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Chapter 1

Introduction

Thermal convection refers to a specific type of convection phenomena where temperature dif-
ferences drive a fluid flow. More precisely temperature variations induce an unstable fluid-
stratification which cause the transition of the fluid from a state of rest to a state of motion. It
may occur that the fluid flow undergoes many successive instabilities, which reduce progressively
the spatial coherence and the level of predictability of the details of motion. In this case the
flow is called turbulent. Few example of (turbulent) thermal convection are air circulation, solar
granulation, oceanic currents and convective flows in the earth’s mantle and stars. Transport
properties of turbulent convective flow are object of interest and investigation in many field
ranging from physical sciences like geophysics, astrophysics, meteorology and oceanography to
engineering and industrial applications. In this thesis we are interested in deriving mathemat-
ically rigorous bounds for the heat transport when the flow is turbulent. For this purpose,
consider a fluid enclosed between two rigid parallel and infinitely extended plates separated by a
vertical distance h and held at different temperatures T' = Ti,otom and 1" = Tiop at height 0 and
h respectively, with Tjottom > Ttop- This model of thermal convection goes under the name of
Rayleigh-Bénard convection. The differences in temperature inside the container, which cause
the expansion of the fluid of a material-specific factor «, are associated with density variations
on which differing gravitational forces' per unit volume act and induce buoyancy forces. As a
result, the hot parcels of fluid rise and the cold (denser) parcels sink generating kinetic energy.
While the motion is favored by temperature gradients, it is opposed by the kinematic viscosity
of the fluid v, which acts against the relative motion of fluid layers by inner friction, and by
the thermometric conductivity x, that tends to remove the temperature differences. We remark
that the thermometric conductivity is defined as y = % where & is the thermal conductivity, p
is the density and ¢, is the specific heat at constant pressure.

Already in his early experiments in 1916, Lord Rayleigh realized that when the nondimensional

number

go(Thottom — Tt0p)h3 ‘ (1.1)
VX

overcome a certain value, convection is activated. The number defined above is the Rayleigh
number and it expresses the relative strength of the driving mechanisms: temperature differ-
ences, thermal expansion and gravity . If the Rayleigh number is small, pure conduction is the
main transport mechanism; the fluid is at rest in the bulk with constant temperature gradi-
ent. Above an explicitly known critical Rayleigh number (Ra. ~ 1), the conduction state is
unstable and the global attractor consists of stationary convection rolls. As the Rayleigh num-
ber increases further, the stationary convection rolls become unstable and for sufficiently high
Rayleigh number (Ra > 1), the temperature field features boundary layer, from which plumes
detach. This stage is classified as turbulent.

Ra =

!Proportional to the acceleration of gravity g.



We introduce a second parameter, the Prandtl number

Pr N (1.2)

which depends only on the properties of the fluid (and its absolute temperature). Its values,
which vary from very small number (e.g. 0.015 for mercury) to large and very large numbers
(e.g. 13.4 for seawater and 10%* for Earth’s mantle) naturally affects convection. We will now
see how the Rayleigh and the Prandtl number appear in the equation of motion determining the
intensity of the buoyancy and inertial force, respectively.
In a d—dimensional container we follow the evolution equations of the velocity vector field u(z, t),
the temperature scalar field T'(x,t) and the pressure scalar field p(z,t) where we indicate with x
the d—dimensional spatial variable and with ¢ the time variable. We specify with 2’ the first d—1
horizontal components and with z the vertical component of the vector x. In the Boussinesq
approximation, where the variation of the density is neglected except insofar as it gives rise to
a gravitational force, u,T and p are governed by

oT +u-VT — AT =0 for 0<z<1, (1.3a)
1
ﬁ(&gu + (u-V)u) — Au+ Vp =RaTe, for 0<z<1, (1.3b)
V.-u=0 for 0<2z<1, (1.3c)
u =0 for ze€{0,1}, (1.3d)
u =ug for t=0, (1.3e)
T=1 for 2=0, (1.3f)
T =0 for z=1. (1.3g)

where e, is the upward unit normal vector. We refer to [1] for a detailed description of the
Boussinesq approximation. The temperature, which is set to be higher at the bottom plate than
at the top plate, diffuses (—AT') and is advected by the velocity (u-VT). The velocity field, which
satisfies the continuity equation in the constant-density form (V - u = 0) evolves according to
the Navier-Stokes equations with right-hand side given by the buoyancy force RaT'e,. This force
generates acceleration, which, in turn, is balanced by diffusion (—Aw). The pressure p appears
as a Lagrangian multiplier to enforce the divergence-free condition. The velocity field u satisfies
the no-slip boundary condition at both plates (z = 0 and z = 1) and periodicity in the horizontal
variables 2’ € [0, L)?~! is imposed for all the functions. We notice that the pure conduction state
u=0,T =1— z is a stationary solution of the system (1.3) in absence of convection and it is
stable for Ra < Ra, ~ 1. When Ra 2 1, the conduction profile is unstable and, in this context,
one of the challenges of engineers and physicists is to measure the (convective) heat transport.
Besides the importance of the physical phenomena itself, understanding the effectiveness of
the heat transport when Pr and Ra vary, is fundamental for the industry, for example in the
construction of high-standard cooling devices on semiconductor or nuclear power plants. The
quantity of interest is the averaged upward heat flux, which measures the effectiveness in the
heat transport. An inspection of the advection-diffusion equation for the temperature shows
that the heat flux is given by uT — VT'. The appropriately non-dimensionalized measure of the
time-space average of the upward heat flux is given by the Nusselt number Nu defined through

1 [t
Nu = lim sup — / / — / (uT — VT) - e.dx'dzdt,
t t Ld-1 d—1
otoo 0 JO 0 [0,L)

where we consider the limit superior in order to avoid the case in which the limit does not exist.
We notice that the pure conduction state (u = 0, T' = 1 — z) gives rise to Nu = 1. Since
convective fluid flow increases vertical heat transport beyond the purely conductive flux, it is
interesting to work in the regime of large Rayleigh number. Throughout the thesis we assume to



work in the regime Ra > 1, where the spatial coherence of the flow pattern is lost and the fluid
flow becomes turbulent. When the flow is turbulent the Nusselt number Nu is thought to be a
function of the dimensionless parameters Ra and Pr and the aspect ratio I' = % of the container;
one example of a ”similarity law” in fluid dynamics. The aspect ratio can be assimilated to the
artificial lateral periodicity L. This paper does not address the dependency on the aspect ratio:
We will focus on (upper and lower) bounds that are independent of the period length L, which
amounts to neglecting the (limiting) effects of the lateral boundary condition. Likewise, this
paper does not address the specifics of two-dimensional flows: Our analysis is in fact oblivious
to the dimension d, which in particular amounts to allowing for turbulent boundary layers.

There are classical heuristic arguments in favor of two (different) scaling laws for Nu in terms
of Ra and Pr: The scaling Nu ~ Ras was proposed in 1954 by Malkus [2] appealing to the
marginal stability argument (see Chapter 2 ) while Spiegel [3] in 1962 predicted the scaling
Nu ~ Pr2Raz for small Pr according to the Newton’s law. We now argue that the scaling laws
predicted by Malkus and Spiegel, respectively, can be simply deduced by rescaling the equations
in the limiting case when the viscosity term wins over the inertial term and vice versa. On the
one hand, if we assume that the inertial term is negligible (setting Pr = 0o) the equation (1.3b)

reduces to
T +u-VI'— AT = 0,

—Au+Vp = RaTe,,
V-u = 0.

Rescaling this equation according to
o =Ra 37, t = Ra 3%, u= Ra3d, p= Rasp and thus Nu = RasNu (1.4)
we end up with the parameter-free system

T +4-VT —AT = 0,

“AG+Vp = Te;,
Vi = 0,

which naturally lives in the half space. Since for the lattelg system, it is natural to expect that
the heat flux is universal, i.e. Nu ~ 1, we obtain Nu ~ Ras.

On the other hand, if we rewrite the system (1.3b) neglecting the diffusivity and the viscosity
term

&gT—i—uVT = O,
& O+ (u-V)u)+Vp = RaTe,,

V-u = 0,
and we rescale according to
1 - 1 . 1~
t = ——t, u= (PrRa)24d, p=Rap and thus Nu = (PrRa)2zNu (1.5)
(PrRa)2

we end up with the system
T +4-VI = 0,

O+ (i - V) + Vp Te.,
V-ia = 0.

Imitating the previous argument we can conclude that Nu ~ Pr:Ras.

Many more scaling regimes for Nu in the Pr-Ra-plane have been proposed on experimental and
theoretical grounds in the physics literature. By means of mixing length theory, Kraichnan in [4]
not only reproduced the scalings of Malkus and Spiegel for big and very small Pr, respectively,



but also suggested a third scaling Nu ~ Pr-iRa? for big Ra and moderately low Pr. A fairly
complete theory has been worked out in [5]. It is based on global balance laws (which we also
use in our rigorous treatment (see Section 3.2.2) on distinguishing the cases of the dissipation
dominantly taking place in the bulk or in the boundary layer) and on assumptions on the
structure of both the thermal and the viscous boundary layer (which becomes relevant for
Pr < o0). However, these statements are more speculative when the viscous boundary layer is
turbulent rather than laminar.

Measurements on the Nusselt number are provided by the large-scale convection facility, Barrel
of Ilmenau (Bol) at the technical University of Ilmenau. In order to reach the regime of big
Rayleigh numbers, the close cylindrical container (7.15 m in diameter) has been constructed in
such a way that the material parameters (thermal expansion coefficient, kinematic viscosity and
thermometric conductivity) are compensated by the height of the container. Indeed the heating
plate and the free-hanging cooling plate can reach a (maximal) distance of 6.3 meters. In the
experiments at Bol the side-wall effects are not negligible and therefore the aspect ratio (which
can vary from 1 to 40) influences the heat flux and affects the measurements 2.

While most of the experiments aim at understanding how the global flow structure organizes
itself when varying the Rayleigh number , the variation of Prandtl number is more difficult. The
experiments at Bol are done using air (Pr = 0.7) at normal pressure which simulate the earth
atmosphere. Changing fluid in the container would be a big issue regarding the construction of
a (very large) cell that close tightly. In particular, low Prandtl number fluids such as mercury
and gallium are less accessible: the first requires high security level in the laboratory while the
latter has a very high cost. Nevertheless the variation of the Prandtl number can be performed
by means of direct numerical simulations, see e.g. [6].

1.1 Results

Despite the complexity of the phenomenon of Rayleigh-Bénard convection in the turbulent
regime, there are rigorous upper bounds of Nu in terms of Ra and Pr. In the case of Pr = oo,
Constantin and Doering proved Nu < (In Ra)%Ra% in their seminal 1999 paper [7]. They
obtained this bound by combining global balance laws with the maximum principle for the tem-
perature and a (logarithmically failing) maximal regularity estimate for the (quasi)-stationary
Stokes equations in L3°. The heuristic argument of marginal stability of the boundary layer (c.f.
Chapter 2 ) has inspired the application of the background temperature field method (c.f. Section
2.1). This method, based on the decomposition of the temperature profile into a background
profile 7(z) and a fluctuation field 6(x,t), produces an upper bound on the Nusselt number each
time a profile 7 satisfies the stability condition

</01 (22}&9 + \V@P) dz> >0 (1.6)

(where (-) is defined in Notation). Since we are interested in deriving the lowest upper bound
within the method , we study the following variational problem

~ L rdr\?
Nu := inf {/ <> dz| T satisfies (1.6)} .
7:(0,1)—R, o \dz

7(0)=1,7(1)=0
the solution of which will give us the optimal upper bound
Nu < Nu.

In 2006 Doering, Otto and Westdickenberg (née Reznikoff) [8] obtained the bound (with a
slightly improved power of the logarithm w.r.t [7]) Nu < (In Ra)%Ra% by proving the stability

2The mentioned experiments are realized by the group of Prof. Ronald de Puits



of a logarithmic proﬁle With a refinement of the argument in [8], Otto and Seis obtained
Nu < (InRa)1s 15Ra3 which i improves further the logarithmic correction. In this thesis we show
that the upper bound Nu < (InRa)1s 15 Ra3 (Otto & Seis 2011 [9]) is optimal for the background

field method. This is shown by proving that (In Ra)%Ra% is also a lower bound for the Nusselt
number associated to the background field method. In particular we establish the following
result

Theorem (Camilla Nobili and Felix Otto, [10]).
Suppose that a profile T : (0,1) — R satisfies fo Z—Z dz = -1 and

Q,[0] := </D ( ZT Ze+|v9\2) >zo, (1.7)

for all (0,u?) related by the fourth order boundary value problem
A%u? = —Ra Ay 0 with 0 =v* =0,u* =0 at z =0, 1.
Then
Nu > (In Ra)l%Ra%.
In particular Nu ~ (In Ra)TlsRa%.

Nevertheless, the combination of the maximal regularity estimate for the Stokes equation in [

with the background field method in [8] yields the doubly logarithmic bound Nu < (InlnRa)3 3Ra’
(c.f. [9]) which is, to our knowledge, optimal.

We finally observe that our lower bound on the background field method together with the (last)
optimal upper bound yields

1l

Nu < ﬁl,
meaning that the background field method does not carry physical meaning.

In the case of Pr < oo, the lack of instantaneous slaving of the velocity field to the temperature
field increases the difficulty in bounding the convection term < JwT dz> (see Notations) in the
definition of the Nusselt number and the background field method turns out to be no longer
fruitful. In their 1996 paper [11], Doering & Constantin among other results gave an easy
argument for Nu < Ra2 for all values of Pr. Besides [11], there is only one other rigorous result
for Pr < co: Wang [12] proved by a perturbative argument that the Constantin & Doering 1999
bound Nu < (In Ra)%Ra% persists for Pr > Ra (see Section 3.2.2 for an argument why this is
the classical scaling regime). In this case we establish the following upper bound

Theorem (Antoine Choffrut, Camilla Nobili and Felix Otto, [13]).
Provided the initial data satisfy Ty € [0,1], [ |uoldz < co and for Ra>> 1

Nu<C {(ln Ra) (In Ra)%Ra%,

(In Ra)%Ra%,

N[= W=

Ra 3 for
Pr

Pr >
~3Ra Pr <

for

w\»—-

(InRa)

where C' depends only on the dimension d.

This result on the one hand implies that the Doering & Constantin 1996 bound Nu < Ra? is
suboptimal for Pr > 1 and on the other hand, tells us that the Constantln & Doerlng 1999
bound Nu < (In Ra)SRas (in its slightly improved form of Nu < (In Ra)3Ra3) persists in the
much larger regime Pr 2> (In Ra)éRaé and then crosses over to Nu < (In Ra)éPrféRa% which
can be seen as an mterpolatlon between the marginal stabilit bound and the Constantin &
Doering 1996 bound as Pr decreases from large Pr = (In Ra)SRa3 to moderate Pr = 1. We
want to remark that like in Wang’s argument, ours treats the convective nonlinearity (u - V)u

in (1.3b) perturbatively. However, there is a difference: We perturb around the non-stationary



Stokes equations and gain access to Ra-Pr-regimes where the effective Reynolds number Re is
allowed to be large. In fact we work with Leray’s solution and thus only appeal to the global
energy estimate on the level of the Navier-Stokes equations, whereas Wang’s regime is limited
by the use of the small-data regularity theory for the Navier-Stokes equations and thus Re < 1,
which in his analysis translates into Pr > Ra . Loosely speaking our analysis Just 11"equires
small Re in the thermal boundary layer, not in the entire container, for the (In Ra)3Ra3 scaling

to persist. This upper bound is based on a maximal regularity estimate in the interpolation

between the two norms of interest L1 (dt dx’ z(ll_z) dz) and L$° (L% x,). As we will explain in
Subsection 3.2.2 this estimates holds only under bandedness assumption (i.e. restriction to a
packet of wave numbers in Fourier space); this is the source of the logarithmic correction in the

bounds for the Nusselt number.

1.2 Summary

Here is a summary of the content of this thesis.

In the rest of this introductory chapter we recall a maximum principle for the temperature
equation and we derive some useful representations and bounds on the Nusselt number, directly
coming from the equations of motion. In Chapter 2 we consider the Rayleigh-Bénard convection
when the inertial force in the velocity equation is neglected, i.e. Pr = oo. In Section 2.1 we
introduce the background field method for the temperature field. This method, capitalizing on
the instantaneous linear slaving of the velocity to the temperature field, reduces the problem of
finding upper bounds for the Nusselt number to solving a variational method: find background
profiles 7 that satisfy the stability condition (2.34). For preparation, we analyze some stable
profiles and highlight the ”good” features (in terms of the upper bounds on Nusselt number).
In Section 2.2, assuming initially the container to be of infinite lateral size (amounting to real
wavelengths in Fourier space), we derive necessary condition on & = Z—Z coming from the sta-
bility condition (2.34). Specifically, in Subsection 2.2.1, we analyze a reduced version of the
stability condition and we prove that a stable background profile must be increasing and grow
logarithmically. In Subsection 2.2.2 we go back to investigate the profiles 7 that satisfy the orig-
inal stability condition and we show that £ must be approximately positive (positive in average
approximately in the bulk), satisfy a logarithmic growth at the level of the antiderivative 7 and
be approximative positive in the boundary layers . These results, stated in Lemma 1, Lemma 2
and Lemma 3 (Subsection 2.2.3), constitute the proof of the non optimality of the background
field method, Theorem 1. This is a joint work with Felix Otto, [10].

In Subsection 2.2.6 we recover the physical setting of a container with finite lateral size, amount-
ing to integer wavelengths. Here, although the proof of the logarithmic grow of 7 requires a
different argument, we can deduce the same conclusion as in Proposition 1.

In Chapter 3 we consider the Rayleigh-Bénard convection reintroducing the inertial term in the
equation of the velocity allowing the Prandtl number to be finite. The velocity field, that evolves
according to the Navier-Stokes equation, is not instantaneously slaved to the temperature field
and therefore the background field method is no longer fruitful. For preparation, in Section
3.1 we show how to apply maximal regularity estimates to derive upper bounds on the Nusselt
number. In Theorem 2, Section 3.2, we state our result on the upper bound on the Nusselt
number at finite Prandtl number. The main ingredient for the proof of Theorem 2 is the
maximal regularity estimate for the non-stationary Stokes equation in the strip, Theorem 3.
The proof on a maximal regularity in the strip is, in turn, based on the maximal regularity
estimate in the upper half space stated in Proposition 3. This is a joint work with Antoine
Choffrut and Feliz Otto, [13].

10



1.3 Prerequisites
We start by recalling that the equation of the temperature
T +u-VT — AT =0
satisfies the maximum principle
if To € [0,1] then ||T)|z~ <1, (1.9)

which furnishes us an a-priori bound on the temperature 7'
Indeed one can show that for weak solutions of the Boussinesq system, i.e. v € L°L2, Vu € L?L?
, T € L°L? and VT € L?L2, the maximum principle for the temperature holds. Indeed T
satisfies a level set energy inequality (see eq. A.1 with @ = 1 in [14] observing that the solution
there has the same regularity as our 7. The proof only uses that the velocity-field u is (weakly)
divergence-free). Applying the inequality to (T'—1)4+ = max{T —1,0} and to 7_ = max{—T,0}
we deduce that |[(T"—1)4||z2 and ||T_||12 vanish for all time. Therefore we get that 0 < 7T' < 1.
Exploiting the incompressibility condition (1.3c) we can rewrite the temperature equation (1.3a)
in the divergence form

T+ V- (uT —-VT)=0. (1.10)

The vector uT — VT, called heat flur , sums up the two opposing contribution coming from
convection (uT") and conduction (—V7'). The Nusselt number is defined as the time and space-
average of the vertical heat flux

Nu = </01 (W*T — 9,T) dz>, (1.11)

where

1 [t 1
. :limsup/ N dt and -’:/ -dx’.
) 0 =g )

to—oo U0

The term < JwT dz> quantify the heat transported in the bulk by convection. Near the boundary
layer the term (uT’)" becomes smaller and smaller due to the boundary condition that enforce
this term to vanish at z = 0 and z = 1. Therefore close to the boundary the conduction term
< Jvr dz> becomes larger. An important observation is that the Nusselt number is the same in
each horizontal layer at which we are measuring it, namely

Nu= (u*T —8,T) Vzel0,1]. (1.12)

Indeed, starting from the equation (1.10) and averaging in the horizontal direction and using
the periodic boundary condition in x’ we obtain

DT + (" T — 8,T) = 0.

Since, by the maximum principle for the temperature

osc. {tl /0t0<(uZT - @T»’dt} S

1
0 to’

we conclude that (u*T — 0,T) does not depend on z and therefore (1.12) holds.
Again from the temperature equation (1.3a) and the property (1.12) we obtain

Nu = </01 |VT|2dz>. (1.13)

11



Indeed, multiplying (1.3a) with 7" and averaging in ' we have
0 = (TT) +(V-@WD)T) + (—ATT)
= SOUTY + (V- (uT?) — (V- (TVT)) + (VTP
= %at (1) + %az (w*T?) = 9,(T0,T) + (|VT*)".

Taking the vertical-space average, the time average and using the non-slip boundary condition
for u* in the expression above we obtain

1 to 1 to to 1
- oT? dzdt — | (9.T)  dt+ (IVT)?Y dz dt = 0.
2Jo Jo 0 =0 o Jo

Finally, we pass to the long-time limit of the expression above. Observing that, due to the
boundedness of T' (see (1.9)), the first term of the left-hand side vanish, i.e.

to 1 1!
htm sup / / 0(T?) dz dt = lim sup <2 / <T2>|t _4o dz — 5 / <T2>Tt:O dz> =0,
0—>00 to—00 0 0

(1.14)
([1vr7a) =~ o1

which yields (1.13) once we observe that by the property (1.12), the Nusselt number can be
represented as Nu = ((v*T — 9,T))] From the Navier-Stokes equation (1.3b) we find the
energy inequality

we have

|z=0"

</01 |Vu|2dz> < Ra(Nu — 1) (1.15)

for Leray solutions. Indeed testing the Navier-Stokes equation (1.3b) with u, averaging in space,
integrating by part, using the no-slip boundary condition for v and finally averaging in time we

have
I B R 1 [t rl 9
——— d — "dz dt
spric | ezt [ gvapya:

111

1 9 1 to 1
- = ' d R/ / 2TV dz dt
5o [ (ot +Rag [ [ ey

which reduces to

to 1
— / (IVul?) dz dt
0o Jo

< 111/1(u|2>’ dz—i—Ral/tO /1<uZT>'dzdt
=2Prty J, [¢=0 to Jo Jo ’

Passing to the limit for big ¢ty we obtain
1
Ra < / u*T dz>
0

</01 yvu|2dz> 1
= ra(( [ wr-omd)-1)

= Ra(Nu-—1).

IN

For the Stokes equation (2.1b), (1.15) holds with the equality sign.

12



Since the vertical heat flux does not depend on the variable z (see (1.12)) we can write

1/ . 1/ [ . 1
Nu = — uw'T —0,Tdz ) < = w*Tdz )+ =, (1.16)
d \Jo d \Jo 5

where we have used the boundary condition for 7". Furthermore, using the maximum principle
for the temperature (1.9) in the last inequality we obtain

1/ . 1
Nu < = / lu*|dz ) + <. (1.17)
5 \Jo 5

We conclude this subsection observing that two important properties of u* can be deduce by
the incompressibility condition (1.3c): from the combination of (1.3¢) with the no-slip boundary
condition for u* (1.3d) we deduce that

du*=0 at  z=0,1. (1.18)

Furthermore averaging the equation (1.3¢) in the horizontal direction and using the periodicity
of v/ in the horizontal direction we have

9. (u*) = 0.

Using again the no-slip boundary condition for u we find that the horizontal average of u?®
vanishes, i.e,

(w?) =0. (1.19)

13



Chapter 2

Infinite Prandtl number convection

When the Prandtl number is very big, such as for Glycerin at 20°C (Pr = 12000) and the
Earth’s mantle (Pr ~ 10?4), it is reasonable to consider the infinite-Prandtl-number limit of the
equations (1.3)

T +u- VT —AT =0 for 0<z<1, (2.1a)
—Au+ Vp =RaTe, for 0<z<1 (2.1b)
V-u=0 for 0<z<1, (2.1c)
u=20 for ze€{0,1}, (2.1d)

T=1 for z2=0,

T=0 for z=1,

where the inertial term does not appear since we set Pr = oo. In this case the problem of
obtaining bounds for the Nusselt number is simplified by the instantaneous slaving of the velocity
to the temperature field, which provides a tight control on on the indefinite term [(u*T) dz in

the definition of the Nusselt number (1.11). When the inertia of the fluid is neglected, Malkus [2]
proposes the following heuristic argument in favor of the scaling Nu ~ Ras : with the observation
that Ra > 1, in a boundary layer (to be determined) thickness § < h, the temperature drops
from 1 to its average % and the flow is suppressed. By definition of the Nusselt number in the
dimensionless variable (1.11), this yields Nu ~ 2%. So that the Nusselt number is linked to the
relative size of the (thermal) boundary layer. Here comes the crucial argument of a marginally
stable boundary layer: the actual size ¢ is expected to be proportional to the largest height h*
of the container in which the pure conduction solution "= 1 — z,u = 0 is stable. A critical
Rayleigh number Ra* (critical in both the sense of linear and nonlinear stability) is associated
to h* via .
Ra* — 90T — To)(hR")

VK
and it is explicitly known. Since Ra* must be universal, then Ra* ~ 1 and we obtain

lga(Tbottom - Ttop) (h)d
2 VK

(h*)3 ~ 1.

