flows. However, one can easily show that this function is no convex in case p € (2, 3).

In the future, the author plans to further analyze the g-heat flow and also the heat
flow on spaces which are not infinitesimal Hilbertian, i.e. the heat flow is not linear.
Currently it is not know if the g-heat flow is contractive in the p-Wasserstein space.
However, Ohta and Sturm used in [OS11| a linearization of the heat flow on Finsler
manifolds to give pseudo-contraction property. With the help of this one can show that
for t > 0 the (nonlinear) heat flow P, maps into the Lipschitz functions. Furthermore,
the author hopes that if a similar (semi)linearization can be done for the g-heat flow,
then it might be possible to use it to show uniqueness of the gradient flow problem of
the Renyi entropy functional in the p-Wasserstein space.
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