Recalling the definition of the Rayleigh number we have %Ra(h*)3 ~ 1 which implies ¢ ~ Ra"s.
The combination with Nu ~ % yields the desired

Nu ~ Ras3. (2.2)

Numerical simulations [15] and experiments [16] are in perfect agreement with this scaling. In
the next subsection we will introduce the background field method which shows striking similar
characteristics with the marginal stability method: If the profile is stable then it gives an upper
bound on the Nusselt number. In this sense the background field method can be viewed as a
rigorous implementation of the marginal stability argument.
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2.1 Prerequisite: Background field method

The background field method consists of decomposing the temperature field T into a steady
background field profile T satisfying the driven boundary conditions

T=1 atz=0 and T=0 atz=1
and into temperature fluctuations 6, satisfying
0=0 at z € {0,1}.
Therefore the temperature T can be written as
T(x',2,t) = 7(2) + 0(2, 2,t) .
Imposing the decomposition into (2.1a), one finds that the fluctuations evolve according to

2
3t9+u-vez—d—7uz+A9+dT

s e (2:3)

and the Nusselt number can be rewritten as

a1 [1(dr)’ /1 20, _ /1d27
Nu ' = /0 (dz) dz+< ; |VO|“dz ) —2 ; dZZHdz . (2.4)

Testing equation (2.3) with 6 and averaging in space we obtain
1 Lar ! La?r
- 0% dz = — | —(u®0) dz — 0%y d /G/d 2.
5 [y a=— [ Lwoyas— [qvopyaz+ [ Toya. @5

where we observed that 3 [(V(u6?))’ dz vanishes due to the no-slip boundary condition for u and
the periodicity in the horizontal variables. Considering the long-time average of the expression
above, the first term vanishes due to the boundedness of 8 and we are left with

ldQT ldT ; 1 9

It is now easy to see that the Nusselt number representation (2.4) can be rewritten as

L rdr\? 1 dr
Nu = = - PR 2 2.
u /0 (dz) dz </0 < U 0+ |V ) dz> , (2.6)

which turns out to be revealing. Indeed (2.6) suggests the following idea: if one can construct
a background field 7 that satisfies

Q,[6] = </01 (23}&9 + |v9|2> dz> >0, (2.7)

for every 0(a/, z,t) satisfying homogeneous boundary conditions (and u* defined through the
Stokes equation (2.1b), the incompressibility condition (2.1c¢) and homogeneous boundary con-
ditions (2.1d)), then the Dirichlet integral of 7(z) is an upper bound for the Nusselt number,

i.e.
L rdr\?
Nu < — dz. 2.8
vs [ (E) @ @9

The constraint (2.7) is referred to as a stability condition.
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We define the Nusselt number associated to the background field method

Nu := T:(Oi’Ill)f_}R7 {/0 <EZ> dz| T satisfies (2.7)} , (2.9)

7(0)=1,7(1)=0
which clearly bounds the Nusselt number from above,
Nu < Nu.

Therefore via the background field method the problem of finding an optimal (within the
method) upper bounds for the Nusselt number reduces to constructing a function 7 that re-
alizes the infimum of the variational problem defined by (2.8) constrained to (2.7). For the rest
of the chapter we can think of functions which are independent on the time variable ¢. Eliminat-
ing the pressure from the Stokes equation (2.1b) via the incompressibility condition we deduce
the direct relationship between 6(z/, z) and u*(2/, 2):

A?u? = —RaA,6 for 0<z<1,
{ uw? = 0,u*=0 for ze€{0,1}. (2.10)
The stability condition (2.7) can be rewritten explicitly as follows
1 gr 1 1
Q[0 = 2/ E(zﬁ@)’dz +/ (V0% dz —i—/ (10.0]*) dz > 0, (2.11)
0 0 0

for all the functions 6(2’, z) that vanish at z € {0, 1}, where the function u*(2’, z) is determined
by 6 via the fourth-order boundary value problem (2.10). In terms of the horizontally Fourier-
transformed variables (see Notation) (F'0)(k’, z) and (F'u?)(k’, z), the relation (2.10) is
2
(~i+K]P) Fur = RallPF'o for 0<z<l, (2.12)
Fut = L7y =0 for ze€{0,1}

and the constraint (2.7) is fulfilled if for every wavenumber k' € 22Z4-1\ {0}

1d 7 1 1 d 2
%szzédﬁﬂﬁﬁpwhféwwgm%&fé(wpo dz >0, (2.13)

for all (complex valued) functions F'6(z), such that F'0(z) =0 at z € {0,1} .

Examples of stable profiles

The construction of stable profiles has been a challenging problem in the past years. In this
subsection, in preparation for the next chapter we give some examples of stable profiles, high-
lighting their basic features. Each stable profile produces an upper bound for the Nusselt number
through the variational problem (2.8). The idea that the major temperature drop occurs in the
(thin) boundary layers, suggests the choice of a profile which is constant in the bulk, so that the
support of % is concentrated near the boundaries where u? and 6 vanish due to the boundary
conditions. In particular one can consider

1—%2 0<2<6,
m(z) =143 §<2<1-6, (2.14)
»(1—2z) 1-6<2<1,

where § is the boundary layer thickness. We first notice that the Dirichlet integral (2.8) is
fol(%)2 dz = 2% and § will tell how thick the boundary layer should be in order to ensure the
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stability of the profile. Constantin and Doering in [17] showed the stability of this profile. In
particular they showed that Q, > 0 once one chooses § ~ —. This yields the (suboptimal)

2
Ra’

upper bound for Nusselt number

Nu< — R :
~ 5
u as

(For more details the reader may consult [17]). Before passing to the next example we want to
get some intuition on the term [ %(u%)’ dz. Let us assume for the moment the model (2.1)
without the diffusion term in the temperature equation (2.1a) , i.e.

0T +u-VT =0 for 0<z<1, (2.15a)
—Au+ Vp =RaTe, for 0<z<1,
Vou=0 for 0<z<1, (2.15b)
u=0 for ze€{0,1}, (2.15¢)
T=1 for z=0,
T=0 for z=1.

In this case T'= 7(2), u =0, p = p(z) = Ra foz 7(2')dz" is a stationary solution of the system
(2.15). Monitoring the growth in time of the perturbation §# = T'— 7 in the L?>— norm, we find

1d/1<e2>’dz = /1(069>’dz
2dt J, o
1
== /(HatT>/dz
0

1
15c d
(2.15¢) _/ dl@ﬁe)’dz.
0 z

Therefore the term [ %(u%)’ dz governs the growth of the finite (not just infinitesimal) per-
turbations of the stationary temperature field 7. For the full model (2.1) only the linear profile
(1 =1— z,u = 0) is a stationary solution. Again we compute the growth in time of the L?—
norm of the perturbation § = T'—7 where 7 = 1—z. Using the homogeneous boundary condition
for § and the fact that

1

_/01(]V9]2)’dz:/01<9AT>’dz: —/Ol(VGVT)’dz:—/(\V6\2>’dz+/0 (0.0)' dz

we find

z

— /01<uZ0>/dz—/01<|V49\2>’dz—/01<8z9>'dz
_ /01<u20>/dz _ /01<|Vc9\2>’dz .

Therefore this time we cannot infer that the term [ %(uzey dz governs the stability of the
stationary profile 7 = 1—z. Nevertheless the computation above suggests the following intuition:

1d (Y o (2.5) Ydr ., o1/ Ya?r
2/0 (67) dz "= /0 d<u0>d2/<|v9|)dz+ 0@<9>dz

17



7(z) is stable if the hot (lighter) fluid is on the top of the heavy (colder) fluid. Indeed, in the
next section, we will show that the condition

dr
— >0,
dz
in the bulk, is necessary for the stability of a background profile 7. To validate this physical
intuition we consider a linearly increasing profile 7 = az + b with a > 0. We want to show that

in the bulk this profile satisfies

1 1
1
/ a{u®0) dz > / a(|Vu? |2 dz. (2.17)
0 Ra Jo
Notice that this would immediately imply the stability for the profile 7 since the other two
terms in (2.11) are positive. For this purpose, after Fourier transforming the equations (2.12)
we compute

T ‘ I —
Re/o FuFad: "L RRWP/ }"uz< dd2+|k’|2> Fi? dz

= Rei ! /lfu @ 2|k"|2 5+ K| ) Fru? dz
- Ra [K'[2 J, dA
1 2 1
+2/ dz+\k"]2/ | Flu?|? dz
0 0

1 1t 2

N WP/
1 1 d 2 1

> / dz+\k’y2/ |Flu?)?dz |,
Ra 0 0

7‘/—_'/ z

dz “
which implies (2.17). Since the profile 7 = az + b with a > 0 does not satisfy the boundary
conditions, we need to modify it in such a way that the stable linear part occupy a big part of
the bulk. Indeed, we can show that the profile

(2.16)

2
d
!,z Tl z
—Fu dz]:u

1—(17_5)2 0<z<4,
T(z) =<2 §<z<1-9, (2.18)

(352)(1—-2) 1-6<2<1,

is stable, provided that the boundary layer thickness J is small enough. Starting from the
stability condition (2.11) , inserting the Ansatz (2.18) for 7 and recalling the estimate (2.17) we
have

Q-[0] >

/01<“29>'dz - % (/06<u"0>/dz+ /1;<uz9>/dz> +/01<W92>,d2
@ m/ (Vu?[2) d (25(/06<Uz9>,d2+/1;<u29>’dz> +/01<\V912>’dz

Applying the Cauchy-Schwartz estimate, the Poincare’ estimate in z and the Young estimate
we find

2 [0 .

- 0)dz < = [ (0||v*

2 [woras < 2 [oliya

( 6Py )é (f 6<|uz|2>’dz)%

( (Vo2 >2</06<|Vuz\2>'dz>é
(

1
< / V02 dz~|—452/ (V2 dz
0 0

\V)

IA
ST\

IN
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and similarly

1 1 1
?/ <u29>’dz§/ <yv0|2>’dz+452/ (V2 dz . (2.19)
1-6 0 0

Combining the last three estimates together we obtain

Q. 10] > (; —462) / (VP s

The biggest ¢ for which the quadratic form Q[f] is positive is § ~ Ra~2 and this choice gives
us the upper bound on the Nusselt number

9
Nu<5~Ra%

Therefore the ”good” linearly increasing part in the bulk can compensate the ”bad” decreasmg
part in the boundary layers only provided that the boundary layers are very thin (§ ~ Ra~ 2)
In conclusion, the argument above provides (again) a sub-optimal upper bound which does not
reproduce the physical scaling. Doering, Otto & Reznikoff in [8] showed that, in order to reduce
the effect of the "bad” boundary layers and (at the same time) keep the function increasing
in the bulk without loosing stability, one can choose a logarithmic profile (being it steep close
to the boundary layers and slowly grows away from them). It is easy to see that the profile
7(2z) = aln(z + b) is stable in the bulk, namely one can prove that

[ woyas= L [ ey (2:20)
0 z ‘I— b - 2 R 0 z + b v = ’
The argument is the following: After changing variable our goal is to prove
1 11 1
—(w0) dz > —— | ~(|Vu*|]*) d 2.21
[ oy as > S [ vy s, (221)

where I = (b,1 + b). In the (horizontally) Fourier transformed variables estimate (2.21) can be
restated as
1 ! 21N 11 1 N2, 22 d /!, Z
= O0dz>-—— [ =~ | |k —
Re/lz]:u}" Z_2Ra/lz<| ]|]:u\+dz]:u
which by (2.12) turns into
1 o (1., .o 1, ,d? 1 PR A —
Reﬁ <|k’\ /IZ\}"/u \ dz—Q/IZ}"’ 1.2 ——Fu dz + WP/ —F'u ﬁ}"’uzdz

S— (yk’| | Flu?? + ’ —F'u? >dz. (2.23)

2
) dz, (2.22)

2

Let us call g := 27 'u* and observe that %]—"’uz = 2d%g+z%g , %}"’uz =4 d3g+zd 4 g and
using the boundary conditions g = %g =0 at z = {b,1 — b} we can rewrite the last two terms
of the left-hand side of (2.23) as

|
—
N
7 N
Q
Q
RS
N
~_
N
ISH
N

R T —
/IZ.F/UM.F/U dz

Again, by the homogeneous boundary condition for g we can rewrite the second term of the

right-hand side as
1 2 1 d \?
/ dz:/g2dz+/z<g> dz.
I < I dz

19
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Therefore (2.23) can be rewritten as
1 d \? 1 a2 N\’
— [ |¥? 2d 2/ —g) d / —g) d
Ra <| |/Izg et “\ a7 Z+|k:’]2 IZ a2 :
11 1 d \?
> <|k’\2/z92dz+/92dz+/z<g> dz) )
Ra I 4 I dz

Absorbing the first and last terms of the right-hand side in the left-hand side and dropping out
the term [ z(%)2 dz in the right-hand side we are left to prove

yk’|2/z2dz+ ! /z & 2dz>1/12dz (2.24)
Y e ), 7\ a=2? =2 )20 .

2 2
Setting h = %g, noticing that fIz (;—;g) dz = fz?’ (%h) dz and applying the Young

inequality (since k' is arbitrary) we are left to prove the following inequality

1
2 2 2
(/ Z3h? dz/23 <jzzh> dz) > /zh2 dz. (2.25)
1 1 1

2
By the Hardy’s inequality applied to the second term of the left-hand side, i.e. [ 7 23 (%h) dz >

N |

IIE: (d%h)2 dz ', the estimate (2.25) follows immediately. Indeed

1
2 2
/zh2 ds = /; (jzz2) h2dz = —/zzhjzhdz < (/z3h2 dz/z (ih) dz> . (2.26)
I

Estimate (2.20) is proved by setting b = 0. The logarithmic profile is therefore stable in the
bulk, and in order to fulfill the boundary conditions, 7 can be chosen of the form

1—-3 0<2z<94,
7(z) = { L+ A(d)In ((1fz)> §<2<1-94, (2.27)
32 1-6<z<1,
where A(§) = L. In [8], the authors show that the stability of the profile is preserved if

2In(152)
1
§~ (wte)® . Since fl(di)2 dz ~ 2, by (2.8) we immediately obtain the upper bound
Raln(Ra) ) ° 0\dz 5> by (& y pp
Nu < (InRa)3Ras,

which successfully reproduces the physical scaling suggested by Malkus (2.2). (For more details
the reader may consult [8])

!The Hardy inequality states that for g = 0 at 9 we have

2
/zo‘g2dz§C(oz)/zo‘+2 <£g> dz
I I dz

for a # —1.
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2.2 Result: Lower bound for the background field method
Joint work with Felixz Otto, [10].
With the rescaling

z=TRa"3% t=Ra 3f, u=Ra3i, p=Rasp

and setting H := Ra3 the equations (2.1) turn into

T +4-VT —AT =0 for 0<2<H,
—A4+Vp=Te; for 0<2<H,
V-ia=0 for 0<2<H,

u=0 for z2e€{0,H},

T=1 for 2=0,

T=0 for Z2=H.

From now on we will omit the " for the rescaled quantities and we will work with the following
system

T +u-VT — AT =0 for 0<z< H, (2.29a)
—Au+Vp="Te, for 0<z<H, (2.29b)
Vou=0 for 0<z<H, (2.29¢)

u=0 for z€{0,H}, (2.29d)

T=1 for z2=0, (2.29)

T=0 for z=H. (2.291)

In this rescaling the turbulent regime is when H > 1. This is a condition that we will assume
in the rest of the section.

Only in this section, in order to simplify the notations, we relabel the vertical component of the
velocity as
w = u” i.e. w=u-e,.

The starting point of this section is the stability condition in the Fourier-transformed variable
F'w(z), F'0(z): for every wavenumber k' € 22741\ {0}

H dr 7 H d 2
Q. [F0] :2/ —Re|F wF'0] dz+/ |K')2(F'0)* dz +/ <]—"9> dz >0, (2.30)
o dz dz

for all 7'6(z) related to F'w(z) through the fourth-order boundary value problem

{AQuz = —Ay0 for 0<z<H,

uwt = 0,uf=0 for ze€{0,H}, (2.31)

such that 7’0 = 0 at z € {0,H} . It is convenient to introduce the slope & := ‘;—; of the

background temperature profile. Using the equation (2.12) we can eliminate 6 from the stability

condition, obtaining
d d2 /12 ? /
% ( dz ) + ‘k ‘ ) w

2 H
/ EFw ( +\k’]2> J—"wdz—i—/ K|~
0
2

i d2 /22/
+/ <d2+\kl> Fw| dz > 0,
0
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for all k" € 227471\ {0} and all (complex valued) functions F'w(z) satisfying the three boundary
conditions
d . @ e\ e o s -

}'w—@]—" <d2+| \)]—'w—O orz € {0,H}. (2.33)
We denote with Sy 7, the class of all the background profiles that satisfy the stability condition
(2.32) parametrized by the dimension of the space d in which the container lies and by the
lateral size of the container L. We observe that in (2.32) only the modulus of the wavelength
k' appears. This means that the class Sg 4 is independent of the dimension parameter d, i.e.
81,4 = Sp. Therefore the analysis that follows is the same in every dimension. Furthermore,
since the background profile 7 is stable for arbitrary horizontal length L, we may assume that
our background profile 7 belongs to the intersection of all these classes, i.e 7 € Np<scSr. We
will therefore say that & satisfies the stability condition if

2 2 2
/ EF w <—+k’2> ]-"’wdz—i—/ K| 4 (—d+k’2> Flw
0

dz
" d2 /22 / ’
——+k
—i—/o <d22+ ).Fw

holds true for all & € R and all (complex valued) functions F'w(z) satisfying the three boundary
conditions (2.33). The condition ¥ € R, which amounts to consider a container of infinite length,
turns out to simplify the analysis that follows. In Subsection 2.2.6 we recover the physical setting
of a container with finite lateral size, by setting k&’ € 22Z \ {0}.

(2.34)

In the rest of the paper, in order to simplify the notations, we will omit the symbol F’ for the
horizontal Fourier transform.

2.2.1 Reduced stability condition

Let us first observe that the stability condition (2.34)&(2.33) is invariant under the following
transformation

1. X .
z=1L% and thus k' = =k, H=LH and &= L%¢. 2.35
L

Hence in the bulk (z > 1 and H — z > 1) we expect that the first term in (2.34) dominates.
This motivates to consider the reduced stability condition

d? 2
/ fw (— + k’2> wdz >0, (2.36)
0

for all ¥ € R and all (complex valued) functions w(z) with the three boundary conditions
(2.33). In the following proposition we characterize the profiles that satisfy the reduced stability
condition (2.36).

Proposition 1. Let 7 : (0, H) — R satisfy the reduced stability condition, i.e. for all k' € R
and for all w(z) satisfying (2.33), the condition (2.36) holds . Then

£=>0, (2.37)

e ST H/ ¢dz. (2.38)

The proof of these two statements is based on the inspection of the limits ¥’ T oo and &’ | 0.
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Proof.
Argument for (2.37):
Letting k" 1 oo, (2.36) reduces to

H
/ §]w|2 dz >0
0

for all compactly supported w, from which we infer (2.37).
Argument for (2.38):
Letting k" | 0, (2.36) reduces to

H d4
/0 éw@UJdZ >0, (2.39)
for all functions w(z) satisfying the three boundary conditions
dw  d*w

In fact, besides Subsection 2.2.5.3, we will work with w compactly supported in z € (0, H),
so that the boundary condition (2.40) are trivially satisfied. Focusing on the lower half of the
container, i.e restricting to z € (O, %), we make the following Ansatz

w= 22w,

where w(z) is a real function with compact support in (0, H).
The merit of this Ansatz is that in the new variable w, the multiplier in (2.39) can be written
in the scale-invariant form

d* d* d d d d

Note that the fourth-order polynomial in zd% appearing on the right hand side of (2.41) may be
2 annihilates {2, 1,1, 2}. This

inferred, without lengthy calculations, from the fact that sz—iz =, =,
dz 227 2

suggests to introduce the new variables
s=1Inz and £ =21, (2.42)

for which the stability condition turns into

InH
- d d d (d
> =i B B B — — U .
/_OO Epds >0  where ¢ w<d8+2> (ds+1) 7 <d$ 1>w, (2.43)

for all functions @ with compact support in z € (0, H). Here it comes the heuristic argument:
For H > 1, we can think of test functions w that vary slowly in the logarithmic variable s. For
these w we have

[ d d d (d . . d . d .

which particular implies
In H In H InH ;¢
. . d d
OS/ Epds %—/ §w2d3:/ —éw2d5,
s oo ds Lo ds

for all w(s) with compact support in (—oo,In H). Thus it follows that, approximately on large
s—scales,



We expect that this implies that for any 1 < 57 <In H:
0 1 S1
/ ds < — £ds, (2.45)
1 S1Jo

which in the original variables (2.42), for S; = In % turns into (2.38). We now prove that (2.39)
and (2.37) imply (2.45).

Argument for (2.45):

We start by noticing that because of translation invariance in s, (2.43) can be reformulated as
follows: For any function w(s) supported in s < 0, and any s’ < In H we have

/ h E(sMp(s" — §')ds" = / b E(s+ 8 )p(s)ds > 0, (2.46)

where the multiplier ¢ is defined as in (2.43):

d* d d d (d
— vl o= =2 2 (L 1),
¢ YA <ds + ) (ds + ) ds (ds )w

We note that (2.45) follows from (2.46) once for given S; we construct

- a family § = {wg}s of smooth functions wy parameterized by s’ € R and compactly
supported in z € (0,1) (i. e. s € (—00,0]) and

- a probability measure p(ds’) = p(s) ds’ supported in s’ € (—oo,In H],

such that the corresponding convex combination of multipliers {¢y }¢ shifted by §', i. e.

$1(s") = / ds (8" = 8') p(s')ds', (2.47)
satisfies
-1 for —1<5"<0,
¢i1(s") < { & for 0<s" <9, (2.48)
0 else,

for a (possibly large) universal constant C. Indeed, using (2.46), (2.48) in conjunction with the
positivity (2.37) of the profile & we have

0o 0 C S1
0< / Eprds” < — / éas" + C / éds”
o -1 St Jo

We first address the form of the family §. The heuristic observation (2.44) motivates the change
of variables

which implies (2.45) .

s = A§ with A>1, (2.49)

our “(logarithmic) length scale”, to be chosen sufficiently large. We fix a smooth, compactly
supported “mask” g(8); it will be convenient to restrict its support to § € (—1,0], say

1
o[> >0 in <—2,0> and wo =0 else , (2.50)

and, in order to justify the language of “mollification by convolution” we think of the normal-
ization [wZd3 = 1. By mask we mean that in (2.46) we choose

W(A8) = AV24(3). (2.51)
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With this change of variables, the multiplier can be rewritten as follows
d d d (d
= 2 1 ——1
¢ <ds + > (ds + > ds <ds )

S APAN S R U
— A\ Nz X\ ds Nds \\ds o

S(Lld 2l 1 2y
AN dst M dsd N3ds?2 A\2ds

and reordering the terms we have

2 1. d? 2 & 1 db
gb:f—wg—gwof d 2w0+>\4 75 w0+>\5 pr 2 Wo - (252)

Heuristically, for A > 1 the multiplier ¢ can be approximated by the first term on the right

hand side 1 d
- W2
o) >~z 5 ¥ ()\) '

Inserting this approximation in the definition (2.47) of ¢ we have

$1(s") = / ¢(s" — s)p(s")ds’ _/ é(s)p(s” — s)ds
TR
- [ (e (A)) L= pas =~ [ (Lt (2)) (2) - oy

For X\ smaller than the characteristic scale on which p varies, we may think %w% (%) & do(s), in
view of our normalization. This yields

dp
~ _dp 2.53
b1 Ig (2.53)
which, in view of (2.48) suggests that p should have the form
"+1 for —1<¢ <0
psy=4>", roises (2.54)
1—;—1 for0 < s <8

Now we will go through this heuristic argument assessing the error terms. Expanding p in a
Taylor series around s”

d 1d?
pls" =) ~ pls") = Z5(")s + 55 ()5

we can write

ae) = [ " p(s)p(s” — s)ds

< o) [~ ods— 80 ["svas 506 [ ods

We now note that the first term in (2.52), i.e —/\22 Wo d;;o = —%d— gives the leading order

contribution to the first and the second moment, thus

> > 1 dug o ([ dug\ . >
/Oosgéds%/oos<—)\2 d§>d8:/oos<_ 7 ds = /OO wE dé =1 (2.55)
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and

0o o] ~2 o] ~2 0o
/_0052¢ds%/_0052 (—;d;‘?) ds:—)\/_oo§2 (d;"g()) d§:)\/_ooisw§d.§, (2.56)

while the second term in (2.52) gives the leading-order contribution to the zeroth moment of

the multiplier ¢:
o0 o /1 d*dy 1 [ (din\? .

Hence we obtain the following specification of (2.53)

a) = [ (s — 5)d(s)ds

—0o0

1  (dig\?  dp d*p 2 s
)\2;)(5”)/ <d§) ds—@(s”) +)\ds’2(8”)/ (—8)wd ds.

Q

(2.58)

Our goal is to specify the choice (2.54) of p such that (2.48) is satisfied. This show a dilemma:
On the one hand, in the ”plateau-region” s” ~ S, we would need A\> > S; so that the first term
in (2.58) does not destroy the desired S%—behavior. On the other hand in the ”foot-region”
s” € [0, 1], we would need A < 1 so that the last term does not destroy the effect of the middle
term. This suggests that A should be chosen to be small in the foot regions and large on the
plateau region. Therefore it is natural to choose

A=5s, (2.59)

and make the mask w depend on s’ when we translate by s':

/¢S/(s" — s )p(s')ds'.
Now (2.52) assumes the form

5 2 . d 1Ad2A+2Ad3A+1Ad4A (2.60)
P = — Wy Wy — Tz Wo—5W0 + o Wz Wo + 5 W7 Wo - .

s (s)2 Cds ()3 %ds2 O (s Cdsd 0 (s)5 Vst

Note that with the choice (2.59) and s = s” — s/, (2.49) turns into the nonlinear change of
variables between s’ and §

S// _ S/ S// , S//

s' s 1438

(2.61)

We consider this as a change of variables between s’ and § (with s” as a parameter); Thanks
to the support restriction (2.50) on @y, it is invertible in the relevant range § € [—1,0]:

1"

" \2 .
% = —@T)Q% = —(‘Z—)% and ds’ = @st. From (2.47) and (2.60) we thus get the
first representation
1 [ dw? . 1 & . dPg
¢1(8/,) = —— Opds_(//)Z/ (1+5)w0Wpd5

s" J_o d§ S oo

2 Sy A . ddwo ) 1 00 ) ) d4w0 )
+ (s”)3/ (1 +S)2 wWo 15 pds+ (5”)4/ (1+5)3 o - pds.

—0 —00
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An approximation argument in wg below necessitates a second representation that involves g
only up to second derivatives. For this purpose, we rewrite (2.60) in terms of the three quadratic

quantities W3, (%) and (d “’0)2.
1 dig 1 divg\* 1 d*id 1 d (ding\® d*id
s/ — — ~ _37A ~ ~
¢ +( 3 [( ) * (s)4 s\ ) T
L (i) @ (din)® 1dbig
(s)5 |\ d&? ds? \ ds 2 dsl

ds 2 d3?
d? N 1 & L1 11 d4
s3ds?  (s)*rdsd  2(s')5d

—_

1 1 d 1 dwo 2 ’wo 2
-3 — —2—= . 2.62
o (s 2epa) (i) ( T (262
Now in this formula, using the change (2.61), we want to substitute the derivations & 1)m i:n by
linear combinations of derivations of the form st—,k(l +8)m "k for k = 0,--- ,n. The

reason why this can be done is explained in the Appendix 2.2.7. The formulas (2.265), (2.266)
& (2.267) allow to rewrite (2.62) as follows

¢s’ =

1(d 14 1 a3 1 N 148 1 e
ds'  2ds?(14+38) ds®(1+3)2 2ds*(1+5)3) "
1 6 12 3 8 d

o oo oo o) 4 (o - <s/>;*> L0ty
- pant o) () e ()

The advantage of this form is that integrations by part in s’ become easy, so that we obtain

L[ of dp 1 1 d? 1 dBp 1 1 dbp\
- “dd 9 = d
¢1 S// /;Oo wO ( / 2 1 +§d8/2 + (1 +§)2 dS/S + 2 (1 +§)3 d8/4 S

+ (wmwn ) Lo () o
- (op ) [0 (d§”§°>2 L as

2
Y Wo
“ <1+s>5(d§2)
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representation

6 — /°° of 1 dp 11 d2p+ 1 d3p+1 1 d s
L e L "\ T @ +8)2ds 21 +8)%ds? T (1+38)3ds® | 2(1+38) ds
1 6 didg \ 2
i
’ <<s">2+(s">3 ) [ () e
dvg .
- () [ ()
_ / 1 dg d2p £
(s")?2 J_oo 1+ 8\ ds ) ds?
1 [ a2\ 2
+ = [ +8* (S5 pds. (2.63)
(s")* ) o ds

From this representation we learn the following: If we assume that p(s’) varies on large length
scales only, so that

dp d>
- ded P
P2p & d

then for s” > 1, we obtain to leading order from the above

< 1 dp 1 [ (dig\®
o1~ — T wogds—#— TaE 700(1-{—8) 7 pds. (2.64)

If p(s') varies slowly even on a logarithmic scale (so that e. g. s’ % is negligible with respect to

p), the above further reduces to

dp(s") [ 1 5. p(s") [ o (dio)?
~ — 1 ds . 2.
$1 73 /Oo (1+§)2w0 ds + )2 /OO( + 8) = § (2.65)

This is the specification of (2.58): We see that the first, negative, right-hand-side term of (2.65)
dominates the second positive term provided

@ > !
ds’ (S/)2'

This is satisfied if p is of the form

for some Sy > 1 to be chosen later; indeed

dp _ So N So 1
@ - (s’ _ 50)2 ~ (s’)2 > (5’)2

This motivates the following Ansatz for p in the range 1 < s’ < S1: We fix a smooth mask
po(§') such that

for s’ > So > 1.

dpo
ds’

1
po = 0 for & <0, > 0 for0< § <2, p0:1—7/f0r2§.§/. (2.66)
5

For Sy > 1, we consider the rescaled version

p(So(8' +1)) = po(§'), 1. e. the change of variables s’ = Sp(§' +1). (2.67)
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It is convenient to rescale s” accordingly:
" = S8, (2.68)

With this new rescaling, (2.63) turns into

1 00 ~2 d 1 00 ~2 d2
¢ = —/ e I d§—2/ Yo 2P0 g5
So) Orézay @ 252 )  (1+apds?
1o g2 8B 1o g2 g
+/ @ dpo o 4/ My __dpo g
S8 ) o (1+8)* ds’ 255 ) oo (1+8)5 ds™

1 1 1 6 1 12 . (dio\®
! (s GRS EY S ) |09 () was

1 3 1 8 < didy deOdA
(s~ son) L (&) @

12 /00 L (dig\* d*po .
Se(3)3 ) 145\ ds ) d3?

1 1 [ a2 \ 2
— 1+35)° ds. 2.69
tsyy |0+ () me (209
Since in the integrals in formula (2.63), the argument of p was given by s = #ﬂg, c. f. (2.61), it
follows from (2.67) and (2.68) that the argument of pg is given by
al!
N S
= —1. 2.70
T T+ (2:70)

Thus (2.69) just depends on §”, not on Sy. Hence the above representation makes the dependence
of ¢1 on Sp explicit. Our reduced goal is now to show that the constructions of w (c. f. (2.51)
and (2.59)) and p (c. f. (2.66) and (2.67)) yield the bound

=0 forall s <15,

2.71
<0 for s”>%50, 2.71)

Gi(") = [ bu(s" — (s ds’ {

for So > 1. Note that the measure p in the definition of ¢ is not (yet) a probability measure and
therefore the multiplier ¢7 is not admissible. At the end of the proof we show how to construct an

admissible multiplier and how to pass from the reduced goal (2.71) to the desired bound (2.48).
In order to establish (2.71) it is convenient to distinguish three regions (note that if s” € (oo, %]

all the integrals in (2.69) vanish because the supports of Wy and py do not intersect, see below):
The range of large s”:

s" > 38y or equivalently §” > 3. (2.72)

Note that because of our support condition (2.50) on 0y, all integrals in (2.69) are supported

2.70) an
in § € [—3,0]. Together with our range (2.72), this yields for the argument &' @70 itz — 1of
po and its derivatives: §' > 2. Because of % = (g})g for & > 2, c. f. our Ansatz (2.66), the first

integral in (2.69) reduces to

0 l@% dpo ds — > 12)(2) 1 ds
1+82de "7 ) araz( —12”
—00 —00 (1+§ )

:/OO W gen L /OO @2 ds, (2.73)
—oo (8" = (1+8))? (8")? J - ’
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for § > 1, whereas all the other integrals in (2.69) are O((S,#,)Q) or smaller in § > 1 or

have prefactors ﬁ or smaller. Since only the term in (2.69) coming from integral (2.73) has

prefactor SLO while all the other terms have prefactors é or smaller (for Sy > 1), the first term
0

in (2.69) uniformly dominates all other terms:

1 o0 ~2
o] =~ _So/ (§”_EU++§))2 ds uniformly in 8" >3 for Sp > 1. (2.74)

In conclusion, in the range §” > 3 we have

1 1
The range of intermediate s”:
" 3 . A,, 3
s’ € 15’0,350 or equivalently §" € " 3. (2.76)
Again, we consider the first integral in (2.69). Now we use that % > 0 is strictly positive in

5 € (—%,0), c. f. (2.50), and that % > 0 is strictly positive in § > 0, c. f. (2.66), that is, in
§ < § —1,c f (2.70). We note that the two §—intervals (—3,0) and (—oo,§” — 1) intersect
for §” > 1. Hence by continuity of the first integral in (2.69) in its parameter §”, there exists a

universal constant C' such that

o] ~2
wo dpo . 1 N 3
> — — .
/_OO(1+§)2 dé/ds_ c for § 6[4,3}

Hence also in this range the first term in (2.69) dominates all other terms:

" L[ w@f dpo . . - 3
o] =~ _So/_oo(l—i-§)2 ¥ ds uniformly in §” € 1,3 for So > 1, (2.77)

and we can conclude that in the range s” € [%SO, SSO] we have

11
i —gm <0 for So > 1. (2.78)

Note that the above discussion on supports also yields that ¢; is supported in 8’ € [%, oo).

The range of small s”:

1 1
s’ € <2So,iS0> or equivalently 3" € (2,2> . (2.79)

We'd like ¢1 to be strictly negative in this range for Sy > 1. Here, we encounter the second
difficulty: No matter how large A = s’ in (2.52) is, the behavior of ¢y near the left edge —%

of its support [—%, 0] (and also at its right edge 0, but there we don’t care) is dominated by

the %1210 d;;o -term and thus automatically is strictly positive. Taking the p(s’)ds’-average of
the shifted ¢y (s” — s’) does not alter this behavior as long as p is non-negative in [Sp, ), c. f.
(2.66): ¢7 is strictly positive near the left edge % of its support. The way out for this problem
is to give give up smoothness of Wy near the left —% of its support [—%, 0]. In fact, we shall first
assume that wg satisfies in addition

A_l“_‘_}QfAE 1.1 (2.80)
W = 58+ or § 5 "1l )

30



This means that 1y has a bounded but discontinuous second derivative (it is in H?°°). This is
the main reason why we expressed ¢] only in terms of up to second derivatives of wy. We argue
that the so defined ¢; is, as desired, strictly negative on s” € (%5’0, %S@] for all Sy. Indeed, in
view of (2.60) and (2.59), the assumption (2.80) implies

1 /s 1\° 1 s 1\2 s s
Gs = _(8/)2 <8’+2) D) 8/)3 <S’+Q> <0 forse <_2’_4:| ) (2:81)

In view of (2.66) & (2.67), p > 0 is strictly positive for s’ € (Sp,00). On the other hand, it
follows from (2.81) that s’ — ¢y (s” — &) is strictly negative for s — s’ € (—%, —SZ/], that is,
for s’ € [3s”,2s") (and supported in s’ € [s”,2s"]). Hence, by (2.47), ¢} is strictly negative for
So € [4 ".2s"), that is, for s” € (%5’0, %So], for any value of Sy > 0. Now we approximate iy
with a sequence of functions wg in H 22 and we call @7 the associated multiplier. Since ¢}
involves g only up to second derivatives (c. f. (2.69)) then ¢;"” converge locally and uniformly
in §” to ¢;. We conclude that for s” € (%So, %So)

¢t <0 for Sp>1. (2.82)

Finally we fix a sufficiently large but universal Sy, so that (2.82) together with (2.75) and (2.78)
imply (2.71).

In order to conclude the proof we need to make the measure p, defined in (2.66) & (2.67), decay
in the region % < s’ < S;. In this way the multiplier

s / by (s" — ') p(s')p <;1) ds’ | (2.83)

where 7 is a smooth cut-off equal to one for s < 31 and equal to zero for s’ > Sy, is admissible.
It is easy to see that ¢1(s”) satisfies

1
$1(s") < < (2.84)

S1
in the region 3! < s” < Sj. Putting together (2.71) and (2.84) we obtain (2.48), after shifting.
O

2.2.2 Original stability condition: main theorem

In this section we go back to the original stability condition (2.34) and we establish the following
result

Theorem 1. Assume that & satisfy fOHﬁdz =—1 and

</OH (26wo + \w?)dz> >0, (2.85)

holds for all (0, w) that satisfy

Aw = —Au0 for0<z< H
{w:‘fg = 0=0 forz=0H (2.86)
Then fOH €2dz > (InH)15. In particular
Nu > (In H)15 , (2.87)

where Nu is defined in (2.9).
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This result has two direct consequences: On the one hand if we combine (2.87) with the upper
bound Nu < (In H)% (c.f. Otto & Seis [9]) we obtain

Nu ~ (In H)7 .
On the other hand, (2.87) together with the upper bound Nu < (Inln H)% (Otto & Seis [9]),
implies
1 1 —
Nu < (InlnH)3 < (InH)75 < Nu,

which tells us that the Nusselt number associated to the background field method, Nl/l, does not
carry a physical meaning.

2.2.3 Characterization of stable profiles

In this section we enunciate the lemmas that will be the main ingredients for the proof of

Theorem 1. Recalling that by (2.42) £ = 2 and s = In z, we state the first lemma:

Lemma 1.
There exists a ¢g, which will play the role of a convolution kernel, with the properties

&0 13
w20 [Toas=1 swpan) < (1.3) (2.89)
such that, for all 8 <In H

/OO E(s+ 5 )go(s)ds > —C exp(—3s'), (2.89)

and C denotes a universal constant.

This lemma tells us that under the stability condition (2.34) we can infer that é = z£ is nearly
positive on average in the logarithmic variable s = Inz for 1 < s < In H. The right-hand side
term of (2.89) estimates the deviation from the average positivity in the bulk. Much of the effort
of this construction will consist in designing the kernel in such a way that it is both non-negative
and compactly supported. Non-negativity of ¢g(s) and its fast decay for s | —oo and support
in s < 0 will be crucial in Subsection 2.2.5.2, where we will work with the convolution (2.90).
Let us define the convolution

()= [ &+ S onls)ds. (2.90)

that, in virtue of Lemma 1, is approximately positive in the bulk. In Section 2.2.1 we proved
that if a profile T satisfies the reduced stability condition (2.36) then it grows logarithmically in
the bulk. When ¢ satisfies the weaker stability condition (2.34) we want to prove an analogous
result for & defined in (2.90).

Lemma 2. Let 7 : (0, H) — R satisfy the original stability condition (2.34) and consider &
defined in (2.90). Then for S; > C we have

0 R 1 S1 .
/ éyds < C ( £ods + 1) : (2.91)
1 St Jo

where C' denotes a (possibly large) generic universal constant.

The approximate non-negativity of é’o is lost in the boundary layer s < —1. However, we can
show that £y cannot be too negative in the boundary layer provided &y is sufficiently small in
the transition region |s| < 1.
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Lemma 3. Let 7 : (0, H) — R satisfy the original stability condition (2.34) and consider &
defined in (2.90). Then for all Sy > C and ¢ < 1 there exists a specific universal constant Co
(with Cy < C'), such that we have

-1 1 0 1 =S2+1
fo ds > —CQ (6 /_1 50 d8> -C <€ +/ |fo| ds + 86Xp(552)> s (2.92)

—Ss —So

where C' denotes a (possibly large) generic universal constant.

2.2.4 Proof of the main theorem

Let us recall that by assumption we have

H
/0 £(2)dz = 7(H) — 7(0) = —1 (2.93)

(see Subsection 3.2.6 for notations). Without loss of generality we can assume
/ €2dz <Nu < (InH)ts (2.94)

otherwise there is nothing to show. The proof of Theorem 1 consists of two steps:
Stepl:
We claim that fOH £(z)dz = —1 translates (by the up-down symmetry) into

InH 1
/ Gods' S -3 (2.95)

Argument for (2.95):
Let us introduce the change of variable

(2.96)
where k > 0, and the logarithmic variables
=Inz and s = —Ink. (2.97)

We note that by definition (2.90) of the convolution €0, by definitions (2.96) & (2.97) of the
variables 2, s and s', by definition (2.42) of £ we have

In H In H 00
/ £ods’ 299 / / E(s+ s )o(s) ds ds’
(2.96)&(2.97) / / (i) b0(%) iZde
. 2\ dk
e (2) G o
1 Hz dz . .
= /0 /0 &(2) 5 ¢o(2) dz
H 1y
- [ / Lo0(2)dzdz.

In view of this identity and the up-down symmetry (i. e. the symmetry of the problem under
z~ H — z), (2.95) will follow if we show that fo z)dz = —1 implies

[ e ( / toras [
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using the normalization
14 0
/ So0(2)d2 = / bo(s)ds = 1. (2.99)
0 —00

As a further consequence of the up-down symmetry, we may assume that ¢o(2) is even w. r. t.
zZ= %, that is,
do(1—2) = d0(2). (2.100)
Indeed, in order to have this symmetry for ¢g, the distribution of w under the law p(dw)
from Subsection 2.2.5.1 has to be invariant under this symmetry transformation so that also
2
the distribution ¢g of ¢ = w (—% + 1) w under p(dw) (c. f. (2.129)) is invariant under this

symmetry transformation. In view of the Ansatz (2.131), this follows from the fact that 1(2)
is even w. . t. 2 =0 and that po(2’) is even w. 1. t. 2/ = 3, c. . (2.139).

Argument for (2.98):

We argue that
H 1y
| e (1 - /H Zonya— [

Indeed, Claim (2.101) together with (2.93) and (2.94) imply (2.98) in the regime of H > 1.
Argument for (2.101):
Let us reformulate (2.101) as

%%(2) d2> 42— (2.101)

2
H

=

i _
N
| emazz - (2.102)
0 H3s
where we introduced
z . . Y1 Yl
p(z) == po <ﬁ) with po (2) =1 /2 ?gi)o(z’) dz' — /1_2 ?gbo(z/) dz'. (2.103)

We notice that in view of the normalization (2.99), since ¢¢(2) is compactly supported in (0, 1),
so is po(2). Moreover, the symmetry (2.100) of ¢o(2) implies that

dpo , . (1 1 N >0 for,%g%,
) = (313 w0 {SO as
so that
po(2) >0, (2.104)
and
po(2) <1, (2.105)

following from ¢o(2) > 0. Hence (2.102) is yet another way of expressing approximate non-
negativity of &, this time far away from the boundary layers. The idea to establish (2.101) is
now to construct an even mollification kernel ¢(z) of length scale ¢ < H such that

(§*¢)(z)2—£l4 for = € (¢, H — ), (2.106)
i i )

/ (d)*p—p)deS e for / <« H. (2.107)

0
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We first argue how (2.106) and (2.107) imply (2.101). Indeed by the evenness of ¢ we have the

representation
| wiz= [ vopize [ coro-praz.

from which, since p > 0 (from (2.104)), we get

/_OO Epdz > inSI&f)pp(é.*(ﬁ)(z) /_OO pdz — (/_oo &2dz /_Oo(p*¢_p)2dz>2 .

Using (2.106) and (2.107) together with (2.94) and fOHp dz S H (from (2.105)) we obtain the
estimate

5
H12
— L

u12

The balancing choice of ¢ = turns this estimate into (2.101). We now turn to the construc-

tion of the mollification kernel ¢. We select a (nonvanishing) smooth and even wy(2) compactly
supported in 2 € [—1,1] and consider the corresponding multiplier

d? 2
¢0:w0 (—M-Fl) wo -

2 2
Notice that foH po(2)dz = [ ((d2w0> 4 (%) + w%) dz > 0. By multiplying wo with a

00 dz?

positive constant, we thus may assume that

/ bods = 1.

We rescale the mask ¢g by ¢ so as to preserve its integral

Lp(€2) = do(2), (2.108)
and note that
2 1\
—w -+ = 2.1
o=u(-qatp) v (2,109
provided w is the following rescaling of wq:
1 . .
g—?’w(fz) = wo(2). (2.110)
2

For any translation 2’ € (¢, H — {), the translated test function z — w(z — 2’) is compactly
supported in z € (0, H) and thus we may apply the stability condition (2.34) with k = %.
Because of (2.109), this yields (2.106):
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We now turn to (2.107). From the representation

[e o]

(pro-p)() LY / (o( — 2) — p()) 8(z) d=

—00

PR [ (o 2 0l = 2) = 200 8a)

we obtain the inequality

1 d2p 0 2
(pro=n) < ew|TEl [ Pl
(2.103),(2.108) 1 d?po| 5 [ .o N1 A
ak HZsup’ 752 14 _Ooz lpo(2)] dz, ,

that yields (2.107) after integration in 2’ € [0, H].
Step2:
We start by noticing that

__ (294) pH (2.42) In H N (2.90) rlnH R
Nu 2> / 2dz = / exp(—s)&2ds > / exp(—s)&2 ds, (2.111)
0 —00 — 00

where in the last inequality we used the (weighted) Young’s inequality for convolution and the
property (2.88) of the convolution kernel ¢g. We claim that

In H
/ exp(—s)E2ds > Ints H . (2.112)

—00

Argument for (2.112): By (2.42) and the rescaling z = L2, z& = L3(2€) we can write

~

s=50+5 and &= exp(—3S0)§, (2.113)

where § = In2 and, Sy = In L and € = 2£. In particular

~

§o = eXP(—?’So)éo-

Let us rewrite the approximate logarithmic growth (2.91) in the new variables § and ¢ For
S > C we have

0 A 1 S1 A
o ds < Ch ( Eods + 1> . (2.114)
-1 St Jo
By the definition (2.113) we can generalize (2.114) for all Sp
So . 1 So+5S1 R
/ exp(350)éods < C </ exp(350)&o ds + 1> . (2.115)
So—1 Sl So

Dividing the above inequality by exp(3Sp) we obtain

So 1 So+S1
/ fods < C (/ &ods —|—exp(—35’0)> , (2.116)
So—1 Sl So
and turning it around we have, for S; > C and for all Sy
So+51 R Sl SO n
/ 50 ds Z - / §0 ds — Sl eXp(—?)So) . (2.117)
So Cl So—1
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We now apply a similar argument to Lemma 3. Like above we obtain from (2.92): For Sy > C,
e <1 and all Sy we have

So—1 _ 1 So
/ §ods > —Cs </ gods> (2.118)
So—Sa € JSy—1

1 So—S2+1
- C ( exp(—35p) —|—/ |€o| ds + € exp(5Se — 3SO)> )
€ So—5S2

Above we choose ¢ = C}S?Q, where C and Cy are the universal constants appearing in (2.117)

and (2.118). Therefore, for Sy > C and for all Sy we have

So—1 S So |
/ Eods > —1/ o ds
So—Ss C1 Jsy-1
So—Sa+1 .

S1 / C1Cs )
- C —3850) + ds + 552 — 35, .
(epentas+ [ 7 16l ds+ S52 exp(ash — 350

We now integrate éo between Sy — Sy and Sy + 51

So+51 R So . So . So+51 “
/ fodSZ/ fodS-F/ §0d8+/ o ds
So—Sa So—Ss2 So—1 So
and apply (2.118), (2.89) and (2.117), respectively to the three terms of the right hand side,
obtaining:

So+S1 Sy So CS,
ds > —— ds — exp(—35
/5052 Sods > 2 /501 €0 CiCs p(—3S0)
507$2+1 R
e o] ds — CCiCh exp(555 — 350)
So—Ss S1
So Sl So
- C exp(—3s)ds + — / & ds — Sy exp(—35p)
So—1 C1 Jso—1
So—S2+1 R 1
> -C (Sl exp(—3Sp) —I—/ |€o| ds + — exp(5S52 — 350)>
So—Sa S1
— Cexp(—3Sy) — S1exp(—35))
So—Sa+1 R 1
> -C(svew(-aso)+ [ lalds + goxp(55: - 350))
So—Sa S1

which we rewrite with S_ := Sy — Sy and Sy := Sy + 51 as

St

. S_+1
Sds > —C ((S+ — Sp) exp(—3Sp) + / |€o] ds + exp(2Sy — 5S_)> .

(2.119)
In the regime S_ < S; we can choose Sy in order to balance the first and the last right hand
side term in (2.119), which is achieved for S} — Sy = exp(5(Sp — S—)). Thus in particular
Sy — 8o~ 54 —S_ > Sy — S_ so that the balance is achieved for S, — S_ ~ exp(5(So —S-)).
Hence (2.119) turns into

1
S (S+ —So)

St

) . S_41
&ods > —C ((S+ —5_) 5 exp(—35_) + / 1o ds> , (2.120)
S_ _

and in case of |S_| < Sy it simplifies to
Sy

. . S_+1
Eods > —C ((S+)_5 exp(—35_) —I—/ 19 ds) . (2.121)
S_ _
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In (2.121) we choose Sy =In H

InH L S-+1
/ &ds > —C ((lnH)_s exp(—35_) —I—/ 1o ds) , (2.122)

and we combine this last inequality with (2.95)

(2.95) InH
1 < - / &o(s)ds

—0o0

S_

A~

InH
= - &o(s)ds —/ ég(s) ds

"2 ([ o) ([ emias)

+C <2(ln H)™5 exp(—SS_)) +C ( / o exp<—s)£gds>

S_

N|=
N|—=

S_+1
< / exp(s) ds> ,
where we applied twice the Cauchy-Schwarz’ inequality in the form

[t = fen(=3) oo (3)éons = ([ (ex0 (-3) )" as) " ([ewn (3)7 )

N[

(2.123)
Using (2.112) in the previous estimate we obtain
1 N 1
1 s <Nuexp(S,)> ‘+C ((ln H)_% exp(—SS,)) +C (Nuexp(él)) ’
< C ((NNu exp(S_))% + (In H)™3 exp(—SS_)) . (2.124)

Balancing the two terms on the right-hand side of (2.124), we get the (optimal) condition on
S_:

(Nu)7 (In H)3 = exp(—3S5_).

This allows us to conclude that

~jw

1< (ﬁ(lnH)—%> ,

~w

1< (ﬁﬁ(lnﬂ)*%) ,
which yields
Nu > (In H) 15

where, with the symbol 2 we denote the inequality > up to universal constants.

2.2.5 Proofs of technical lemmas

In this section we will give the detailed proofs of the lemmas stated in Subsection 2.2.3.

2.2.5.1 Approximate positivity in the bulk: Proof of Lemma 1

We are going to show that even under the weaker condition (2.34), £ = dT is ”positive on average

approximately in the bulk” (i. e. for 1 <zand 1 < H - z). Asin Sectlon 2.2.1, we will express
this in terms of f = z£ and argue that 5 is not too negative on average in the logarithmic variable
s=1Inzfor 1 < s <InH. The average is expressed in terms of a smooth ”convolution kernel”
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¢o(s) with the properties (2.88), c. f. Subsection 2.2.3. As stated in Lemma 1 we will construct
such a ¢q so that for all s’ <In H

/OO E(s+ 5 po(s)ds > —Cexp(—3s'), (2.125)

where C' denotes a universal constant and the r. h. s. term estimates in which sense we have
approximate positivity in the bulk. In order to infer non-negativity, we can no longer let k 1 oo
in (2.34) (as in the proof of Proposition 1), since the two last terms would blow up. To quantify
this qualitative observation, we restrict to k£ > 0 and recall the change of variable (2.96) so that
(2.34) turns into

kH 5 2 2 5
(2 d dz
— R 1 7 —
@) (im ) s

kH 2 2 |2 kH 2 2 |2

d d d
k3 — 1 dz + k3 / ——+1
+ /0 dé( d22+ > w| dz+ A d22+ w
We shall restrict ourselves to k& with kH > 1 and real functions w(2) compactly supported in

Z € (0,1] so that the boundary conditions (2.33) are automatically satisfied. In particular, an
integration by parts (based on (% + 1)t = % - 40% + 6% - 4;—; + 1) in the two last terms

of (2.126), yielding
kH d2 2 |2

2
/k’H d d2 1 2
— | = w
0o |dz dz?
o |/ dPw\? d*w\” dBw\” d>w\” dw\? 9
= — 5| == 10 ( == 10 { == 5

[ o () o () () o () o
shows that there are no fortuitous cancellations: Provided the multiplier ¢ := w(—% +1)2w of
¢ is non-negligible in the sense of IS¢ % = O(1), the two last terms of (2.126) are at least of

O(Kk3). Hence we are forced to work with k& < 1 and thus, as expected, with z = % > 1. With
the logarithmic variables (2.97), the first term in (2.126) can be rewritten as follows

KH /5 &2 2 4 o d2 2
e el e) o5 [ aer (=g r1) was

In view of this and (2.127), the stability condition (2.126) turns into: For all &' < In H we have

oo , d2 2 , 1 dPw 2 9
E(s+ 8w _d22+1 wds > —exp(—3s') P +-tw
o 0

Let us consider the left hand side in (2.128) in more detail. In order to derive a result of the
type of (2.125), it would be convenient to have a smooth compactly supported w such that the

dz > 0. (2.126)

dz

dz,  (2.127)

di.  (2.128)

multiplier ¢ = w(—j—; +1)%w is non-negative. Although we don’t have an argument, we believe
that such a w does not exist.
Instead, we will construct

— a family § of smooth functions w supported in 2 € (0, 1]

— and a probability measure p(dw) on §,
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such that the convex combination

) 2
bo(2) = /&d)(,%)p(dw) where ¢ := w<_jg2+1> w, (2.129)

is non-negative (and non-trivial) — and thus satisfies (2.88) after normalization and is supported

in [i, %] Roughly speaking, the reason why this can be achieved is the following: For any (non-
trivial) smooth, compactly supported w we have

2
2 . g
—¢=w (—dd? + 1) w is positive on average:

L L7 d2w\? dw\? 9

— ¢ = w‘(%f + .-+ w? is positive near the edge of the support of w (incidentally this would

dz.

not be true for the positive second order operator —% +1).

Before becoming much more specific let us address the error term stemming from the right hand
side of (2.128) for our construction, that is

L7 dbw\?
R
5Jo dz
The functions in our family § will be of the form
3 s sl
wy e (2) = (\/E) wo <Z 7 : > , (2.131)

that is, translations and rescalings of a “mask” wg. The mask wq is some compactly supported
smooth function that we fix now, say

) 1 (L e
wo(3) = { @exp( (1722)2) for Ze(-11) } (2.132)

dz p(dw) . (2.130)

0 else

and the normalization constant Cy chosen such that

dwy 2 2
) ai=1, (2.133)
dz?
Provided . L3
< = 4 -, = .
¢ < 1 and 2' € <4,4> , (2.134)

then wy s is, as desired, uniformly compactly supported in 2 € (0,1]. If we choose the length
scale to be bounded away from zero, i. e.

1
> =
— C7
then the error term (2.130) is clearly finite, so that (2.89) follows from (2.128) via integration
with respect to p(dw) of (2.128).

(2.135)

It thus remains to construct a probability measure in ¢ and 2’ with (2.134) & (2.135) such
that (2.129) is non-negative (and non-trivial). Note that wy sz in (2.131) is scaled such that the
corresponding multipliers satisfy

) 1 &2 s o\ (27
¢@72/(z) = <€QU(]CL§4WO — 2€7,U()d§QUJ(] +€ ’U)0> <£> s (2136)
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and wp is normalized in (2.133) in such a way that fol woﬁwo d% = 1. Hence for all 2’ € (3.3)
we have the convergence as ¢ | 0

¢z (2) — 6(2' —2) when tested against smooth functions of 2’. (2.137)
On the other hand we note the following: Writing wy = exp([) with I = —ﬁ, we have

d*wy 1 (d[) 2Pl

=~ = - + — | ex I s
dz? VvCo | \dz dz? p(l)
4 1| /dr\* dI\? d*1 E2IN\? Al BT AT

wo = (d:) 6<A> = +3< = > +4—— = exp(I)

z

izt VG dz) dz? dz? dzdz  dz*

. 4
Since near the edges {—1,1} of the support [—1,1] of wy, i. e. for 1 — |Z| < 1, (%) > 1

dominates the other terms thanks to the quadratic blow up of I near the edges, we have, according

0 (2.136)
R 11/d_ [2-32\\" 53
Pe(2) = Col (d,é[( ] >> exp (2[( 7 >> .

Hence in particular for ¢ = Z and 2 = 1w, L1 and thus qbl 1 are supported in [4, 4] ng1 1 is

29
positive near the edges of the support (and thus bounded away from zero at some small dlstance
of the edges of the support), and trivially bounded away from —oo in the support. The universal
constants dg > 0, 41 > 0, and 0 < C] < oo are to quantify this:

=0 for 2 (%,%)
>0 for 2e (5, 5+ 00]U[2—00,2)

911\ S5 for 2e[§+50,4+350]u[§ 360, % — ] (2.138)
>—Cy for 2€[%+4380,32 — 3]

We now choose a universal smooth po(2’) with

_ [0 for ¢ (;+200, 7~ 200)
po= { 2C, for 2 €[} +38.5—3%] [ (2.139)

Since pg is smooth in 2’ we have according to (2.137)

/ boz(2)po(2')dZ" — po(£) uniformly in Zas € /0.

In view of the properties (2.139), there exists (a possibly small) ¢, > 0 such that
0o =0 for Q( —I—50, 4 (50)
/ (ﬁgo,g/(é)po(ﬁ'/) dz > -6 for zZe [ + (50, 1 (50] . (2.140)
—o0 >C, for Ze€ [i + 300, 3 — 300]
In view of (2.138), the properties (2.140) just ensure that
) g [ =0 for 2¢(3,9)
(%) / b0,2(2)po(#) d2 {>O for 2€(3,%)
defines a ¢ that is strictly positive in its support and that is of the form (2.129) (after a
gratuitous normalization to obtain a probability measure).

bo(2) =

,MH
M\H
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2.2.5.2 Approximate logarithmic growth: Proof of Lemma 2

In this subsection, we return to the approximate logarithmic growth of 7 worked out in case of
the reduced stability condition in Section 2.2.1. Compared to Section 2.2.1, we have to work
with the mollified version éo of é , cf. (2.90), since only for the former we have approximate
positivity in the bulk according to Subsection 2.2.5.1. As stated in Lemma 2, we shall show that
for S; > C we have

0 . 1 S1 .
/ Eds < C ( ods + 1) , (2.141)
-1 51 Jo

where 0 < C' < 0o denotes a (possibly large) generic universal constant.
We start the proof recalling
- The starting point for Subsection 2.2.5.1, that is (2.128), which we rewrite as

oo 2
F / " _d2
E(s+ s+ 5w d22+1 wds

1 B\ > )
> _3 /_3 1 / - . d'\’
> —exp(—3s s") ; <d25> +otw 2

for all & <InH, s” <0 and all smooth w compactly supported in 2 € (0, 1].

- The outcome of Subsection 2.2.5.1, that is (2.125), which we rewrite as
[0.9]
&o(s) = / E(s'+ 8" )po(s") ds" > —Cexp(—3s) (2.142)
—o0

for all s <InH.

Since the kernel ¢g(s”) is non-negative and compactly supported in s” € (—oo, 0], we obtain by
testing the inequality in (1) with ¢o(s”)ds”:

/_OO o(s")p(s" — &) ds" = /_OO Eo(s + 8')p(s) ds (2.143)

U dPw\?
—_— —_— / DY 2
C exp( 33)/0 [<d£’5> +-tw

where we continue to use the abbreviation ¢ for the multiplier corresponding to the generic w:

2 2
¢ = w<_d,§2+1) w.

The structure of the argument is similar to the one for (2.38) in Subsection 2.2.1. We seek

s,

AV

- a family § = {wy}y of smooth functions wy parametrized by s’ € R and compactly
supported in 2 € (0, 1], that is s € (—o0, 0], and

- a probability measure p(ds’) supported in s’ € (—oo,In HJ,

such that the corresponding convex combination of multipliers shifted by &', i. e.

[e’s) 2 2
(s = [l =) plds). where 60 = s (—;;H) we,  (2144)

is close to
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In fact, we just need the upper bound

-1 for —-1<4"<0

p1(s") < S ofor 0<<S B, (2.145)
0 else

where C7(< S7) is some universal constant whose value we want to remember momentarily, and
a much weaker lower bound of the form

1 "
nos exp(6s”) for s" <0
1(s") C{ L e 50 [ (2.146)

where the exponential rate 6 could be replaced by any rate larger than 3. Furthermore, we need
that the functions wy do not degenerate too much such that the error term on the r. h. s. of
(2.143) stays under control:

o] 1 5 2
d’wg
exp(—3s’)/ < - > +otw?
/—oo 0 dzs

For both (2.146) and (2.147) we need that p decays sufficiently fast for s’ | —oc.
It is almost obvious how (2.145), (2.146) & (2.147) allow to pass from (2.143) to (2.141) by
substituting w with wy and integrating in p(ds’). We just need to show how (2.145) & (2.146)

yield
oo 0 . Cl S1 ~
/ Sopr ds” < —/ §ods”—|—/ Sods" +C.
—00 -1 Sl 0

® 2 " 0 "o g s "
Sodrds” + [ Gods” — o ods
—oo -1 1Jo

~ -1 for -1<s"<0
_ / (<€) [ G for 0<s"<S ¢ —on | ds”

dzp(ds') < C. (2.147)

Indeed, we write

S1
> 0 else
1
(2.145),(2.142) o0 ., ;1 for —1 S/;s’ <0 )
< C/ exp(—3s") G ofor 0<s"<S8) 5 —¢1 ] ds
> 0 else
(2.146) 0 exp(63”) for s <0
< C/ exp(—&s“){ g }ds” < C.
o 1 for s >0

Imitating the argument given in Section 2.2.1 for the reduced stability condition, we introduce
the rescaled logarithmic variable § and also rescale the amplitude of wg:

1
s = A§ and wgy = 77,2/0‘ 2.148
= (2.148)
The choice of the normalization of Wy will become apparent in (2.151) below. In (2.154) below,
we shall choose A > 0 as a function of s’, so that @, indeed depends on s’. At this stage, we
just assume that the mask wg, that we assumed to be fixed, satisfies

1 1
wWo is supported in 5 € [—2, 0] and nonvanishing in (—2, 0) , (2.149)

(why we restrict the support to this interval will become apparent in (2.156)), so that wg

is indeed supported in s € (—o0,0]. We note that (2.148) implies that the multiplier ¢y =

~ ~ ~ 2 3 4 ~ . .
wsr(d% + 2)(% + 1)(%((1% — Dy = wy (—2% - j? + Zj? + dd?> Wy is of the following form:

2 dwg 1 _dwy 2 _ dwg 1 . dyp

s = T WS T \3Wo s T gWoT s T W0 s 2.150
¢ W0 T W0 T st ga (2.150)
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~2
a form that highlights the desired dominance of the term /\22 wo d;”so = —%% for A > 1.

In (2.148), we normalized Wy in such a way that the first moment of the multiplier ¢ is
independent of A to leading order in A > 1:

o) 0 1d 0 dAQ 0
/Oosqﬁsldsm/ws( = C;‘i(’) ds=/oog<— ;”;) di = /oowgdg. (2.151)

It is the second term in (2.150) that gives the leading order contribution to the zeroth moment

of the multiplier ¢ :
/Ooqbd o L[ (i) (2.152)
e as ) ‘

Let us now motivate why we need to choose ) to be s’-dependent. Note that for an s’-independent
A, ¢1 is just the convolution of ¢y and p. Hence for A < 1 and a p(s’) that varies sufficiently
slowly on scale A we would obtain from (2.151) & (2.152)

¢1(S//) — / ¢s’(8// _ Sl)p(S/) dS/

dp , , g 1 " o [ dig 2 A
—g ) wp 48 + 15 p(s") o) ds. (2.153)

Hence in order to obtain a ¢1(s”) ~ —1 over an s”-interval of length of the order 1 followed by
d1(s") < S , the first term on the r. h. s. of (2.153) suggests to choose p(s’) as a function that
increases from 0 to 1 over an s'-interval of order 1 followed by a decrease from 1 to 0 over an
s'-interval of length of order S;. Now for S; > 1, a dilemma becomes apparent:

- On the one hand, in order for p to vary slowly on the scale A, we need A < 1.

- On the other hand, in order for the second term on the r. h. s. of (2.153) not to destroy
d1(s") < S , we need \? > 5.

This argument shows that we have to choose X to be an increasing function of s’. The simplest
choice turns out to be
A= ¢, (2.154)

for ' > 1 (in order to avoid negative values, for the time we think of p as being supported in
s € (0,00); later, we shall modify (2.154)). From (2.150) and (2.154) we obtain

B 1 dwg s 1 _ d%y s 2 _ dBayg s 1 _ d*g s
9 (3) =~ 52 ( pE ) () -op (“’%ga) () oy <w0d§3> )+ or <w0d§4> (5)
(2.155)
However, (2.154) in turn means that ¢ is no longer a simple convolution of ¢y and p, c. f.

(2.144). Because of (2.149), the following change of variables

where s is considered as a parameter is invertible with % =0 i;)z % = — (‘1/32 7o and ds' =
a +s)2 d$. We thus get the first representation
© 1 dp 1 o0 d*g
) = —/ 71&2 ds — / 1+ 8)wo—=-pds 2.157
§Z51( ) - (1+ ) OdS (8 )2 —oo( ) Odsgp ( )

2 [ _dw I g . dfdg
+ (s”)3/ (1+s)2w0d30pd8+( )/ (1+ 5)% by d§40,0ds,

—00 —0o0

which will be used only at the end of the proof.
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Arguing as in Subsection 2.2.1 (see (2.62)) we get the second representation (c.f. (2.63))

o 1 dp 1 dp R
_ 2
o= [ (et ) @

Ly N
2 )4 ds’3 2 (1 + §)5 ds'
1 6 12
+ ((5”)2 + (8”)3 B (8”)4>

(L+8pPds? T

[l

d3p

1
+
) s

(
2 /°° 1 [dw 2d2pd§
(M2 ) 14+5\ ds ) ds?
1 [~ o\
+(5,,)4/ (1—|—s)3<d§2> pds. (2.158)

From this representation we learn the following: If p(s’) varies on large length scales only (so
that e. g. % is negligible w. r. t. p) and for s” > 1, we obtain to leading order from the above

° 1 Ldp 1 /00 i\
A — — — 1
i /_OO (1+§>2w0 " ds + TaE _OO( + 3) 7 pds

If p(s') varies slowly even on a logarithmic scale (so that e. g. s’ % is negligible w. r. t. p), the

above further reduces to

dp(s") /°° L s () /°° N
~ — d 1 .
¢1 i | areptoditgn [ A9 57 ) 4

As in Subsection (2.2.1) (see argument below (2.65)) we notice that the first, negative, term r.
h. s. of (2.159) dominates the second positive term provided

dp 1
ds’ (5/)2 :

This motivates the following Ansatz for p in the range 1 < s’ < S1: We fix a smooth mask
po(8’) such

dpo
ds’

1
po = 0 for & <0, > 0 for 0 < § <2, pgzl—f/for2§§'. (2.159)
3

For Sy > 1, we consider the rescaled version
p(So(8 +1)) = po(8'), i e.the change of variables s = Sp(8' +1). (2.160)
As in the argument for (2.38) (Section 2.2.1) with the rescaling of s”
= Spd", (2.161)

(2.158) turns into

45



1 00 ~2 d 1 00 ~2 d2

TS0 ) e U4 8)2d5 T 252 oo (14 5)3 d&”

1 [ ~9 3 1 oo -2 4
+3/ %Md§+4/ B0 _Lho g
S8 oo (L 5)1 d33 25E | oo (1+5) ds'

1 1 1 6 1 12 oo AdwOQdA
Hgwp tsws son) [0 (&) me

1 3 1 8 o0 dwOdeodA
‘(%@OVEﬁ@%>/m<w> az "

12 /00 1 [ diy 2d2ﬂod§
SE(E3 J_o1+5\ds ) ds?

11 [ i\
1 1433 ds . 2.162
s | () ws (2.162)
Since in the integrals in formula (2.158), the argument of p was given by s = ﬁug, c. f. (2.156),
it follows from (2.159) and (2.161) that the argument of pg is given by
§ = i 1 (2.163)
C1+s '

Thus (2.162) just depends on §”, not on Sp.

As for the proof of (2.48) in Section 2.2.1, our reduced goal is now to show that the constructions
of w (c. f. (2.149) and (2.154)) and p (c. f. (2.159) and (2.160)) yield the bound

=0 foralls"< %So,

2.164
<0 for s”>%50, ( )

ﬂ@%z/@WL5Mﬂ{

for Sy > 1. As in Section 2.2.1, we distinguish the regions of small, intermediate and large s”
Arguing as for (2.72) and (2.76) , it is easy to deduce that in the range s” > 3Sy (small s”)
and s” € [250,35] (intermediate s”), ¢1 (see (2.162)) is strictly negative for Sp > 1: indeed
in Section 2.2.1 we proved

1 [e's} ~2
o ~ —SO/ (g,//_q(ﬂfo_kg,))z ds uniformly in 8" >3 for Sp > 1 (2.165)
—o0

and

" L[> g dpo . 3
o7 ~ _50/—00 (ST ds uniformly in §” € 1,3 for Sop > 1. (2.166)

Noting that for s” € (oo, %] all the integrals in (2.162) are vanishing because the supports of w

and py do not intersect, we are left to study the region of small s”, i.e. s” € (%, 350). Also in
the range of small s”

1 3 13
s € <2So, 4So> or equivalently 3" € (2, 4> )
we would like ¢ to be strictly negative for Sy > 1. But here (exactly as in (2.79)), no matter
how large A = ¢’ in (2.150) is, the behavior of ¢y near the left edge —% of its support [—%,0]
(and also at its right edge 0, but there we don’t care) is dominated by the %ﬁ)g d;:lo -term and
thus automatically is strictly positive. Taking the p(s) ds’-average of the shifted ¢y (s” —s') does

not alter this behavior as long as p is compactly supported in [Sy, 00), c. f. (2.159): ¢ is strictly
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positive near the left edge of 1ts support. In Sectlon 2.2.1, we solved this problem by giving up
smoothness of Wy near the left —5 of its support [— ,0] and eventually using an approximation
argument in H>? (in (2.162) ¢y 1s expressed in derlvatives of wp up to second order). In this
case, this (approximation) argument does no longer work because we need to asses the error
term (2.147), which involves higher derivatives of wy. The way out to this dilemma will take
the remainder of this section and it consists of three steps (the first one is the same as is (2.79)
and we report it just for the sake of clarity).

- In the first stage, we give up smoothness of Wy near the left —s of its support [ ,0]. In
fact, we shall first assume that g satisfies in addition

R 1/, 1\? R 1 1
wo = 5 <5+2> for 5 € [—2,—4] . (2.167)

This means that wy has a bounded but discontinuous second derivative. It will be easy
to see that the so defined ¢ is, as desired, strictly negative on s” € (520, 250] for all .Sp.
Once this is done, we fix a sufficiently large but universal Sy such that

(& S})Q,Cﬁ] for Sp < s
0

—¢i(s") € ¢ (0,C] for 18y < & < Sy ¢, (2.168)
{0} for s < %SO

/"

for some generic universal constant C. In Subsection 2.2.1 the choice of (2.167) allows us
to show (2.71), which implies (2.48). In this case instead the choice of (2.167) is clearly
not admissible because we need to control the error term (2.147). In two further steps we
show how to solve this issue.

- In the second stage, we modify the definition (2.160) of p(s’) by adding a small-amplitude
and fast-decaying (exponential) tail for s’ | —oo. More precisely, we make the Ansatz

/ /
p = p+dp with dp = cexp s Mo 2 , (2.169)
Sa So
where 79 is the mask of a smooth cut-off function 7y (8") with
m =1 ford <2 and ny = 0 fors >3. (2.170)

Here 0 < S5 « 1 is some small length scale and ¢ < 1 is some small amplitude to be
chosen below. Recall that Sy is the universal constant fixed in the first stage. Since p is
no longer supported on s’ € [Sy, 00) but is positive on the entire line, we need to extend
our definition of the function wy from s’ > Sy to all s’. In view of (2.148) we just have to
extend the definition (2.154) of the rescaling parameter A(s’) to

B s’ for s >S5
A = { ot Sz } (2.171)

We will show that we can first choose a universal 0 < Sy K 1 and then a universal
0 < £ < 1 such that we obtain for ¢%(s") : = [Z Oae) (8" = )p(s') ds' = [Z ey (8" —
s)p(s) ds' + [75 drsr) (8" — s")dp(s )ds =: qﬁl( ”) + 5¢1(s”) the followmg estlmates

_ [% (5/1/)27 0(5/1/)2] for Sy < s
- 9i(s") € (&, C] for 1S, < s < S ¢, (2.172)
[& exp($;), Cexp(g;)] for s < 35

for some generic universal constant C'. The gain with respect to ¢7 is that gg{ is strictly
negative also for s” < %So which will allow us to pass to the third stage.
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- In a third stage, we smoothen out wy: We define a sequence of smooth functions {w§ }a0
which approximate g in such a way that the corresponding ¢7 still satisfies (2.172).

We start with the first stage, that is, our non-smooth Ansatz (2.167). In view of (2.150) and
(2.171), this implies

1 /s 1\° 1 s 1\2 s 8
by = _(51)2 <Sl+2> 9 s')3 <5’+2> < 0 forse <_2’_4] ’ (2.173)

We now consider ¢7(s”) = [%_ ¢y (s"—5")p(s') ds’. In view of (2.159) & (2.160), p > 0 is strictly
positive for s’ € (So, ) On the other hand, it follows from (2.173) that s’ — ¢y (s” — ¢') is
strictly negative for s — s’ € (—%l,—szl], that is, for s’ € [3s”,2s") (and supported in s’ €
[s”,25"]). Hence ¢ is strictly negative for Sy € [3s”,2s"), that is, for s” € (350, 32S0], as
desired. This holds for any value of Sy > 0. In conjunction with (2.165) and (2.166) this implies

(2.168).

We now turn to the second stage, i. e. the effect of the modification p(s") of p(s’). Consider the
perturbation d¢7(s”) of the multiplier ¢3(s”):

567 (s /¢A<s/>8—8>5ﬂ< )ds “2" /‘bA S_S)exp<52) (;0>ds

(2.174)
In order to show that the unperturbed (2.168) upgrades to (2.172), it is enough to establish

{0} for 35, < s
. [_0, ) for Sy < s < 35
— g6¢1(8 ) € [C,C] for %SO S S” S SO s (2175)
[& exp(& ) Cexp(g; )] for s" < 1S

for some sufficiently small but fized Sz, where C' denotes a universal constant. Indeed, choosing
e < 1, we see from ¢] = ¢] + d¢7 that (2.175) upgrades (2.168) to (2.172).

We start with the large s, i. e. s” > 35, and consider the integral 16¢7(s") = [ qﬁ)\(s s’ —
s') exp(— 52)770(50) ds’. Because of our choice (2.170) of 7, the second factor exp(— 52)770(50)
is thus supported in s’ € (—o0,3S5p]. We note that in view of our choice (2.171) of the scaling
factor A, Wy (s) and thus ¢y.)(s) is supported in s € (—350,0) for s < Sy and s € (—58 0)
for s’ > Sp. Hence (s',8") = ¢y (s" — s') is supported in s” € (s — 150, 8') for s < Sp
and s” € (3s',8') for s > Sy, or — equivalently — in s’ € (s”,s"” + 15p) for s” < 50 and in
s' e (s",25") for " > %. Since s” > 35, we are in the latter case and ¢y (s” —s’) is supported
in s € (s”,25") C [35p,00). Hence both factors exp(—g—;)no(g—;) and ¢y (8" —5') = pg (8" = &)
have disjoint support in s’ and thus the integral (2.174) in s’ vanishes. This establishes the first
line in (2.175).

We now turn to the very small s”, i. e. s < % By the above, 5" = ¢y (5" — §') is supported
in s’ € (s",s" +92) C (=00, Sp], we have in this s'-range for the cut-off function 170(;—;) =1
Moreover, in this range we have ¢)(y) = ¢s,. Hence the definition (2.174) simplifies to

%&b’{(s”) = /_OO bs,(s" — s') exp <;2) ds' = exp <;2> /_Oo ¢s,(s) exp <—§2) ds. (2.176)

We note that by (2.173) we have

So  So

5 —4> and supported in s € [-SO,O] .

¢s, Is strictly negative for s € <— 5
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On the last integral, we can now use Laplace’s method for So < 1. We thus have

& s
— . ®s, exp <_Sg) ds

X
|
P
Q |
#\o
©-
&
©]
>
e}
/T\
CQ‘ ®
N———
QU
o

_ 20
(2.173) a1
N /_50 (Sg
1

Q
—
BICI
&

Plugging this into (2.176) yields

1 %/ N 83 1 S 8// . . " S()
- = ~ < — . .
€5¢1(5 ) 55 exp | 5 5 exp 5 uniformly in s” < 5 for 5o < 1 (2.177)

We now treat the intermediary small values % < §” < Sp. This time, the function s

Px(sy (8" — 8') is supported in s" € [s",25"] C (—00,285], so that also in this s'-range we have

for the cut-off function no(g—;) = 1. Hence the representation simplifies to

7&;51 / (s (8" — §')exp <52> ds’.

On this integral, we can again use Laplace’s method for So < 1: By (2.173) we have for the
continuous function (s',s") = s (s" — ')

v < 0 for s’G(%S/’723ﬂ)
Dagsr) (8" —8') { = 0 fors &(s", 2"

Hence we obtain

1
gégb”f(s”) < 0 uniformly in s” € [52’0, So] for S < 1. (2.178)

We finally address the remaining intermediary range, that is, Syp < s” < 3Sy. We clearly have
by continuity of (s',5") > ¢xe)(s” — ') and no(3):

i) = [ o sromo (L) m ()

is uniformly bounded for s” € [Sy,3S5]. Estimate (2.175) now follows from (2.177), (2.178) &
(2.179) for a choice of sufficiently small Ss.

(2.179)

We now turn to the third stage. We approximate wg, which is non-smooth at the left edge of its
support, c. f. (2.167), by a sequence of smooth @ in such a way that the corresponding ¢y
and d)ﬁf(s,) are close in L!. More precisely, we select a smooth function F(w) with

Flw) =0 forw<0 and F(w) = w forw>1.
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For a small parameter 0 < o < 1 we now define w§($) via

. s 1y2
o o (W) @7 oo [ (5+3) [ 117
Wy .—aF<a2> = aF( 502 for § € 7 1|

for § & [—%, —%], wg is set equal to wg. Clearly, the so defined w( is smooth on the whole line.
Following (2.148), we consider the corresponding w® = %wg* in the variables s = A5 and its

multiplier that analogously to (2.155) is given by

2 dug 1 dPog 2 A3y 1 dhag

o« __ _ (21
A= "o T P @@ T )T @ T o e - (2180
We want to show that the convex combination of multipliers
S = [ s = R s
still satisfies (2.172), that is
B [%(811/)270(811/)2] for Sy < s
— 78" € (%, C] for 38 < ¢ < S , (2.181)
[%exp(fg—?),Cexp(fq—Q)] for s" < 1S

for some choice of 0 < a < 1 and a generic universal constant. For this purpose we consider
the difference of the combination of multipliers, that is, 67" = ¢]"* — ¢} and show that it is
sufficiently small. For this purpose, we first observe that

(w§)? —wg] < Cat, (2.182)
odwg . dig 3
) — < 2.1
0 73 0z | = Ca”, (2.183)
AP0y dig 9
Wy d§2 — WOW S COK y (2184)
o d3wg ddg
Aad‘%bg‘ - dhbg
Wo—za — W < C, (2.186)
which follows from the fact that
1 1
all these differences are supported on the interval 5€ [—2, 5 + \@a] , (2.187)

and that on this interval, the two terms forming the difference are by themselves of the claimed
size.

We first treat the case of large s”-values, that is, of s” > 3Sp. In this case, s+ @) (s" — &)

2.171
and s’ — (ﬁi(s,)(s” — §') are supported in ' € (s”,2s”). In particular, s’ > Sy so that A @1 s,

Hence, by (2.157), we obtain the representation

e = o /_Z (1 i§)2 ((@§)” ~ wé)% I
_(5/1/)2 /Z(l +3) <1Z)8‘d;§;3 o dd;ZO Bdi
+(S%)3 /0;(1 + 8)? (wg d;ga Aod;f;o> 5ds
+(S,1,)4 / Za +5)° (wgd;ga od;?})> s



In particular, we also have s’ > 35y so that p(s) (2169 p(s’) (2159 _ 1 —=1-5 OS , and thus
So
% = (s':qigo)?‘ In terms of the variable 5 given by s’ = °5» this translates into p=1-— %
and j—g = % Hence the above representation specifies to
5¢*,a(8//) _ _/Oo ((wa)Q 12)2) So ds
! - o 07 (5" — Sp(1 + 8))2
1 o0 d*g d*ay So(1+ 8)
— 14 3) [ w§ 0 _ 4 1l————— ) ds
(s")2 /oo( +9) <“’0 a2~ gz ) ( s — So(l + s)) s
2 & d3wg d3y So(1+ 38)
1+8)?2 (e =22 — 4 1— 20 T2 ) g3
MEaE /_OO( +9) <w° s~ 0B ) ( 3”—50(1+§)> i
1 & drwg d*y So(1+38)
1+38)3 (g —r — 1——————2 ) ds.
+(s”)4 /_OO( + %) <w0 gt W0 ) ( s”—S0(1+§)> s

Using (2.187) and inserting the estimates (2.182), (2.184), (2.185), and (2.186) we obtain

. at a? a 1
6677 < Ca <(s”)2 + (s)2 + (s")3 + ) < C

TaE for s > 3. (2.188)

We now address the small s”-values, that is, s” < i. In this case, ' > ¢y (s" — s') and

2171
s (s (s — ') are supported in s’ € [s", " + ] In particular, s’ < Sy so that A @1 So.

Hence, by (2.150) and (2.144) we obtain the representatlon
. I O S
e = _53/00 (wg P >p
1 00 . dea . 2,@0 o
7578 /_Oo (U}g dAQ — Wo d$2 > pdS
2 [ dAB3WS ddyg
+§§ wo dA3 — Wo 7d§3

L[ Jdrg . dhig) - .

S/

Moreover, s’ < 25y implies p(s’) =0, no(g5;) = 1 and thus p(s’) = 5exp(s—/) In terms of § given

by s’ = s — S8, this translates into p(s') = exp(gl; ) exp(—— §). Hence the above representation

specifies to

2exp(§) [ [ dwg . dig So
5 BN/ _ Sa ~Qy 0~ _ 20 45
617 (") 753 . (wo 7z~ Wo—o | exp 523 §
Cexp(g) [ pedus i\ (S0
sz o\ e T e )P\ g,
2exp(%) [ [ dw&  diyg So \ .
+87§2 /OO (wo a5 — Wy PrE >exp <_SQS> ds

exp(f) [ [ . d*og  dig So\ .
+ 8612 /_Oo<w0 T~ Wo—p | exp —5—25 ds.

Inserting the estimates (2.183),(2.184), (2.185), and (2.186) we obtain

/" i

> (@®+a*+al +1) < Caexp <;
2

167 < Caexp (S > for s” < %. (2.189)

Sa
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We finally address the intermediate values of s”, that is, % < §"” < 3Sp. Splitting the ds’-

(2.171)

integrals into s’ € [Sp,00) and s’ € (—o0, Sp] in order to treat A max{s’, Sp}, we obtain
g

» o (%[ Lddg  dip) -
3¢ (s") = o ’ (wo d§0 — W0z >Pd$
1 St d*wy . d*dy
(3//)2 /_OO ( +8) <w0 dAQ 452 pds
2 3%_1 JA30g  ddy
+(8//)3 /_oo (1+5) < Wy dAg — Wo 33 pd
1% sadiiy L dhio
dw()
L ds
/ e
a A deO o
B wo d32 — wWg 722 pds
JA3Wg dPi - .
Sg o\ i@ oy ) Pds

1 [e%¢) d4 a A d41i)0 o
+ST§’ o, Wy dA4 — o= pds.
So

Since |p] < 1 and since || < %, we obtain from inserting the estimates (2.183),(2.184), (2.185),
and (2.186):

|61

(@®+a?+a'+1) < Ca fors" e {S;D, 250] : (2.190)

Now (2.188), (2.189) and (2.190) show that one may pass from (2.172) to (2.181) by choosing a
sufficiently small o > 0.

As in Section 2.2.1, in order to prove (2.181) we need to cut-off the measure p (defined in
(2.159)&(2.160)) in the region % < ¢ < 5; so that (2.83) is an admissible multiplier.By the
argument given at the end of the proof of (2.48), it is clear that the multiplication of the measure

p by n affects only the region of big s” (specifically s” > %) Thus, appealing to the argument
at the end of the proof of Proposition 1 the proof of (2.181) is concluded.

2.2.5.3 Approximate positivity in the boundary layers: Proof of Lemma 3

The approximate non-negativity of &y, cf. (2.90), is lost in the boundary layer s < —1, cf.
(2.89). However, in this subsection we show that &, cannot be too negative in the boundary
layer provided & it is sufficiently small in the transition region |s| < 1. For all So > C'and e <1
we have

_ 1 —Ss+1 R
fods > -C ( / gods —|— + / |fo|d$ + 66Xp(5S2)> R (2.191)
—S2

— S5

where C' < oo denotes a (possibly large) generic constant. With the rescaling
s ~ s+ .5y, é ~ exp(—SSo)f and thus also éo ~ exp(—3So)éo,

it is enough to show for all Sy > C and S1 > Sy + 3
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—So—1 1 S0 . 1 ~S141
/ Eods > —C(/ & ds + R exp(5Sp) + / |€o| ds + 5exp(551)> , o (2.192)
-5

-5 € J-Sp—1
where we indicate S; = S5 + Sg.

Multiplying both sides of (2.128) by ¢¢(s’) (see definition (2.88)) and integrating in (—oo, 00),

we deduce
/Ooé¢d> C /1 d d2+12 2+ d2+12 QdA (2.193)
5> — — | - w —— w 2 .
LT = o |dz \ az? 32 (0
NN c s _ dw
for any SHl020th w, supported in 2 € [0, 1] and satisfying the boundary conditions w = %¢ =
(—% =+ 1) w = 0 at 2 = 0, where as before we use the abbreviation
42 2
¢ = w (_déz + 1> w (2.194)

for the multiplier. This time, w will not be compactly supported in Z € (0,1] so that the
boundary conditions matters. Using the fact that the function Zsinh Z satisfies these boundary
conditions, we enforce them for w by the Ansatz

w = (Zsinh2)w with & = const for 2 < 1. (2.195)

As in the previous subsections, it is more telling to express (2.193) in terms of the s-variable.
Appealing to the estimates

(0% — 202 + 1)2sinh 2 (2.196)
- 2—2<2—1 sinh 2 (95 — 2)(9s — 1) + 4 cosh 2(9y — 1) + 42 sinhé) X (D5 +1)0; .

and
0:(0% — 20% 4 1)2sinh 2
- ;3*3(2*1 sinh 2 (85 — 3)(8s — 2)(s — 1) + 5 cosh 2(9; — 2)(9s — 1)
+82sinh 2(9s — 1) + 452 cosh z) % (85 + 1) . (2.197)

(their proves are reported in Appendix to Subsection 2.2.5.3 (see (2.196) and (2.270))) we obtain
0o 00 PN 2 dib 2
/_OO Sopds > —C/_OO exp(—5s) [<d;5u> +- <df> ds, (2.198)
where according to the formula

& ?
Zsinh 2 <_d732 + 1> Zsinh 2 (2.199)

d d (sinh2\2/ d d d d
—<d5“>ds<z ) (Ml)ds”(ds“%s’

(the argument for the formula above is given at the end of this section, see (2.221)), the multiplier

is given by
d d | /sinh2\2%/ d d
—wl=+1)= Zr1) = 2w, .
oo (fan) 2[R (£ 1) £ o) 220)

93




We now make the fOHOWil’lg Ansatz for w:
T B f fy (2 201)
w w Ew .

with the constraints

A _{1 for sg—Sg—l} . _{const for s< =51 }

Y =00 for s> -8y W= 0 for s>-55—1 (2.202)

so that (2.195) is satisfied. We don’t want to specify the value of the constant appearing in the
definition of w since it will not appear in the future estimates. The merit of the Ansatz (2.201)
dwg

is that, because <% and dwl have disjoint support, the multiplier ¢, cf. (2.200), splits into three
parts

¢ = §¢0+¢01+5¢17 (2.203)
where
¢o = 4y (j + 1) d% :<Sin§hé)2 <js +1> % —2: o,
o = o (j+1> % :<sinéh:2>2 <js+1> js—z: by, (2.204)
$1 = iy (58+1> js :<Si]2hé)2 <js+1> d% s iy

As a related side effect of the disjoint support of the functions % and %, the error term in

(2.198) splits into two parts:
i\
— d
+ (ds> ] s

/O; exp(—5s) [(‘Zﬁ)z
+ (‘?;))2] ds (2.205)

- i/iexp(—&s) [(d;;zo)QJr
- (‘Z‘?)Q] ds. (2.206)

> 4By |
_5 e
+ 5/Ooexp( s) [( ds5> +
- Three multiplier terms: 1 [* Eodo ds, I Eodor ds, and e[, o1 ds.

Hence in the sequel, we will have to consider five terms:

- Two error terms: the wp-error term (2.205) and the w;-error term (2.206).

Below, we will construct w; such that the mixed expression ¢g1, cf. (2.204), in the multiplier ¢
gives rise to the left-hand side of (2.192). Before, we address the multiplier and the error term
that only involve wg. Clearly, 1wy can be chosen to satisfy Sp-independent bounds:

d®y

= < C.

sup |wol, - -+ sup
seR seR

Hence in view of (2.202), we obtain for the wo-error term (2.205)

1 [ dig dibo ) * 1
— — ce — < - . .
6/ exp(—5s) [< I ) +-+ < 15 ) ds < Cs exp(5Sp) (2.207)

—0o0
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Moreover, in view of (2.202), we obtain

0 for s <=5 -1,
|¢0’ < Co for —SO -1 < s < -5 y (2.208)
0 for s >-=5p,
where we momentarily want to remember the value of the universal constant Cpy. From (2.208)
we have
-So —So .
/ €o(¢o — Co) ds = / (—&0)(—¢0 + Co) ds
—So—1 So— 1
(2.208)&(2.89)
< C/ exp(—3s)(—¢o + Cp) ds
So—1
(2.208)
< QCC'O/ exp(—3s)ds
—So—1
< Cexp(350) , (2.209)
so that for the ¢g-multiplier term we obtain
1 . 2208) 1 [T
/ fodods 2 / oo ds
€J- € J-5p—1
1 —So 4
< - (Co / Eods + Cexp(BSo))
€ —Sp—1
1 —So
< Cg <max {/ &o ds,O} + exp(3So)> . (2.210)
—Sp—1

We now specify w; with the goal that ¢o1, cf. (2.204), gives rise to the 1. h. s. of (2.192). This
motivates the construction of a universal function wy with the property that

d d | (sinh2\* [ d d
— 41— 1] —-2 =1 f < - 2.211
<d8+>d8[< z > <d$+>ds ] orss<—=C, ( )
which will be carried out below in such a way that
| s dg d®g
— 2.212
|s|+1" | ds |’ ds5 ( )
Equipped with w9, we now make the Ansatz
wi(s) = n(s+ S1)n(—(s+ So + 1))wa(s) + (1 —n(s + S1))w2(—51), (2.213)
where 7 is a universal cut-off function with
0 fors<0
s) = - 2.214
S {1 fors>1, ( )

so that (2.202) is satisfied. The main merit of Ansatz (2.213) & (2.214) is that it makes use of
(2.211) which for Sy > C due to (2.204) yields

0 for s < *Sl )
P01 = 1 for —514+1< s <-5—05, (2215)
0 for s >-=5 —1.
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Furthermore, the estimates (2.212) turn into

|wy| | dun d®iy
] B et IR < . 2.21
|¢01|7 Sl ) ds ) 5 dsd = C ( 6)
In particular, we obtain for the ¢gi-multiplier term
I, &odords (2.217)
(2.215) —Sp—1 N —-S1+1 . —Sp—1 R
= / o ds +/ §o(po1 — 1) ds +/ §o(do1 — 1) ds
-5 —-S1 —Sp—2
(2.216) —So—1 —S1+1
< / éods+C €] ds + C exp(350) .
-S1 —-S1

where for f:;;o:; éo(qu — 1) ds, we have used the same argument as leading to (2.209).

Because of ¢1 = w;¢p1 another consequence of (2.216) and (2.215) is

0 for s < =51,
’(f)1| S CS1 fOI‘ —51 S S S —So — 1,
0 for s >—=5—1.

By the same argument as leading to (2.210), this implies for the ¢;-multiplier term

0o —So—1
E/ Soprds < CeSy <max{/ §0ds,0} +exp(35’1)> . (2.218)
—00 —S1
We finally address the w;-error term (2.206). It follows from (2.202) and (2.216) that
0 &\ diby | ?
E/ exp(—Hs) [( 7 > + (ds) ds < Ceexp(bSi). (2.219)

—0o0

We now collect the five estimates (2.207), (2.210), (2.217), (2.218), and (2.219). Via (2.203) and
(2.206) we obtain from (2.198) that

~So—1 _
—/ ods
-5

1 1 —S
< Cg exp(5Sp) + Cg (max {/ o ds, 0} + exp(350)>

—So—1
—S1+1 R
+ C </ ’§0| ds -+ exp(3So)>
_Sl
—So—1 .
+ CeSy (max {/ &ods, 0} + exp(BSl)) + Ceexp(551)
e
S1>80>0.e<1 1 —So
< C- <max {/ o ds, 0} + exp(550))
€ —So—1
—S1+1 . —Sp—1 .
+ C |€o| ds + C'eSp max {/ ods, 0} + Ceexp(bS1),
*Sl 751

which implies

—So—1 —5o
_/ fods < cl (/ fods+exp(550)>

-5 € —Sp—1

—S1+1 . 75071 .
+ C/ |€o0| ds + CeS1 max {/ &ods, 0} + Ceexp(551§2.220)
*Sl 75’1
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thanks to the (2.142). We now distinguish two cases: when f:glo_l o ds > 0, then the estimate
(2.192) is trivially true by the positivity of the terms on its right-hand side; indeed by the
approximate positivity estimate (2.125) we have f:;o ’  ods+Cpexp(3Sp) > 0 and in particular

:S‘S;Oil €ods +exp(5S) > 0. When f:glo_l €0 ds < 0 then we run the argument above and from
(2.220) we obtain (2.192).

We will now derive the operator-valued formula

d? 2
Zsinh 2 <— 722 + 1> Zsinh 2 (2.221)

d d [sinh2\2 /[ d d d d
(= 41)= 1) =2 1
(ds * > ds < z ) <ds * ) ds (ds * ) ds’

that is a non-homogeneous generalization of 22 d 42— (C‘lis +2)(%+1)%(% —1) (cf. (2.41)). The
fairly simple structure of this formula is not a surprlse Since the functions smhz and Zsinh 2
are in the kernel of (—— +1)2, the functions 1 and 27! are in the kernel of (—— +1)%2sinh 2.
In s coordinates, these functions are 1 and exp(—s), respectively. This explains the right factor
(4 +1)4 on the r. h. s. of (2 221). On the other hand, the adjoint of the 1. h. s. of (2.221)
with respect to the measure 5 = ds is given by Zsinh £(—7 2 +1)2sinh 2 and thus has a kernel
containing 1 and 2 = exp( ). Hence the adjoint of the r. h. s. of (2.221) w. r. t. ds has to contain
the right factor (—S — 1) <, which means that the operator itself should contain the left factor

(ds + 1)ds'

We claim that the formula (2.221) can be split into the two formulas
h
<dz2 ) Zsinhz = <SH; Zdis + 2 cosh z> <js + 1) , (2.222)
d d sinh 2
h = —||l=—+1 —2coshz| . 2.22
Zsin Z(d > I [(ds—i— > P cos z] (2.223)

Indeed, the composition of (2.222) and (2.223) yields
Zsinh 2 ( > Zsinh 2

_ A (d ) (simhz “d 4
~ ds \ds z ds \ ds

d sinhz d [ d d (d sinh?z [ d
—2—cosh 2 —|—=+1 2— 1 hZ —+1
ds N FTE s (ds * ) * ds <ds * > o8 z <ds * >

d o d
—4£(cosh Z) (ds + 1)

_ oA (d N\ (sha\ d (d

~ ds \ds z ds \ ds

—i—2i [(dcoshésmhz> +coshzsmhz — 2(cosh 2)2] (d + 1> , (2.224)
S z z ds

smh 2

where (dd cosh zsinh Z) denotes the multiplication with the s-derivative of the function cosh Z3%*2
This implies (2. 221) since because of

h h hz
(d cosh Zsm Z) =2 (d cosh zsm Z) = (sinh 2)? + (cosh 2)? — coshzSln : ,
ds z dz z z

the factor in the last term of (2.224) simplifies to

d h hz
(d cosh Zsm Z) coshzSln c 2(cosh 2)? = (sinh 2)? — (cosh 2)? = —1.
s z z
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We now turn to the argument for (2.222) and (2.223). We first note that (2.222) and (2.223)

reduce to
d? expz d d
— =12z z = — 42 — 41 2.22
<d22 )zexpz < s + expz) (ds + > (2.225)
= |ex zi+2ex Z 2i+1
- Pz P d?
[ d d .
= expz (dA + 2) 75t and (2.226)
d? d d exp z
z 2| — —1 = —|l—+1 —2 z 2.22
ZexpZ <d§2 ) I [( . + ) > expz} (2.227)
d d exp 2
= Z— — 41 -2 Z
Zd,% [( PE + ) 2 expz}
Ld (d .
= i (dz? - 2> exp 2. (2.228)
Indeed, replacing Z by —Z in (2.225), using the invariance of % = 2% under this change
of variables, and adding both identities yields (2.222). Likewise, (2.227) yields (2.223). The

identities (2.226) and (2.228) can easily be checked using the commutator relation £ exp 2 =

exp z (% + 1) on their left hand sides:
e d 2 d d
—1 ;= 2= +1) —1] =exp2 2
( - )expz exp 2 (dé + ) ] exp z (dé’ + ) B and
d? d 2 d (d
(2 1) = [(£_-1) -1 s = 29 :
exp 2 (déz > [(dé ) ] exp 2 FE (dé >expz

dz?
We will now turn to the construction of the function we with (2.211) and (2.212).
We start by reducing (2.211) to a second-order problem with bounded right-hand side: It is
enough to construct a universal smooth vy with

d (sinh2\? [ d
— 1) -2 09 =1 f < -5 2.229
[m(é)(dﬁ) ]Uz o= (2.229)
and ’
R dio d*0o
(oo, || oo | ger| S © foralls. (2.230)
Indeed, consider the anti derivative ws(s) := fo 0ods’. Since % = 09, the estimates (2.230)

turn into the estimates (2.212). Moreover (2 229) yields

inh2\? d [ d
smAz — [ —4+1)—2] Wy = s+const fors < —8,
z ds \ ds

for some constant of integration. Applying % (d% + 1) to the last identity yields (2.211).

We now extend (2.229) to a problem on the entire line with nearly constant coefficients. Note

2, . L. .
that the coefficient (Smhz) is an entire, even function in Z with value 1 at 2 = 0. Hence for
every Sg > 1, we may write

sinh 2 2
( — > =1—a foralls<-5,
2
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where

d®a
sup |al,sup |—1, - ,sup |—=| < Cexp(—2S5p). 2.231
seﬂg| | selg ds se]g ds3 p( 0) ( )
We will thus construct a universal smooth 03(s) with
d (1 ) d +1 2| v 1 for all (2.232)
—(1—a)| — —2| U = or all s .
ds ds 2
and A s
N V2 U
sup |Us|,sup |— |, - ,sup |——| < . 2.233
s€R| | seR | ds scRr | dst ( )

We finally reformulate (2.232) as a fixed point problem. Note that since 4 (L + 1) —2 =

ds
(% - 1)(% + 2), the bounded solution of [di(d% +1)—2] & = f for some bounded continuous

S

f is given by

o(s) = - / " exp(2(s — 8)) / " expls’ — ) f(s") ds” ds’

1 [ ¢
= ~3 / exp(3min{s, s} — 2s — s") f(s") ds"

= : (Tf)(s), (2.234)

defining an operator 1. From its above representation with the Lipschitz-continuous kernel
exp(3min{s, s”} — 2s — s”) we read off that T is a bounded operator from C° (the space of
bounded continuous functions endowed with the sup norm) into C! and by the solution property
of T thus also into C2. Note that (2.232) can be reformulated as

d [ d N

()2
d d
= 14+ — — 4+ 1|0
+dsa<ds+ >U2
_ o4y, dda,
o ds? = ds “ ds ds 2
d d d da ~
= 1+[(ds(ds+1>—2>a—dsds+2a}vg. (2.235)

An application of the translation-invariant operator 7' (formally) yields

d _.d
By = T1—|—<a—dSTd§+2Ta>{)2. (2.236)

We view this equation as a fixed-point equation for ¥ in the Banach space C°. As men-
tioned above, T' and even the composition %T are bounded operators (in C°). In view of
(2.231), the multiplication with a and with ‘jl—‘; are operators with C?-operator norm estimated
by Cexp(—2Sy). Hence for sufficiently large Sy, the operator a — d%T% + 2T a has norm
strictly less than one. Thus the contraction mapping theorem ensures the existence of a solution

of (2.236), that is, a C%-solution 99 of (2.232) with supscp |02/, Sup,er |%|, SUDgcr |dd25f’22\ < 0.
Finally, we obtain the rest of (2.233) from (2.231) by a booth-strap argument.
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2.2.6 Finite lateral size

In Section 2.2 we assumed the stability condition to hold for all ¥ € R (see (2.34)). In this
subsection we go back to work with a container of finite lateral size, assuming k" € ZT’TZ \ {0}.
Therefore we can no longer pass to the limit ' — 0 to infer the approximate logarithmic growth
for 7 (2.38) (see Proposition 1). In this case we show that Proposition 1 is still valid provided
the height H and the lateral size L of the container satisfy a certain relation.

Proposition 2. Let 7 € (0, H) — R satisfy the reduced stability condition, i.e. for all k' €
2Zr7\ {0} and for all w(z) satisfying (2.33), the condition (2.36) holds. If H < L, then we have

£>0, (2.237)

H

1
1
dz S — dz. 2.2
ey ) g (2:238)

Proof of Proposition 2. The starting point is the reduced stability condition (2.36). Since the
argument for (2.237) remains the same as the one for (2.37) in Proposition 1, we start directly
with the proof of (2.238).

Argument for (2.238):

In order to infer the logarithmic growth we can no longer let ¥ — 0 (that would contradict the
fact that L is finite). Therefore we need to expand the multiplier in its three terms:

4 2 2
¢ = w (— + k’2> W=w <Z — 2k’27 + k:’4) w. (2.239)

dz2

Therefore the reduced stability condition can be rewritten as

" &? 2 ’
/0 Ew <_d,2’2 +k > wdz (2.240)
H d4 H d? H
= / fw——wdz — 2k’2/ fw——wdz + k:’4/ w’dz >0
0 dz 0 dz 0

Focusing on the lower half of the container, i.e. let us think of z € (O, %), we make the following
Ansatz

w =220,

where w(z) is a real function with compact support in (0, H).
The merit of this Ansatz is that in the new variable w, the multiplier in (2.240) can be written
in the scale invariant form

d* d?
¢ = w <dz4 — 2]?/2@ + k/4> w

o (=L o) (L 1) () (L 1)
dz dz dz dz
12~ d d A 14 _4,~12
2k 0z | z— ) (2= + 1) 20 + K27 |0|*.
dz dz

This suggests the introduction of the new variables

s=1Inz and £ =27 '¢, (2.241)

for which the stability condition turns into

InH
/ £pds >0 (2.242)



where

S5

. (d d d d
o = olg2) (5) () (&)
— 2K exp(s) <;;> (;i + 1) exp(s)w + k' exp(4s)i? .

for all functions w with compact support in z € (0, H). Here it comes the following heuristic
argument: For H > 1, we can think at test functions w that vary slowly in the logarithmic
variables s. For these w we have

¢ = w (;i + 2) <ZS + 1) <CZ> (Zg - 1) W (2.243)

d d
_ 12 A ~ 14 ~2
2k exp(s) (ds> <ds + 1> exp(s)w + k" exp(4s)w” .

~ wid—w — 2k exp(s)u?d wexp(s) + k' exp(4s)w? (2.244)
s s
d d
= —£w2 - kl2% (exp(s)w)? + k' exp(4s)w?, (2.245)
and this in particular implies
InH
0 < [ éods
_lnH . d d 9 InH
~ / £ <_dsw2 - k’2% (exp(s)w) > ds + k"4/ € exp(4s)w? ds
In H dé InH
= / = (0? + K (exp(s)w)?) + k’4/ ¢ exp(4s)w? ds
In H dé N
= / (14 k™ exp(23))% + Kt exp(4s)€ | 02 ds,

for all w(s) with compact support in (—oo,In H). Thus it follows that

dé k" exp(4s) " .
S >
ds = (1+k? (—:-Xp(25))5 = —Kexp(ds)e,

approximately on large s—scales.
This means that

f 2 exp (—k"4 exp(4s)) .

The assumption H < L implies k" exp(s) < 1 and therefore we have
£ > exp(—1). (2.246)

We can rewrite the last inequality in the original variables z and &

£2

)

IS

which, recalling that & := Z—Z and integrating in z, yields
T 2 In(2).

We expect that (2.246) implies that for any 1 < S; < In H:
0 . 1 S1 R
/ &ds < / &ds, (2.247)
-1 S1 Jo
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which in the original variables (2.241), for $; = In & turns into
dz S —— d
5 T / £dz.

a behavior that corresponds to logarithmic growth on the level of the antiderivative 7 of £&. We
now prove that (2.240) and (2.237) imply (2.247).

Argument for (2.238):

Let us rewrite the multiplier ¢ defined in (2.239) as follow:

(@

d
—2k"% exp(2s) < +4— + 2) W+ k"™ exp(4s)|w]? .
s s

5

We observe that the operator

d d d d d> d
—2) (= +1) = — -1 2k"? 2 4 +2 4 4
<d5+><d5+)(ds)(zd5 ) k exp(s)<d2+ ds—i—)—i—k exp(4s),

is not translation invariant so that we cannot extend the integral (2.242) to the whole space R.
Therefore we define a new multiplier ¢ : R — R

bols) = (s) [(jm) <j +1> (j) (j _ 1)

d? d
~2Pexp(zs) (5 + 45 +2) + K explds)| ().

where Wy is the translation of the function w of a parameter s’. so that we can write
o0 ~
/ E(s)g(s)ds > 0. (2.248)
—0o0

We note that (2.247) follows from (2.248) once for given S; we construct

e a family § = {wg}s of smooth functions wy parameterized by s’ € R and compactly
supported in z € (0,1) (i. e. s € (—00,0]) and

e a probability measure p(ds’) supported in s’ € (—oo,In HJ,

such that the corresponding convex combination of multipliers {iy }¢ i. e.

= [ vuts) ptshas

satisfies
—1 for —1<s5<0,
Pi(s) <& for 0<s<S, (2.249)
0 else,

for a (possibly large) universal constant C. Indeed, using (2.249) and the positivity (2.37) of
the profile we have

oo 0 C S1
o< [ wldss—/ fas+— [ éas,
—00 -1 S1 0
which implies

/ €ds < << §ds
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We first address the form of the family §. We consider the change of variables
= A§ with A>1,

and fix a smooth “mask” wg($) compactly supported in
1
supp wg C [—2, 0} (2.250)

and normalized, i.e. fﬁ)g ds = 1. We choose
W(A8) = AV (3). (2.251)

With this change of variables, the multiplier can be estimated as follows

o = el (@) (@)

2

d d
—2k"% exp(2s) <d 5 + 4d— + 2) + K eXp(4s)]

1 1d 1d 1d (1d
N A N I R (e 2.252
)\wo[</\d§+ )()\dA+ >/\d§ (Ad§ ) (2252)
1 d? 1d
2 4 3V | b
—2K" exp(2)3) ()\2 122 +4X? + 2) + K’ exp(4)\s)] wo
1at 2da 1d 24d
N N . N L N 2.253
o [<A5 3t TaaE T N N d§> (2253)

1 d? 1 d

1 o oA
B —1—4/\2 7 + 2)\) + k:'4exp(4)\s)] wo

—2k" exp(2)3) <
(2.254)

and reordering the terms we have

2 .d. 1 4 2 & 1 d
O = gt T oot yaogg o+ s g o (2259)
1 d 1. d?
/2 a ~
—2k exp(2)\s)< o +4>\2 7 —Wo + )\3 032 w0>

/4
—1—7 exp(4A8)wi =

1 d
3 (—4k" exp(2X3) + k" exp(4A3)) w§ — v (2 + 8K exp(m))w()%wo
1 9 R d? 2 3 1 dt.
_F(l + 2k exp(2)\s))w0d wo + )\4 053 ——3Wo + +/\5 a0

We now consider the translation of the mask wg(8) in the parameter s’ € (—oo,In H), namely,
wo,sr = wo(8 — s,

and we define the multiplier

1
Urs(s) = 1 (—4k™ exp(2X3) + k" exp(4X3)) w5 (8 — §)
1
2 2+ 8k"2 exp(2Xs) ) (5 — s )j Wo(8 — 8)
§

1 o 2o
)\3( + 2k exp(2As))wo (5 — s )d§2 0(§—s')
2 . . o

+ng(s — ) 7 wo(8 — s)
1. dat o

—I-ﬁwg(s - s’)@wg(s —35').
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We choose A = s’ (the motivation can be found in the argument for (2.59), Subsection 2.2.1)
obtaining

1
Yo(s) = = (- 4K exp(25'3) + k" exp(4s'3)) Wi (3 — &)
s
1 2 AN A (A d A /
——5(2+ 8k"" exp(25'8) )i (5 — s )ds 0(§ —5)
(14 2 exp(25'5) (5 — o) (5 — o)
-+ exp(2s's))wg(s — s d§2w0 S—s
2 LA
+Sﬂw0(s—s)$wo(s—s)

T dt
+875w0(5_5)d§4w0(5_5)'

We can now write

) = [uuts

= / ( 4K exp(25'3) + k™ exp(4s'3)) Wi (8 — 8)p(s') ds’
—5(2+ 8k exp(25'8) o (5 — §') -

/ (1 + 2K exp(25'3) )t (8 — ') =100 (5 — 8" )p(s") ds’
3

4 [ Setls = ) gl = $)p(s") d

d4
+[ 3 <

STSwo(§ — 8" ) —0(8 — §')p(s’) ds’

Since A\ = s’ then we have s = s’§ and define the variable §" as follows

/

s s—s s ;S
LI DS N N (2:256)
which is invertible with ds’ = —a i a2 ds"”. Note that, in particular, § = §” + 1. We thus get the

representation

(s) = / b (5)p(s') ds’

— (4K exp(2s) + K exp(4s)) / ujg,,)wg(“’) (s') di"

d
dgl/

(24 8K” exp(25)) / d0(3")-L o (8" p(s") d5”

1 d?

(14 247 exp(25)) / (1 4+ "o (8") (5ol ) d5”
2 1 A N/ d3 N N/ / d/\//

T Y CA B NEL VR P

1 d*

+— -
84 ds//4

(1 + §”)3Z@0(§”)

wo(8")p(s") ds" .
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We rewrite (2.256) in terms of the three quadratic quantities w3, (d%) and ( e 0)2:

1 ) 1 di}
Vg = ;(k:”‘ exp(4s) — 4k" exp(2s))wi — )2 (2 + 8K"? exp(2s)) d§0
1 ding\?  1d%02
1 2 2 2 _ 0
+(s’)3( + 2k exp(2s)) [( 7 > T
1 d (ding\®  dPo?
3%
T [ ds < di > T
L | (Pao\ @ (dag)® | 1dbag
()5 |\ a2 32 \ ds 2 d3l
= (SR exp(as) — 47 exp(25)) — g (2 -+ 8K exp(25))
s (s')? ds
1 P d? 1 d 1 a4\
Ta (et T () g +*(sf>4@+§ 54zt ) 0
d 2\ [ divg\”
(1 + 2K exp(2 3
*( 220 ~ 37 e~ 2 ) ()
d?
7 <d52> . (2.257)
Now in this formula, using the change of variables s’ = =% (between s’ and 8", with s as a

parameter), we want to substitute the derivations (S,l)m dgl—:n by linear combinations of derivations

of the form ()ﬁds’k (14 8")ym="=* for k =0,--- ,n. The formulas
1 d" 1 d" 1
— = (=1)"= 2.258
(s/)n+1 ds'm ( ) s ds'm (1 + §//)n71 ’ ( )
d 1 d . 2 R
3/)4 s = TT(l =+ 5”)2 - @(1 + 3//)3 ’ (2'259)
and
1 d2 1 d2 IN7i 4 d Al 2 6 a3
1+8)+——010+35)+—(1+35")". (2.260)

(s')5 ds" - (5)3 ds” (s)* ds’ (5)5

which are proved in Appendix 2.2.7, allow us to rewrite (2.257) as follows

1 d
be = < [(k’4 exp(4s) — 4k"? exp(2s))(1 + §") + (2 + 8k eXp(2s))@
1 d? 1 d? 1 1 d* 1
——(1 + 2K exp(2 — - b2
gL 2K exp(29) G m T 5m ~ @B (1 a2 T 2ds0 (14 §)3] o

83 ds'

2 2 1 (dio\? 1 s (P 2
- 83d8’2(1+5):| (d.§”> +S5(1+ ) (dw/2> :

1+ 2k"? exp(2s) 6 12 U 3 8 d s
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The advantage of this form is that integrations by part in s’ become easy, so that we obtain

1 [ d
Y1 = - / g [(k‘“‘ exp(4s) — 4k exp(2s))(1 + 8")p — (2 + 8K” eXp(%))ch/
S J_oo s
1 1 d% 1 & L dYy
— (14 2k exp(2 /
I+ 2K e 28)) T o+ T g (1 + 3§73 d8’4] ’

1
2
1+2Kk%exp(2s) 6 12 ) dwo
+ ( - - /_OO(H

3 8 o e [(do " dp
- (sa) Lo <d§~) a5

2 [ g\ * d?
— 73 (1 +§//) < wo) p dS/
S

s3 ) o s’ ds'?
1 [ 42\
+ —= (1+.§”)5< ~ > pds’.
sd oo d§'?
Finally, using the substitution ds' — —%, the last formula turns into the desired represen-
s (145")
tation
© 1 1 dp
P = / g [(k:'4 exp(4s) — 4k exp(2s))mp — (2 + 8K exp(2s))m@
— 00
1 1 d% 1 d&p 1 1 dp
— (1 + 2k exp(2 — g
2( + exp( 5)) (1 + §//)3 ds’2 + (1 + é//)4 ds’3 + 2 (1 + §//)5 ds’?
(1+2k%exp(2s)) 6 12 / & o
- - — pd
+ < 52 + $Bst) ) a3 o
3 8 o (dig 2 dp dg"
T\ T8 N\a) as
2 [ 1 dig \? d2p 43
B 2/ o148 \ a5 ds’2
1 [ . d*g .
+ g _00(1 + 83 <d§,,2) pdd". (2.261)

From this representation we learn the following: If we assume that p(s’) varies only on large
length scales, so that

dp d?
L Ghg - <p
d?p a3 d
2. ds’2’ds’g" '<<£

then for s > 1, we obtain to leading order from the above

oe 1
’l/}l ~ (k/4 eXp(4S) — 4k/2 eXp(QS))/ mﬁ)gp déll
e 1 dp
2 ~92 ~
—(2‘1‘8]{3, exp(?s)) /;Oo mwogdsﬂ
1 4 2k exp(2s ) dig\?
L) [ (450

If p(s") varies slowly even on a logarithmic scale (so that e. g. s’ % is negligible with respect to
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p), the above further reduces to
14 12 > 1 A2 gall
’Z/}l ~ (]{7 exp(48) — 4k eXp(QS))p . mwo ds

—(2 + 8K exp(2 ))dp Tl g2
PEae | a0 ™

"2 00 ~ 2
Lk eXp(QS))p/ (1+3") (dw0> ds". (2.262)

52 ds”

—0o0

We observe that k™ exp(4s) — 4s?exp(2s) < 0, and that by the hypothesis H < L (which
translates into k'exp(s) < 1), the second -negative- term on the right-hand side of (2.262)
dominates the third positive term provided

dp 1
ds’ (S/)Q :

This is satisfied if p is of the form
So

s — 0

for Sp>1

p(s) =1-
and motivates the choice of p in the range 1 < s’ < S1: We fix a smooth mask po(8’) such that

dpo
ds’

1
po = 0 for 8 <0, >0 for0<§ <2, pp=1- for2<3d. (2.263)
§
By the condition 0 < k' exp(s) < 1 (coming from the assumption H < L), we have
1 1
—(2 + 8k exp(2s)) < -2, -5+ 2k exp(2s)) < —5. (0 2k exp(2s)) < 3,

from which we deduce that

1 1 d? 1 a3 1 1 d*
1/}1 S ¢2 —/ 71 L a2 - oI\ 3 g+ AY! /g+ 5 Z "
(+ )ds 2(1+8")3ds (1+8")*ds 2(1+48")5ds

+ ( )/ 1+ 3" <dlf’,‘,’> ds"
S _ S
i dig d/) dA//
52 §
2/°° 1 dwo 2 2 P g
52 o 1 + s ds” dslz

1 [ i\ 2
AN\ 3 ~
+ 54/ (14 35" <d§/,2> pds". (2.264)

—0o0

The observation that the multiplier ¢o (2 ~ ¢1 up to constants) satisfies (2.71) (see Section
2.2.1), completes the proof of (2.38) in the case k' € $Z\ {0}.
O
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2.2.7 Appendix
Appendix for Section 2.2.1 and Subsection 2.2.5.2

If p, p denote generic polynomial of degree n, we have

1 dn 1 L "
I — S
(S/)m dsm (S//)n (S/)mfn dsm
1 1 d
= 1
(s//)n <3/) (( +S)d8)
1 1 , d
= (s")n (S/)m—np(_s @)
1 _, ,d 1
G ds)<>—"
1 1
- wwg:%w*ww”k
n
dk e
- Z l/m kdslk(1+s)mn :
k=
It remains to determine the coefficients aq, - -- , a,. We start with the case m = n + 1 (which
yields the shortest formula). To this purpose, we agaln use (14 5)-4 m=—5 ds,, which we rewrite
as L(1+3) = —(s")244 L. The latter yields

d " d\"1
<ds(1 + s)> = (=1)"(s) <Slds’> 7 for every n € N,

that implies inductively

" o L d™ 1
G+ = (DS

for every n € N,

which we rewrite as (using again s” = s'(1 + §))

LAl 11
(Sl)n—l—l dsn - ds'm ! (1 4 §)n - s ds'm (1 + §)n—1'

(2.265)

In view of the first line on the r. h. s. of (2.62), we need the latter transformation formula for
n=1,2,3,4. In view of the second line, we also need:

1 i (2.265) i 1 d
(sNtds s (s ’)2 ds'
1 2 1
= 7( s )(3 2
1 A\ 2 2 ~\3
= - ) d (1+38)*— (57 (1+3)°, (2.266)
1 d? (2265 1 de 1
(8/)5 ds2 - s s’)2 ds? 1+ 3

s dS/Z ds’ s’ (8/)2 (8/)2 1+ g
1 d? . 4
(p ds? L T8 T

=
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Appendix for Subsection 2.2.5.3
The starting point is
2202 — 202 +1)2sinh 2 (2.268)
- (2*1 sinh 2 (95 — 2)(8 — 1) + 4 cosh 2(9; — 1) + 42 sinh z) x (D5 + 1)0s .
Motivation for formula (2.268): The factor (95 + 1)0s has to be there since 27! = ¢7* and 1 are

in the kernel of (02 — 202 + 1) sinh 2, since sinh 2 and Zsinh 2 are in the kernel of 82 — 262 + 1.
Note that for 2 <« 1,

27 lsinh 2 =1+ 0(%?), coshz=1+0(%%), 2sinhz=0(%?),
so that for 2 < 1, (2.268) collapses to
220252 = (05 +2)(0s +1)05(05 — 1). (2.269)

This identity is easily seen to be true because both differential operators are of fourth order and
are homogeneous of degree zero in %, because the four functions 272 = e72%, 271 =¢7%, 1, and
% = e* are in the kernel of both differential operators, and because on 22 = €%, both operators
give 4132 = 4le?s.

We derive two formulas from (2.268):

(0% — 202 + 1)2sinh 2
- z*2<2~*1 sinth 5 (95 — 2)(95 — 1) + 4 cosh 2(9; — 1) + 42 sinhé)
X (05 +1)0s .
and
0:(0% — 202 + 1)2sinh 2
- 5—3(2—1 sinh 2 (95 — 3)(9s — 2)(8s — 1) + 5 cosh (95 — 2)(8 — 1)
85 sinh £(8 — 1) + 42% cosh z) x (95 + 1)0; . (2.270)

Let us give the argument for (2.268). Because of the transformation properties under 2 ~» —z,
it suffices to show

22(9% — 202 + 1)z exp(2)
= [ exp(2) (05 +2)(0s — 1) + 4(exp(2) — 2~ exp(£))(0s — 1) + 42 exp(2)]
X (0s 4+ 1)0s ,

which we rearrange as

23(0F — 207 + 1)z exp(2)
= exp(2) [(0s +2)(0s — 1) + 4(2 — 1)(9s — 1) + 42%] (05 + 1)0s
= exp(2) [(8s — 2)(0s — 1) + 42(9 — 1) + 42%] (95 + 1)0s . (2.271)

We note that because of 0; exp(2) = exp(2)(09; + 1), we have

(0 =202 + Dexp(2) = exp(2) [(9: + 1) —2(0: +1)* +1]
= exp(é’)(ag + 482 + 482) )
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so that
2202 — 202 + 1)zexp(2) = exp(2) [2°022 + 42(22032) + 42%(2022)] .

Now (2.271) follows by inserting the formulas

2022 = (05 +1)0s,
22022 = (05 +1)05(0s — 1),
23082 = (05 +1)05(0s — 1)(95 — 2). (2.272)

These formulas can easily seen to be true; let us address (2.272): Both sides are differential
operators of order 4 that are homogeneous of degree 0 in Z; the kernel of both operators is
spanned by the four functions 271 = e7%, 1, 2 = ¢°, and 2? = €?%; On 22 = 3%, both operators
yield 4123 = 4le3s,

Formula (2.196) is an immediate consequence of (2.268). Formula (2.270) follows from (2.196)
using the identities 9; = 2710, and

D:23sinh2 = 273(cosh 2 — 32 !sinh ),
d:45 % cosh 2 = 273(4%sinh % — 8cosh 2),
;427 1sinh 2 = 273(42? cosh 2 — 42 sinh 2),
which leads as desired to
0:(0% —20% 4 1)2sinh 2
=272 [(27sinh 2 ((95 — 2)(9s — 1)0s — 3(9s — 2)(0s — 1))
+coshz (4(0s —1)0s + (0s — 2)(0s — 1) — 8(0s — 1))
+Zsinh 2 (405 +4(0s — 1) — 4)
+2% cosh 24] x (95 + 1)0;..
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Chapter 3

Finite Prandtl number convection

Differently from the previous section, here we reintroduce the inertial term of the Navier-Stokes
equation allowing the Pr number to be finite. In the case of Pr < oo, the lack of instantaneous
slaving of the velocity field to the temperature field increases the difficulty in bounding the
convection term < [T dz> in the definition of the Nusselt number and the background field
method turns out to be no longer fruitful.

The first rigorous bound on the Nusselt number for arbitrary Pr was obtained by Constantin
and Doering in [11], by the following argument: Using (1.16) and (1.19) we can write

Nu < /6(T—1)Zd 41
u_d ; u®dz 5

Applying the Cauchy-Schwartz inequality and the Poincaré inequality we can bound the right-

hand side, obtaining
1 1 i
Nu<$§ <</ ]VT|2dz> </ \Vu]2d2>) +—.
0 0 o

From the representation (1.13) and the the bound (1.15) we immediately get

Nu < §(NuRa(Nu — 1))z +

S

The optimization in ¢ leads to the choice 6 = (NuRa(Nu — 1)))_i which yields the bound
Nu < Ra%.

We notice that this estimate is valid for all values of Pr and it is oblivious to replacing the no-slip
boundary conditions by a no-stress boundary condition (the incompressibility condition is not
used). In particular this result does not catch the scaling Nu ~ Pr2Ra> for Pr < 1 and, as our
result implies (see Theorem 2), it is suboptimal for Pr > 1. The incompressibility condition
combined with the no-slip boundary condition yields (1.18). This suggest the idea to control the
Nusselt number with the second derivatives of u* and calls for a maximal regularity argument
for the equation

1
ﬁ(ﬁtu—i— (u-V)u) — Au+ Vp =RaTe, for 0<z<1,
V-u=0 for 0<z<1,
u =0 for z¢€{0,1},
U =ug fOI‘ tIO,

as we explain in what follows.
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3.1 Prerequisite: Maximal Regularity

Let us first explain the meaning of the term ” maximal regularity estimate ” in a simpler example.
Let us consider a function u € C§° in R?, in the L?—space we have

A2 = ||V 2

2 : o .
where V2u = Z?,j:l Boi 5o - Indeed, by exchanging derivatives, we obtain

ou  u u  *u
Au)idr = — =2 = ou L 2,12 4
/Rd( u> dx /Rd 81’1 8.%']8.%']6.% dx /Rd 81‘18.%'] 690283:] dx /Rd ‘V u’ dx

The Calderén-Zygmund theory [18]tells us that the estimate ||VZul||» < C(d,p)||Aul|rr is
true in every LP spaces with 1 < p < oo but fails in the ”simpler” spaces L' and L*. In
L' a counterexample is given by the fundamental solution of the Poisson equation in R?, i.e.
u(zy,3) = (3 — 23)log(z? + 23). Indeed, in this case ||Aul|;1 = 1 (since —Au = §) but
|V2ul|1 = oo. By duality one can show that also the L°°—norm is non-admissible for the
Calderén-Zygmund theory. For the Stokes equation —Awu + Vp = f it is well know that the
estimate ||V2ul|r» + ||Vpl|ler < ||f]|l» holds true for every LP-norm with 1 < p < oo (see
for instance [19], Chapter IV'). The term ”"maximal regularity ” comes from the fact that the
terms V2u and Vp have the same (maximal) regularity as the right-hand side f. Although
the above estimate is not true in the L>°—norm, Constantin and Doering in [7] obtained a
maximal regularity estimate up to logarithmic corrections. We will consider the non-stationary
Stokes equation and show that a maximal regularity estimate in the interpolation between the
weighted—L' and L> norm holds under bandedness assumptions (i.e. restriction to a packet of
wave numbers in Fourier space). !

We now want to show how to derive upper bounds for the Nusselt number from a (logarithmically
failing) maximal regularity estimate. For preparation, we illustrate this idea in the simpler
situation of Pr = oo, following Constantin & Doering 1999 paper’s approach.

From the estimate (1.17) on the Nusselt number we can deduce the bound

1

Nu < §? <sup |622uz|> + 5
z

where we could apply two times the Poincaré estimate in the vertical direction thanks to the

no-slip boundary condition for u* and the condition (1.18). Despite the fact that the L>°-norm

is a critical norm for the Calderén-Zygmund theory, Constantin and Doering [7] proved that,
up to logarithms, the following maximal regularity estimate holds

<sup 8§uz\> < <sup |RaTeZ]> .

By the maximum principle for the temperature (1.9) applied to the right-hand side term of the
last bound we have

<sup\8§uz\> < Ra.

Inserting this result back into the bound on Nusselt number, one obtains

1
Nu 5 62Ra+ g

The minimum occurs for § ~ Ra~5 and the resulting bound, up to logarithms is

1
Nu < Ras .

! The reason to consider the (interpolation of) the above norms will appear clear at the end the paragraph
Strategy, Subsection 3.2.2.
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We will now give a more rigorous argument for this bound (which differs from the one of
Constantin and Doering [7]) and aims at introducing the main tools and techniques that will
we apply to prove the upper bound at finite Prandtl number (see Section 3.2). Let us suppose
that u(z’, 2), p(2', 2), f(2, z) ? satisfy the equation

—Au+Vp=f for 0<2z<1, (3.2a)
V-u=0 for 0<z<1, (3.2b)
u=0 for z2¢€{0,1}, (3.2¢)

where we denoted with f = RaTe,. Let f be horizontally band-limited , i.e.
Fflk' z)=0 unless 1< RIK| <4,

and let us suppose that, under this assumption , u satisfies the mazimal regularity estimate

sup ([VZul)’ < sup (|f])". (3.3)

0<z<1 0<2<1

Then we have the bound ) )
Nu < Ra3(lnRa)s. (3.4)

We observe that the estimate (3.3) can be deduced with the same method applied to prove
Theorem 3, therefore we omit its proof. The argument for the bound (3.4) proceeds as follows:
Given r € (0,00),R € (0,00) and N € N related by R = 2¥r, we introduce the operators
"projections” P, Py, --- ,Px, P> which decompose the Fourier space in three regions

F'Pe = Xrpj<1F i F'Ps> = XgpsaF [, FPj=Xi<oi-1gj<aF [, (3.5)

were Y denotes the characteristic function of the set I. By construction P~ +Z§V:1 P;+P. =1Id
and P.,P;,Ps are symmetric with respect to (-)’. Hence the convection term in (1.16) can be
written as the following sum

1[0 1 [P Noq oo 1 [P
/ (T ds = / <T(P<u)Z>'dz+Z/ (T(Pju)z)'dz+/ (Po(T)u?) dz. (3.6)
5 Jo 5 s 245 )y 5 s

We start by bounding the term coming from the middle length scales: let us recall that Pju,

P;p and IP;T satisfy the Stokes equations

—APjU-I-VPjp:ij for 0<z<1,
V- -Pju=0 for 0<z<1,
Pju=0 for z¢€{0,1},

2For simplicity of notations, here we may assume that the functions are independent on time.
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and that in this case we have the estimate (3.3). We have

(T (Pju)*)’]

thus

(1.9)
< u) 2y

< (P
< // (|02(Pju)*|) d2" d2'
i

sup (|02 (Pju)?|)’

'€(0,1)

(3.3) 22

— sup <|Ra(PjT)ez|>’

2 2'€(0,1)

z*Ra sup (|P;T])
2'€(0,1)

Z2Rasup(|P,T|2)'2
Zl

IZANRZAN

IN

(1.9)
Z2’Ra,

N 1 5
> /0 (T(P;u)Y dz < N 5 Ra. (3.8)
j=1

We now turn to the argument for the small length-scales:

Hemeye < L([@a-yae [ dz)%
ey ;(/01r2(]V’T]2) dz 52 /01<(82uz)2)’dz>%
< ([T o) 39)

where we have used the Cauchy-Schwarz inequality, the bandedness condition (3.114) and the
Poincaré inequality. Finally we address the case of large length-scales:

4
5[ ey s

<

S
(3.116)
S

N

([ -vva [y )
2(52/ ((0,7)? dz/ 62((0,(P<u)?) )’dz)é
(52/ / (V' - (Pew))?Y d)
(52/0 (8.T)2Y dz/o ]iz(\u 2y/ g ) , (3.10)

SO e

where we have used the Cauchy-Schwarz inequality, the Poincaré inequality, the divergence free
equation and the bandedness condition (3.116). Now, using the estimates (3.8),(3.9) and (3.10)
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we can bound the Nusselt number as follows:

1/, .
5 </0 Tu dz>
1 5
= - </ T(Pcu)® dz> +
o \Jo
(3.8)&(3.9)&(3.10) 52 1 1 3 1
< <r+ R) (</ \VTy2dz> </ |vu\2dz>) + N&°Ra + 5
0 0

(1.13)&(1.15) 52 ) ) 1
< <T+R>NuRa2+N5Ra+6.

S [ reras)+ 1 [ o)

J=1

From the first term of the right-hand side we learn that r ~ % and since, by construction
R = 2Nr, the optimal 7 and R are

N
2

r=92"2§ R=2%6.

Therefore we obtain )
Nu < 272 6RazNu + NuRad? + 5

Finally we optimize in N € N: on the one hand we want to absorb the first term of the right-
hand side in the left-hand side, so that we impose SRa? = 2% and, on the other hand, we
need the second and the third term of the right-hand side to be of the same size, therefore we
require 6% ~ %m. Putting these two conditions together we obtain N 2% ~ Raé which implies
3 N ~ InRa. In conclusion we have

Nu < (RalnRa)3.

3.2 Result: Upper bounds on Nusselt number

Joint work with Antoine Choffrut and Feliz Otto

3.2.1 Main theorem

As anticipated in the Section 1.1, for the system of equations (1.3) we will establish the following
result

Theorem 2 (Bounds on the Nusselt number).
Provided the initial data satisfy Ty € [0,1], [ |uoldx < oo and for Ra>> 1

b

(3.11)
for Pr< (RalnRa)s,

ol
Wik W=

(Raln Ra)% for Pr> (RalnRa)
Nu<C
(Pr_lRa InRa)

where C' depends only on the dimension d.

3.2.2 Maximal regularity in the strip
Strategy

We perturb the non-stationary Stokes equations, bringing only the nonlinear term to the right-
hand side

1 1
ﬁé?tu — Au+ Vp =RaTe, — ﬁ(u -V)u. (3.12)

3Here we use that z%Inz =y = = ~ y® In~= y
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Before going into details of the proof of Theorem 2 we want to argue why
Pr > Ra (3.13)

amounts to the classical perturbative regime for Navier-Stokes equations. The classical pertur-
bative argument goes as follows: One seeks a norm ||-|| in which the maximal regularity estimate
for the non-stationary Stokes equations (3.12) holds, yielding

1
IV2ul| S [[RaTes — 5-(u- V)ull.
Pr
This norm has to be strong enough to control the convective nonlinearity in the sense of
2,112
[|(u - V)ul] S {[VZul]”.
In the application the norm should be also sufficiently weak so that (1.9) translates into
||RaTe,|| < Ra.

The combination yields the estimate
IV?u|| < Ra+ 1 | V2ul?,
~ Pr

which is nontrivial only when Pr > Ra. Our analysis does not attempt to buckle via the classical
perturbation argument but instead uses the dissipation bound (1.15) to estimate the convective
nonlinearity: By the Cauchy-Schwarz inequality, Hardy’s inequality and capitalizing once more
on the no-slip boundary condition we have

</01 (- V)ul dzz> S </01 Iul2j’§>é </01 |vu|2dz>é < </01 |Vu|2dz>, (3.14)

which, using (1.15), implies
1 d
</ |(u.V)u|ZZ> < NuRa. (3.15)
0

It is this estimate that motivates the maximal regularity theory in the norm || || = (/7 (-) %>
In order to bound the right-hand side of (1.17) we split the solution to the Navier-Stokes equa-
tions w as

U =Ucp +UuUNL +Ury,

where ucop satisfies the non-stationary Stokes equations with the buoyancy force as right-hand
side

ﬁ@tucp — Aucp + Vpep = RaTe, for 0<z<1,
Veucp = 0 for 0<z<1,
(3.16)
ucp = 0 for ze€{0,1},
ucp = 0 for t=0,

w1, satisfies the non-stationary Stokes equations with the nonlinear term as right-hand side °

%atUNL—A’U,NL—i-VpNL —%(uV)u for 0<z<1,
Veuyr, = 0 for 0<z<1.
unr, = 0 for z € {0, 1}, (3'17)
UNyp = 0 for t=0

4The stationary version of this problem was already analyzed by Constantin and Doering in the seminal paper
of 1999. This motivates the subscript CD.

5The subscript NL stands for non-linear. Indeed only in this equation the non-linear term of the Navier-Stokes
equations is appearing as right-hand side.
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and ury satisfies the non-stationary Stokes equations with zero forcing term and non-zero initial

values ©
%8{&]‘/ —Aury +Vpry = 0 for 0<z<1,
Voury = 0 for 0<z<1,
ury = 0 for z=0, (3.18)
ury = U for t=0.

Inserting the decomposition uw = ucp +uny, +ury into the bound (1.17) for the Nusselt number,
we have

Nu < §(fylutldz) +
1
< {supecion luppl) +8 (7 0Bl d=) + 73 ([ iy =) + 5 (3.19)
1

We notice that

</06 yu§V|2dz> =0. (3.20)

Indeed testing the equation (3.18) with uyy we find that

to
/ //|Vu1vz zt|dzdxdt<//]u0x 2)|2dzdx’

and in turn by the Poincaré inequality and passing to limits we get

1
</ |u1v|2dz> =0,
0

which implies (3.20). On the one hand, for equation (3.16) we expect the following logarithmi-
cally failing maximal regularity bound

< sup |6§uéD|> < Ra, (3.21)

2€(0,1)

just as for the case of Pr = oco. On the other hand, the problem of bounding the term
< fol |02 L]%> in (3.19) requires new techniques. Nevertheless we expect

([l < 5 ([ 1w, (322

up to logarithmic corrections. Using (3.15) we obtain

</ |82uNL\dZ> < P—NuRa (3.23)

Inserting (3.20), (3.21) and (3.23) into the bound (3.19) for the Nusselt number and ignoring
logarithmic correction factors, we get

1 1
< 52 _ _
Nu <o Ra(1+PrNu)+5.

1
3 and applying Young’s inequality, we have

Ra
Nu ~
u Ra3+<Pr> ,

After choosing § ~ (Ra(l + %))

6 The subscript IV stands for initial value.
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which implies, up to logarithms,
1 1
Ras for Pr > Ras
Nu g a,; 1 o a; 7 (3.24)
Pr72Ra2z for Pr <Ras.

We remark that in our analysis, the crucial no-slip boundary condition is both a blessing and
a curse, as we shall presently explain. The no-slip boundary condition is a blessing because,

via Hardy’s inequality, it gives us good control of the convective nonlinearity (u - V)u, in an

1
z(1—2)’

(see (3.14)), which is the physically relevant quantity (and the only bound at hand for the Leray
solution) see (1.15). Hence a mazximal regularity theory for the non-stationary Stokes equations
with respect to this norm is required. Since this norm is borderline for Calderén-Zygmund
estimates (both because the exponent and the weight are borderline), maximal regularity “fails
logarithmically” and can only be recovered under bandedness assumptions — this is the source
of the logarithm. It is in this maximal regularity theory where the curse of the no-slip boundary
condition appears: As opposed to the no-stress boundary condition in the half space, the no-slip
boundary condition does not allow for an extension by reflection to the whole space, and thereby
the use of simple kernels or Fourier methods also in the normal variable. The difficulty coming
from the the no-slip boundary condition in the non-stationary Stokes equations when deriving
maximal regularity estimates is of course well-known; many techniques have been developed
to derive Calderén-Zygmund estimates despite this difficulty. In the half space Solonnikov in
[20] has constructed a solution formula for (3.25) with zero initial data via the Oseen an Green
tensors. An easier and more compact representation of the solution to the problem (3.25) with
zero forcing term and non-zero initial value was later given by Ukai in [21] by using a different
method. Indeed he could write an explicit formula of the solution operator as a composition
of Riesz’ operators and solutions operator for the heat and Laplace’s equation. This formula is
an effective tool to get LP — L9 (1 < ¢q,p < o0) estimates for the solution and its derivatives.
In the case of exterior domains, Maremonti and Solonnikov [22] derive LP — L7 (1 < ¢,p < 00)
estimates for (3.25), going through estimates for the extended solution in the half space and in
the whole space. In particular in the half space they propose a decomposition of (3.25) with
non-zero divergence equation. The book of Galdi [19] provides with a complete treatment of the
classical theory and results on the non-stationary Stokes equations and Navier-Stokes equations.

L'-type space with the weight in terms of the average viscous dissipation < fol |Vul|? dz

The new element here is that we need maximal regularity in the borderline space L' (dtdaz’ ﬁdz) ,

and in LZ° (L% ) (the latter space coming from the original argument in 1999 paper of Constantin
& Doering and pertaining to the buoyancy term). As mentioned, these borderline Calderén-
Zygmund estimates can only hold under bandedness assumption.

Theorem 3 (Maximal regularity in the strip).
There exists Ry € (0,00) depending only on d and L such that the following holds. Let u,p, f
satisfy

ou—Au+Vp = f for 0<z<1,
V-u = 0 for 0<z<1,
u = 0 for ze{0,1}, (3.25)
u = 0 for t=0.
Assume f is horizontally band-limited , i.e.
F (K z,t) =0 unless 1 < R|K'| < 4 where R < Ry. (3.26)

Then,

10 — 02)4ll(0,0) + V'V [[0,1) + 10067 l(0,0) + IV [ 0,0y + VDl 0,1y S 1 fll 0,1y, (3:27)
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where || - [|(0,1) denotes the norm

! dz
_ o , N / >} 3.28
1) = [[f1l(r.0.0)) f:;%+f1{<022§1|f0‘> < . M= (3:28)

where fo and fy satisfy the bandedness assumption (3.26).

See Notations.

Our analysis offers two insights: It turns out that for the maximal regularity estimate for the
quantity of interest, namely the second vertical derivative 92u* of the vertical velocity component
u® = u-e,, bandedness only in the horizontal variable x’ is required. This is extremely convenient,
since the horizontal Fourier transform (or rather, series), with help of which bandedness is
expressed, is compatible with the lateral periodic boundary condition. The maximal regularity
appears to be naturally expressed in terms of the interpolation between the two norms of interest

Lt (dtdx’ z(ll—z) dz) and L?(L;x,). This way, one avoids the logarithm that is expect to be the

price of the borderline weight ﬁ It is a pleasant coincidence that the norm Lg"(Lt1 ) arises
for two unrelated reasons: It is needed to estimate the buoyancy term Te, driving the Navier-

Stokes equations and it is the natural partner of L' <dtdm’z(ll_z) dz) in the maximal regularity
estimate. Aside from their application to this problem (see Section 3.2.5) all the estimates in
Theorem 3 might have an independent interest since they show the full extent of what one can
obtain under the horizontal bandedness assumption only.

3.2.3 Proof of main theorem

Without loss of generality we will assume ug = 0 since we have already seen that the contribution
of ury to the Nusselt number is zero (see (3.20)).
Let us fix a smooth cut-off function 1 in Fourier space satisfying

1 0<|K|<?
K = -l =2
vk {o k| > 4.

Consider the function ((K') = (k') — ¢(3k') and define ¢;(k') = ¢(277k’). Notice that ¢; is
supported in (27,2712). Imitating a Littlewood-Paley-type decomposition we define a smooth
equipartition in Fourier space by constructing three operators P, P; and P, which act at the
level of Fourier space by multiplication by cut off functions that localize to small, intermediate
and large wavenumbers respectively:

FPf=CFf  FPif=GFf,  FPf=GFf,

where (< = 3 ;. ¢ and (> = > . . ¢ With ji < ja to be determined. We notice that the
operator P; : LP — LP for 1 < p < oo is bounded.
Inserting the decomposition into the bound for the Nusselt number (1.16) we get

Nu < f06 Tu? dz> + %

Jy TRewdz) + Y2, 1 (fy TRyur dz) + 3 (o TPour dz) + }.

(3.29)

= Sl

At first, let us focus on the second term in (3.29) arising from the intermediate wavelengths. In
order to bound this term we will need the maximal regularity estimate stated in Theorem 3. For
this purpose, rewrite the Navier-Stokes equations in (1.3b) as non-stationary Stokes equations
with the nonlinear term and the buoyancy term in the right-hand side

50Pju— APju+ VPjp = RaP;Te.— &P;j(u-V)u for 0<z<1,
V-Piu = 0 for 0<z<1
" (3.30)
Piju = 0 for ze€{0,1}, (
Piu = 0 for t=0.
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Observe that the application of the operator “horizontal filtering“, namely P;, preserves the
no-slip boundary condition at z = 0,1 and it commutes with 0, and all the differential operators
that act in the vertical direction. Using the maximum principle for the temperature (1.9), the
Poincaré inequality in the z—variable and considering a generic decomposition of Gg]P’juz =
ho + h1 we have

(o) < [ i)
< (5</06|6221P’juz|dz>
< o ([ mola) + (1))
< o (o) + ([ =)

Passing to the infimum over all the possible decompositions of 8§Pjuz we get

1 6
5 </0 TPju? dz> < 82[|0ZPju | 0,1)

We notice that Pju satisfies the linear Stokes equations (3.30) and for j > j; it satisfies the

bandedness assumption provided
ji 2 logy Ry - (3.31)

Therefore by the maximal regularity estimate (3.27) applied to Pju we have

! dz
P u? < < sup |RalP;Te, > + </ > .
102850 00y < { sup [RaBTee] )+ ( [ e

We observe that, by the smooth equipartition in Fourier space, we have

1
“Pi(u-
Pr i(u-V)u

(|RaP;Te,|) < (|RaTe,|)" . (3.32)

and , by the maximum principle (1.9), we obtain sup,(|RaTe.|)’ < Ra. So that we find

< sup ]RaIP’jTeZ]> < Ra. (3.33)

0<z<1

For the nonlinear part we first observe that by the smooth partition of unity we have
(15 (w - V)ul)” < {|(u- V)ul)

so that
—(u-V)u

</01 |F}r1@j(u.v)ulz(fliz)> < </01 Plr
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To estimate the nonlinear part we apply the Cauchy-Schwarz inequality and Hardy’s inequality
dz
A(1—2)
1 1 dz
L) i
1 1

1 1 ! /0 2
< = —|ul*d >d / Vul*d
< g ((f shra)+ () gegetes)) (] o

1 1

Summing up over all the intermediate wavelengths we obtain

i % </06 TPju? dz> < (j2 — j1)8° (Ra + %Ra(Nu — 1)) : (3.34)

J=j1

We now turn to the first term appearing on the right-hand side of (3.29), contribution of the large
wavelengths. By using the Cauchy-Schwarz inequality, the divergence-free condition, the hori-
zontal bandedness assumption in form of (3.116) and the Poincaré inequality in the z—variable,

L[ reaa) = [(@- ppcs) 035
<3([ o) ([ et
o [fota) o [ et
([ Wzdzy ([ u/‘zdzf
<o [froma) o[ e
cons [ o) { [ e

(1.13)&(1.15) )
< 271§°Ra2Nu, (3.36)

2/\
04\

N

where in (3.35) we used (1.19). Finally, we turn to the third term in (3.29), which represents
the contribution from the small wavelengths. In order to estimate this term we use the Cauchy-
Schwarz inequality, the Poincaré inequality in the z—variable and the horizontal bandedness
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assumption in form of (3.114) applied to T

1 ° z 1 b 2 z|2 1
- Pou*Tdz ) < = |P-T|%dz |u |“dz ))2
o \Jo 6 \Jo
1
11 2 z|2 2
1 2 : 2 2
< — |VT] dz |Vu| dz
272\ Jo 0

(1.13)&(1.15) 1 L
2zRaiNu. (3.37)

N

Putting the three estimates (3.34),(3.36) and (3.37) together, we have the following bound on
the Nusselt number

N . 1 1
Nu 5 (]2 _j1)52 (u + ]-> Ra + (522j1 + 2]2> Ra%Nu + S .

Pr
In the last inequality we impose 2772 = 2/1§2. In turn, observe that 2772 = 2~ —— § and
therefore N )
(€} )
Nu < (j2 — j1)6° (P? + 1) Ra+ 2 2"~ §RazNu + 5 (3.38)

Observe that, on the one hand, we want the second term of the right-hand side to be absorbed
in the left-hand side, therefore we impose

Uo— J1)

1~2" SRa?

and, on the other hand, we require all the terms in the right-hand side to be of the same size
Nu 1
jo — J — +4+1|Ran~ —. 3.39
= 30) (e 1) Ra~ (3.39)
From these two conditions we deduce

o N -1
(jo — j1)22277) ~ Ra2 (Pu + 1> ,
r

which is of the form xlog,z ~ y with x = al2=31) and y = Ras (% + 1)_1 for @ > 1. This
implies that, asymptotically, z ~ and therefore

Y
log, v

1 /Nu -1
52 +1
J2 — j1 ~ log, Ra? (lpr +1) —— | ~InRa.
log,(Raz (32 +1) )

Inserting this back into (3.39), we are led to the natural choice of §

5— ((N“+ )mmm) ,
Pr
N 3
Nu§<(u+1>Ra1nRa> .
Pr

=

which give us the bound
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Applying the triangle inequality ”

ol
ol

Nu < (RalnRa)

(32 rae)

and Young’s inequality, we finally obtain

RalnRa)é

1
Nu < 1 El
u < (RalnRa)s +< r

In conclusion we get the following bound on the Nusselt number

Nu < (Raln Ra)% for Pr > (Raln Ra)% ,
us 1
(R2InRa)> for Pr < (Raln Ra)% .
3.2.4 Proof of the maximal regularity in the strip
From the strip to the half space
Let us consider the non-stationary Stokes equations
ou—Au+Vp = f for 0<z<1,
V-u = 0 for 0<z<1,
u = 0 for ze€{0,1},
u = 0 for t=0.

In order to prove the maximal regularity estimate in the strip we extend the problem (3.25) in
the half space. By symmetry, it is enough to consider for the moment the extension to the upper
half space.

Consider the localization (@, p) := (nu, np) where

1
n(z) is a cut-off function for [0, 2) in [0,1). (3.40)

Extending (@, p) by zero they can be viewed as functions in the upper half space. The couple
(u,p) satisfies

du—Au+Vp = f for z2>0,
V-au = p for z2>0,
o = 0 for 2=0, (3.41)
w = 0 for t=0,
where .
f = 77f - 2(8z77)8zu - (3377)“ + (3277)17%, ﬁ = (8277)uz . (3‘42)

3.2.5 Maximal regularity in the upper half space

In the half space, taking advantages from the explicit representation of the solution via Green
functions, we prove the regularity estimates which will be crucial in the proof of Theorem 3.

"Note that for 0 < p < 1 we have

1

1F +glle <277 (£l + llgll»)
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Proposition 3 (Maximal regularity in the upper half space).
Consider the non-stationary Stokes equations in the upper half-space

ou—Au+Vp = f for z>0,
R S5 o2
u = 0 for t=0.
Suppose that f and p are horizontally band-limited , i.e.
F f(K',2,t) =0 unless 1 < R|K'| < 4 where R € (0,00), (3.44)
and
F'p(k' 2, t) =0 unless 1 < R|K'| < 4 where R € (0,00). (3.45)
Then
104 (0,00) + [V 0,00) + [Vl 0,00) + 18 = 921"l 0,00) + 11V V'] (0,00)
S N lloe) + 11(=A) 28kl (0,00) + [1(—A) 20?0l (0,00) + [Vl 0.00)-
where || - [|(0,00) denotes the norm

. dz
o = [1f || R(0aey  inf + AL 3.46
k000 = Il it {( s 150l)+ 7181 )} (3.4

where fo and fi satisfy the bandedness assumption (3.44).

The first ingredient to establish Proposition 3 is a suitable representation of the solution operator
(f =", f?),p) = u= (v, ,u*) of the Stokes equations with the no-slip boundary condition. In
the case of no-slip boundary condition the Laplace operator has to be factorized as A = 92+ A’ =
(0, + (—A’)%)(ﬁz - (—A’)%). In this way the solution operator to the Stokes equations with
the no-slip boundary condition (3.43) can be written as the fourfold composition of solution
operators to three more elementary boundary value problems:

e Backward fractional diffusion equation (3.47):

0. — (=AN2)p = V-f— (9 —A)p for 2> 0,
(3.47)
o — 0 for z — oo.
e Heat equation (3.48):
O — AWw* = (=ANI(fF—¢) = V' f' + (0 — A)p for 2> 0,
v¥ = 0 for z=0, (3.48)
v¥ = 0 for t=0.
e Forward fractional diffusion equation (3.49):
1 z z
(0, + (=ANz2)u* = v for z>0, (3.49)
u* = 0 for z=
e Heat equation (3.50):
Oy — AW = (1+V(=A)1IVf for z>0,
V=0 for z2=0, (3.50)
Vo= 0 for t=0.
Finally set
u = — V' (=A)"Hp - d.u7). (3.51)



In order to prove the validity of the decomposition we need to argue that
(0r — A)u — f is irrotational ,
which reduces to prove that
(0y — A)u' — f' is irrotational in z’

and

8.((0, — A — f1) = V(8 — A — 7). (3.52)

Let us consider for simplicity p = 0. The first statement follows easily from the definition. Indeed
by definition (3.51) and equation (3.50),

(O = D)’ — [ = V(=AY [+ (=A) T 0u).
Let us now focus on (3.52), which by using (3.51) and (3.50) can be rewritten as
V(AN - f + (A0 — A)o.u®) = V(0 — A)u® — f7).

Because of the periodic boundary condition in the horizontal direction, the latter is equivalent
to

0.(— D) (~A) V- £+ ()@ — A)YD) = (~A(0h — A — ),
that, after factorizing A = (9, — (—A/)2)(d, + (—A’)2), turns into
(0 = (—~A)Z) (0 — A)(0: + (-A)2)u* = (~A) fF = 0.V f.

One can easily check that the identity holds true by applying (3.49), (3.48) and (3.47). The
no-slip boundary condition is trivially satisfied, indeed by (3.49) we have u* = 0 and 0,u* = 0.
The combination of (3.51) with d,u® = 0 gives u’ = 0.

For each step of the decomposition of the Navier-Stokes equations we will derive maximal
regularity-type estimates. These are summed up in the following

Proposition 4.

1. Let ¢, f, p satisfy the problem (3.47) and assume f,p are horizontally band-limited, i.e.
F'f(K z,t) =0 unless 1 < R|K'| < 4

and
F oK', z,t) =0 unless 1 < R|K'| < 4.

Then,

1
19l10,00) < 11 £1l0,00) + [[(=A") "2 yp]
2. Let v*, f, ¢, p satisfy the problem (5.48) and assume f, ¢, p are horizontally band-limited,

0,00) T 11Vl (0,00) -

i.€.

F (K 2,t) =0 unless 1 < R|K'| < 4,

F (k' 2,t) =0 unless 1 < R|K'| < 4
and

F'p(K',z,t) =0 unless 1 < R|K'| < 4.
Then,

_1 .
V0[] 0,00) + [1(=8)72 (8, = 82)v7[[0,00)

S Mflloee) 1191000 + [1(=A) 7200l (0,00) (3.53)

+ [1(=8)7202pll(0,00) + 1Vl

(0,00) -
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3. Let u®,v* satisfy the problem (3.49) and assume v* is horizontally band-limited, i.e.
For(k' 2,t) = 0 unless 1 < R|K'| < 4.
Then,

_1 .
100247 [l(0,00) + IV #0000 + [1(=A") 72020k = 9Z)u](0,00)
S VY3l 0,00) + (=272 — 02)07|(0,00)

(3.54)

4. Let o', f', satisfy the problem (3.50) and assume f' is horizontally band-limited, i.e.
F'f(K, z,t) =0 unless 1 < R|K'| < 4.

Then,
V'V [ (0,00) + 118 = 82)0"|[(0.00) S 1111 0,00) - (3.55)

Proof of Proposition 3

By an easy application of Proposition 4, we will now prove the maximal regularity estimate on
the upper half space.

Proof of Proposition 3.
From Proposition 4 we have the following bound for the vertical component of the velocity u

z A _1 2
104 [10,00) + V247 (0,00) + [1(=A")728:(8r — 82)1|(0,00)

(3:54) z n—= 2Y,,2

S VYRl 00) + (=2 72(8% = 82)v7]|(0,00)

(3.53) 1 L1

S .oy + 19ll0.00) + =2 720pll(0,00) + [[(=2)7282pll(0,00) + [[VPll0,00)

! 1 _1
< Il o) +11(=A7)28k0ll(0,00) + [I(=2) 282 p]

—
~—

©0,00) T IVl (0,00) -
Instead for the horizontal components of the velocity v’ we have

100 = 820"l (0,00) + 11V V'l (0,00)

10 = 92)0"||(0,00) + V'Vl 0,00)

5
S
_1
+ 1(=A")72 (9 — 82)pll(0,00) + 1V 0l (0,00)
_1 P P
+ 1(=A")720:(9 — 92)u||0,00) + 110: V" | 0,00)

’ (3 1 _1
S 1£11(0.00) + 1[(=A")284p][(0,00) + [|(=2) 282

0,00) T IVoll(0,00) -
Summing up we obtain

[10su*[]0,00) + ||V2uzll (0,00) T 11(8% = a,g)u/U(O,oo) + V'V 0,00)
S 00 + 1(=A)20upl|(0,00) + 1(=2) 7202l (0,00) + IVl (0,00) -

The bound for the Vp follows by equations (3.43) and applying (3.56). O

(3.56)
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Proof of Proposition 4

This section is devoted to the proof of Proposition 4, which rely on a series of lemmas (Lemma
4, Lemma 5 and Lemma 6) that we state here and prove in Section 3.2.5. The following lemmas
contain the basic maximal regularity estimates for the three auxiliary problems. These estimates,
together with the bandedness assumption in the form of (3.117), (3.118) and (3.119) will be the
main ingredients for the proof of Proposition 4.

Lemma 4.
Let u, f satisfy the problem

1
{ (0. — (=AN2)u = f for z>0, (3.57)
u — 0 for z — o0
and assume f to be horizontally band-limited, i.e.
Ff(K,2,t)=0 unless 1<R|K|<4.
Then,
IVl 0,00y S 11f11(0,00) - (3.58)
Lemma 5.
Let u, f,g = g(a/,t) satisfy the problem
1
{ (0, + (=A")2)u = f for z>0, (3.59)
u = g for z=0

and define the constant extension §(z', z,t) := g(a',t). Assume f and g to be horizontally band-
limited, 1i.e.

FfK,2,t) =0 wunless 1<R|K|<4

and
Flgk',2,t) =0 unless 1< R|K|<4.
Then
IVl (0,000 S I1f1(0.00) + 11V'Gl (0,00) - (3.60)
Remark 1. Clearly if g = 0 in Lemma 5, then we have
IVull0,00) S 11f1l(0,00) - (3.61)
Lemma 6.
Let u, f satisfy the problem
(0 — A)u f for z>0,
u = 0 for z2=0, (3.62)
u = 0 for t=

and assume f to be horizontally band-limited, i.e.
Ff(K,2,t)=0 unless 1< R|K|<4.

Then,
10 = 82)ull(0.00) + 11V Vull(0,00) S [l 0,00) - (3.63)

Now we are ready to prove Proposition 4.

Proof of Proposition /.
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1. Subtracting the quantity (9, — (—A )%)(fz 0. p) from both sides of equation (3.47) and
then multiplying the new equation by (—A)™2 we get
1 _1 .
(0: = (=A")2)(=A) "2 (¢ — 7 — 9zp)
= V() 4 [ (A E O+ 0ap — ()

[un

[N

p.
From the basic estimate (3.58) we obtain
_1 . _1
IV/(=A)72(6 = 7 = 0:p)ll(0,00) SV (=A) 72 f [ 0,00)
+ (1 l000) + 1(=A7)2
Thanks to the bandedness assumption in the form of (3.117) and (3.118) we have

H¢ - fz - asz(O,oo)
1
S M N0,00) + 121l (0,00) + [1(=A") 720401l 0,00) + 1102011 (0,00

1
(=A)2pll(0,00) -

and from this we obtain easily the desired estimate (1).

2. After multiplying the equation (3.48) by (—A’)_%, the application of (3.63) to (—A')_%vz
yields
_1 z -1 z
1(=A")72 (0 = 92)v%[(0,00) + [1(=A) 2V VV*]|(0,00)
_1
S HfZH(Ooo) + 118l 0,00) + IV (=47) 2f'H(o,oo)
+ I(=A)72 (@ = 02)pll 0,00 + I (—A')2

The estimate (3.53) follows after observing (3.118) and applying the triangle inequality to
the second to last term on the right-hand side.

3. We need to estimate the the three terms on the right-hand side of (3.54) separately. We
start with the term VZu®: since ||[V2?|[(0 00) < ||V V]| (0 00) 110217 |(0,00), We tackle the
term V'Vu? and 02u? separately. First multiply by V' the equation (3.49). An application
of the estimate (3.61) to V'u? yields

VYVl 0,000 S 1IVV* [l (0,50)- (3.64)
Now multiplying the equation (3.49) by 92
027 = —(—A)29,u7 + 0,07 = —Au® — (=A) 207 + 0,07 (3.65)
and using the bandedness assumption in the form (3.118) we have

1026000y < IV (0,00) + IVV?]] (0,00
(050 (3.64) (0 (052) (3.66)
< IVe*]l,e0) -

The second term of (3.54), i.e. (—A’)féaz(f)t — 0?)u?, can be bounded in the following
way: We multiply the equation (3.49) by (—A’)fé(&g - 0?)
{ (0: + (~A)3)(-A) (@ )t = (A

(O — 02)v* for 2>0,
(O — 2w = (-A)729

U7 for z=0,

to\»—‘ M\H

(A"~
where we have used that at z =0

(0 — 02)uF = —02u* "2 g,
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Applying (3.60) to (—A' )_% (0y — 0?)u* and using the bandedness assumption in the form
of (3.117),

_1 2 1 z z
V(=272 — 82)u*[[(0,00) S I(=A) 72 (8 — 32)0*[|(0,00) + 10:0%[[(0,00) - (3.67)

Finally we can bound the last term of (3.54), i.e. Ou®: We observe that d,u® = (9 —
02)u? + 9%u® thus

1001 0,00) < 1% = 02| 0,00) + 1026 |(0,00) - (3.68)

For the first term in the right-hand side of (3.68) we notice that

O — Oy C2T A — ot
H( t z)u H(O,oo) = H( ) 2 ( t z)u H(O,oo)
(3:67) n—1 2\, .2 z
S I=A)72(0 = 92)v7|0,00) + 110207 (0,00)
-1 z z
S =4 72(0 = 3207 (0,00) + [IVV?[] (0,00) -

The second term on the right-hand side of (3.68) is bounded in (3.66). Thus we have the
following bound for d;u

2 _1 z z
11000 [[(0,00) < 1[(=A")72 (8 = 32)v%||(0,00) + [1VV* ] (0,00) - (3.69)
Putting together all the above we obtain the desired estimate.

4. From the defining equation (3.50), the basic estimate (3.63) and the bandedness assump-
tion in form of (3.119), we get

10 = )"l (0,00) + V'V ll(0,00) S 111 (0,00) -

Proof of Theorem 3

Let u, p, f be the solutions of the non-stationary Stokes equations in the strip 0 < z < 1 (3.25).
Then @ = nu, p = np (with n defined in (3.40) satisfy (3.41), namely

oi—ANa+Vp = f for z>0,
V-au = p for z>0,
u = 0 for z=0,
u = 0 for t=0,
where 3
F=nf = 2(8:m)0:u — (92n)u + (d:n)pe-, p = (Dm)u. (3.70)

Since, by assumption f, p are horizontally band-limited , then also f and p satisfy the horizontal
bandedness assumption (3.44) and (3.45) respectively. We can therefore apply Proposition 3 to
the upper half space problem (3.41) and get

118 = 02)@'[](0,00) + [1V'V&' || (0,00) + 110657 [](0,00) + [IV*T](0,00) + V] (0,00)
~ _1 ~ _1 ~ ~
S Ml o.00) + H(=A) 72045 |(0,00) + [[(—A) 72025 (0.00) + |1V 7]

~

(0,00) -

By symmetry, we also have the same maximal regularity estimates in the lower half space.
Indeed, let u, p satisfy the equation

du—Au+Vp = f for z<1,
V-it = 5 for z<1, (3.71)

u = 0 for z=1,

it 0 for t=0,
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where
fi= U=n)f =20.0=m)0su— (20U —m)u+ @(L=m)pes,  fi= (D(L=m)u. (3.72)
Again by Proposition 4 we have
|[(0f — 33)73/\’(700,1) + HVIV?:/H(foo,l) + HatlztzH(—oo,l) + HVZ&ZH(—oo,l) + \|VI§\|(—<><>,1)
S Il oo + =AY 20l ooy + 1(=A) 2025 (—oe,t) + 1Vl (o0

where || - [[(_sc,1) 15 the analogue of (3.46) (see Notations). Since u = @ + @ in the strip
[0, L)%! x (0,1), by the triangle inequality and using the maximal regularity estimates above,
we get

118 — 82)4ll(0.1) + 1YV 0,19 + 105 (0,1) + [V | (0.1 + [1VDl 0,1
(0 = 02)@ || (0,00) + 10 — O2)U || —o0,1) + [IV'V [|(0,00) + [V V|| (—00,1)
10457 (0,00) + 110487 (—o0,1) + [IV?77 /] 0,00) + |[V2T7]|(— 00,1

1511 (0,00 + V51l (—00,1)

111 0.00) + 1110y + 1(=A)"28:5]|(0.00) + (A "2 045]| (—01)

+ (=) 72825]|(0,00) + II(=A) 2023 (—oo,1) + VAl 000) + VAl (—o01) -

N+ + A

By the definitions of f and f we get

11 0,00) + 11l (=o0,1) S £l 0,1) + [10=ull0,1) + llull0,1) + I[Pl 0,1)
and similarly for p and j we have
1Vl 0,00) + [Vl (—00,) S [1Vull0,1) + lull0.1)
1l _1l4z _1
[(=A") 7204l | (0,00) + I(=A") 7204l | (—00,1) S [[(=A")"204ul] (0,1
and
1 ~ _1 =
1(=A") 72027/ (0,00) + 1[(=A")"2027||(~00,1)
_1 ., 1, _1l.9
S =AY 2w o) + 1(=A) 2007 [0, + [1[(—A) 20207 | 0,1y -
Therefore, collecting the estimates, we have
(0 — aZ)U'H(o,n + [IV'VU||(0,1) + 10507 [ 0,1) + ||V2UZ||(0,1) + 1[IVl
S ) + el + 1Vl o) + ull o)
1 I —1 z -1 z
+ (=420l + [1(=A") 26| |0,1) + [[(=A") 72047 [(0,1) + [[(=A") 728267 |0,1) -

Incorporating the horizontal bandedness assumption we find

10:ullory < RIIV'O.ull,
lulloy < RV ?ullo,
lpllony < RIIV'Dl01),
Vullo1y < RIIV'Vul|o1),
(=AY 2 0ullp1y < RlOwulloy) .
(=AY 301 < RV 01)
1(~A) 280450 < REIV'8.u%l0,1)
(=AY 202w |01y < RI0%7]|01)-

Thus, for R < Rg where Ry is sufficiently small, all the terms in the right-hand side, except f
can be absorbed into the left-hand side and the conclusion follows.
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Proof of main technical lemmas

Remark 2. In the proof of Lemma 4, Lemma 5 and Lemma 6 we will derive inequalities between
quantities where t is integrated between 0 and oco. From the proof it is clear that the same
inequalities are true with t integrated between 0 and ty with constants that are not depending on
to. Therefore dividing by to and taking limsup, ., (see (3.127)) we shall obtain the desired
estimates in terms of the interpolation norm (3.46).

Proof of Lemma 4.
In order to simplify the notations, in what follows we will omit the dependency of the functions
from the time variable. It is enough to show

1V'ull(0,00) < |11

(0,00)»

since, by equation (3.57) O,u = (—A’)%u + f. We claim that, in order to prove (3.2.5), it is
enough to show

sup(|V'ul)’ < sup(| f]) (3.73)
and J
z
19"ullor S [ A E (3.74)
Indeed, by definition of the norm || - [[(0,sc) (see (3.46)) if we select an arbitrary decomposition

V'u = V'uy + V'ug, where u; and ug are solutions of the problem (3.57) with right-hand sides
f1 and fy respectively, we have

IN

IV ull (0,00 IV u1]](0,00) + Slzlp<|vlu2!>'

IN

JaaE +suw )

Passing to the infimum over all the decompositions of f we obtain

1V'ull(0,00) < |11

(0,00)-

We recall that by Duhamel’s principle we have the following representation

u(m’,z):/ Uy 2 (2)d20, (3.75)

where u,, is the harmonic extension of f(-, zp) onto {z < 2o}, i.e. it solves the boundary value
problem

1
{ (0, — (-AN2)uy,, = 0 for z <z, (3.76)
Uy = f for z=1z2p.
Argument for (3.73):
Using the representation of the solution of (3.76) via the Poisson kernel, i.e.
e’ ) = | (W 0)dy
(I = y'1> + (20 — 2)%)2
we obtain the following bounds
R (O
(Vo 2 S ey (FC20D , (3.77)
i (VAT Gl



By using the bandedness assumption in the form of (3.114) and (3.116), we have

2 hasea,

(9" S min {

hence

(a5 [ mind g LG

Y e O T
< ZOS%?OO)UJC("ZO)D /Z mm{R’ (zo—Z)z}dZO
< sup (| (-, 20)]),

20€(0,00)

which, passing to the supremum in z, implies (3.73).
From the above and applying Fubini’s rule, we also have

/qu’ dz</ / mln{ r P }(]f( o)V dzodz (3.78)
<[] mm{ R@} 11,200 dzo
/ (o))

Argument for (3.74):
Let us consider xom<.<amf where Xom<.<apm is the characteristic function on the interval
[2H,4H] and let uy be the solution to

(0. — (—A,)%)UH = XeH<z<4H |-
We claim - ;
z
sup (|V'ugl)’ < / (Ixer<z<an fI) — (3.79)
2<H 0 z
and - p . ;
z z
/ (IV'upl)'— < / (Ixer<z<am fI) — . (3.80)
H z 0 z

From estimate (3.79) and (3.80) the statement (3.74) easily follow. Indeed, choosing H = 271
and summing up over the dyadic intervals, we have

IV'ull < > IV ugn-1]l(0,00)
ne”Z
/ / > / /dz
< swp (Vg ) + [ (Vg [y
z<2"*1 on—1 V4
< Z/ |X2”<z<2”+1f’>
nez

- [TumZ
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Argument for (3.79): Fix z < H. Then, we have

/ / (3.77) > 1 /
(Vuly < [T g e )iz

4H 1
S /ZH (ZO7Z)<|X2H§z§4Hf(°aZO)|>'dZO

1 4H
S H/ (Ix2r<z<ar f (-, 20)]) dzo
oH
o0 dz
< / (Ix2rr<z<am (-, 20)|) —=
2H 20
< ’@

/0 T xamres<an f( )])

Zo‘

Taking the supremum over all z proves (3.79).
Argument for (3.80): For z > H we have

[y s g [ v
0

H z

1 [ )
S g (Ixer<z<an f|)'dz
0

1 4H
= H/ (|X2m<z<am f])'dz
2H

o dz
S / <\X2H§z§4Hf!>'? :
0

O
Proof of Lemma 5.
Let us first assume g = 0. It is enough to show
sup(|V'ul)" < sup(| f])’ (3.81)
z 4
and ~ p ~ p
z z
[ oy s [y s (382)
0 z 0 z
Recall that by Duhamel’s principle we have the following representation
z
u(e) = [ unr2)dz0 (359
0

where u,, is the harmonic extension of f(zp) onto {z > 2o}, i.e. it solves the boundary value
problem

(6Z+(_A/)%)U’ZO =0 for Z>ZO7 (3 84)
Uy = f for z=z. )

From the Poisson’s kernel representation we learn that

(IV'f (- 20)])'

V(=AY T z0) )

Using the bandedness assumption in the form of (3.114) and (3.116)
R

(19120 (- 2)lY < min {; (_0)} (G z0)l)

(IV'uzy (- 2)) S {
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and observing (3.83), we obtain

(Va2 S 5 mm{R,(z 20)2}<\f< o)) dzo
< sup, (| f(-, 20)])" J; min {1 R 2}d20 (3.85)
<

» (2—20)
sup,, (| (-, 2 )!)'-

Estimate (3.81) follows from (3.85) by passing to the supremum in z.
From the above (3.85), multiplying by the weight % and observing that z > zy we have

(vut 22 5 [wind g s b s s 2. (3.50)

After integrating in z € (0,00) and applying Young’s estimate we get (3.82). Let’s assume now

the general case, with g # 0. We want to prove (3.60). Recall that by definition g(z/, 2) := g(z')
and consider u — g. By construction it satisfies

{@H—A/)—%)(u—g) — [ (~A) g for 20,
-g = 0 for z=0.

Using the first part of the proof of (3.61) and triangle inequality, we have
- 1
1Vull0,00) < 1Vl (0.00) + [1f1l0,00) + [1(=A") 23] (0,x) -
Therefore by the bandedness assumption in the form of (3.118) we can conclude (3.60). O

Proof of Lemma 6.
We will show that, for the non-homogeneous heat equation with Dirichlet boundary condition

O —Au = f for z2>0,
u = 0 for z=0, (3.87)
u = 0 for t=0,

we have the following estimates

(J10 =tz Ey e ([I9ueaS) s ([ireaaD) . e
(V002 )0) £ ( [ 166291 ) (3.59)

(sup ¥2u 220 5 (sup .01 ) (3.90)

(sup V00t 2 ) (suplrez) (3.91)

In order to bound the off-diagonal components of the Hessian, we consider the decomposition

u=un + uc, (3.92)
where upy solves
(Or—Auy = f for z2>0,
Ouy = 0 for 2=0, (3.93)
uy = 0 for t=0,
and uc solves
(O —Aug = 0 for z2>0,
O uc = Oyu for z2=0, (3.94)
uc = 0 for t=0.



The splitting (3.92) is valid by the uniqueness of the Neumann problem. For the auxiliary
problems (3.93) and (3.94) we have the following bounds

([Iwoantan ) s ([ire%). (3.95)

<sgp|V'82uc(-,z, )|> < <|V’8Zu(-,z, -)|Z:0> . (3.96)

We claim that estimates (3.88), (3.89),(3.90), (3.91), (3.95) and (3.96) yield (3.63).
Let us first consider the bound for V2. Consider u = u1 + ug, where u; and us satisfy (3.87)
with right-hand side f; and f5 respectively. We have

dz
IVulomy 5 (supl9%ul )+ ( [ 197 E)
(3.88)&(3.90) ds
< <SUP|f1|>+</|f2|Z>,

which implies, upon taking infimum over all decompositions f = f1 + fo

V"% ull(0,00) S 1111(0,00)- (3.97)

We now consider a further decomposition of ug , i.e. uz = uge + ugny where uge satisfies (3.94)
and ugn satisfies (3.93). Therefore u = u; + ugsc + uay and we can bound the off-diagonal
components of the Hessian

d
HV’(?ZuH(O’oo) < <sup ]V’82u1]> + <sup |V'82u2(;\> + </ ]V’BZUQN\ZZ>

(3.89),(3.96),(3.95)&(3.91) dx
< (swlnl)+ { [117)

From the last inequality, passing to the infimum over all the possible decompositions of f we get

On one hand estimate (3.97) and (3.98) imply

V¥l 0,00) S 11Vl (0,00) + [Vt | (0,00) »
on the other hand equation (3.62) and estimate (3.97) yield

10 — 92)ull(0.00) S 11 11(0,00) -

Argument for (3.88)
Let u be a solution of problem of (3.87). Keeping in mind Remark (2) it is enough to show

/OOO/OOO<V’2u|>/Cfdt§/OOO/Om(’fD/dZZdt.

By the Duhamel’s principle we have

t
u(x’,z,t)—/ us(2', 2, t)ds, (3.99)
s=0

where ug is the solution to the homogeneous, initial value problem

(O —A)us = 0 for z2>0,t>s,
us = 0 for z=0,t>s, (3.100)
us = f for z>0,t=s.
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Extending v and f to the whole space by odd reflection ®, we are left to study the problem

for zeR,t> s,

(8t—A)us = 0
us = f for zeR,t=s,

the solution of which can be represented via heat kernel as

us(2’,z,t) = [gT(,z2—Zt—s5) %y f(,2,5)dZ
Jo o0z =2t —s) =T(-, 24 2, t — s)] %0 f(-, 2, 5)dZ .

(3.101)

The application of V’? to the representation above yields

V2ug(a', 2, t)
B I Jpa1 VTasa(a —a',t —s) (D1(z — Z,t — s) = T1(z + Z,t — 5)) V' f(2', 2, s)da'dZ,
a I Joacs VPTasa(a’ — 2/t —s) (T1(z — Z,t — s) =Tz + 2,t — 5)) (—A") 'V f(2/, 2, 5)da'dZ .

Averaging in the horizontal direction we obtain, on the one hand

(IV2us(, 2, 1))
< /0 (V'Ta1 (ot = &)Y |Ta(z — 2,8 — 8) = D1z + 2,t — ) (V' f (-, Z,8)|)dZ

<‘f('7§7 S)|>/d2’

(3122)&(3.116) oo 1
/ (s — 5t —s5) —Ty(e+ 51— )|~
0 (t—s)2 R

AN

and, on the other hand

(IVus (-, 2,1)])’
/0 (IV3Tg_1(-t — 5)) D1 (2 — 2,t — s) = T1(z + 2,t — s)|(|(=A) IV f(-, 2, 5)|)dZ

R(If( 2 8)])dz .

<

~

<

~

(3.122)&(3.114) oo 1
/ Ty(z— 5t — )~ Ta(z+ 5t — ) ——
0 (t—s)2

Multiplying by the weight % and integrating in z € (0,00) we get
#% fooo<‘f(‘v 27 S)D/% )
3

00 dz 00 ) - %
<\V’2u5(-,t)|>’— < (sup/ Kt_s(z,z)dz> (t=s) - ~
/0 z z Jo ﬁfo (If(@',2,9)) <,

where we called K;—4(z,%) = Z2|T'1(z — 2,t — s) — 1 (2 + Z,t — s)|.
From Lemma 8 we infer
(3.123)&(3.126)
<

00 (3.121)
sw [ Kz 2ds S [ Tt - s)lds+sup(Roni G- 9) 5
z Jo R z€R

1

and therefore we have
oo ! % 00(‘]0(_72,5)|>/d7~2’
J A e
0 z (t—s)%Rfo <|f('7273)|>7‘

8with abuse of notation we will call again u and f these extensions.
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Finally, inserting the previous estimate into the Duhamel formula (3.99) and integrating in time

we get,
e ,d
/ (IV"%u(-, 2z, 8)[) Zdt
0

d
(Vs (-, )\)’fdsdt

—
DJ
O
@
8
~+

N
0\8
—

8
5
/—H
@
| —
N
Wl
-
|
5 s
jw
——
h
8
=

:t\u

=

| &

&

QL

[Va)

< /Ooo/oomm{ (tis)%, ; _Rs)g}dt/oooqf(-,é,s)\)'fds (3.102)
< /Ooo/oooml { ié,fg}d7/0w<|f(-,2,s)|>'fds, (3.103)
s [ [TureaanZas

where in the second to last inequality we used

ee 1
/ min{ -, R3 }dT < 1. (3.104)
0 Rr2 712
Argument for (3.89):

Let u be a solution of problem of (3.87). Recall that we need to prove

o0 , , oo oo , dz
| Voot z s [T sz oya, (3.105)

The solution of the equation (3.100) extended to the whole space by odd reflection can be
represented by (3.101) (see argument for (3.88)). Therefore

V'0.us(2', 2, )] =0

B -9 fRH fooo Ty q(a' — 2t — $)0,T1(2,t — s)V’f(:E’, zZ, s)dag’dé,
=2 fpan [PV T (2! — @'t — )3T (2.t — $)V/(=A) IV f(al, 2, 5)dx'dE .

Taking the horizontal average we get, on the one hand
<‘V,82u8('7 Z7t)|z=0’>,
oo
N / (IPa—1(t = s))'[0:T1(2,t = s)[([V'f (-, 2, 5)]) d2
0

(3.122)

S /OO 0:T1 (2t = s)[{[V'f(, 2, 5)])'dz
0

(3.116)

S ARSI

1 o0 dz
< = 3 5t — Sz 8)) =
S gewlriGr—s) [T
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and on the other hand
(\V’@zus(-,z,tﬂz:o])/
S / (I(V")?Taoi (-t = 9)])[0.T1(Z,t — ) |[(|(-A) IV f (-, 2, 5)|) dZ
0

(3.122) 00
< s [T ) s e

(3.114) 00
S o [TenGe- ooy

R ° dz
~8,2’ ~7 - '7~7 IT
sl =) [

(t

Using the estimate (3.125) we get

1/2Rf0 ’f 727 )‘)%

v/azs /a 7t Z=! /S_, ~ z
(V' 9:us(’, 2, t)]s=0l) { e [ E)E

Finally, inserting into Duhamel’s formula and integrating in time we have

/ IV D.u(e, 2, 8) ol

0

(3.99) -

S" / /<|v/azu8('aZat)|z:0>,d5dt

s [ t_s);a(ti)g}/om<|f<-,z, ' Eatas

(5102 (3.103)
/ / (1f(2, 2,5s) ds

Argument for (3.90):
Let u be the solution of problem (3.87). We recall that we want to prove

z

> 12 .z / su > .z /
sup [ 9Ptz 0l e S s [z (3,100

The solution of equation (3.100) extended to the whole space can be represented by (3.101) (see
argument for (3.88)). Therefore applying V’? to (3.101) and considering the horizontal average
we have, on the one hand

(IV2us (-, 2,8)])’
S /<|V’Fd_1(-,t = 9))'T1(z = 2t = s)[(IV'f (-, 2, 5)]) d2
R

(3.122)&(3.116) 1 1 /
< / Ta(z— 5t — 8) = (If (5 8 d3
R (t—s)2 R

and on the other hand

(IVus(-, 2, 1))

/<|V’3Fd_1(-,t — )Y IT1(z = Z,t = s)[(|(=A) IV f(-, 2, 5)|) dZ
R

A

(3.122)

INR

(3.114)
/R (t _13)3 P12 = Z,t = $)IR(f (-, 2, 5)]) dZ .
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Inserting the above estimates in the Duhamel’s formula (3.99), we have

/0 ) /0 {19z, s
A e e T e R
S /R (/OOO min{Rié , :E} Ty (z — 2,7)\d7) /OOOQf(.?g’S))/deg
1

o0 o R
< sw [Cusezayas [ [ min{ 1,3}|r1<z—zm>|dfdz
z Jo R JO Rr2 712

-

(3.123) 00 © 1 R

< sw [ Urtzds [ min{ 1,3}d7/|r1<zzm>\dz
z 0 0 2 R

(3.104)

< s [T ds,

z

Taking the supremum in z we obtain the desired estimate. Argument for (3.91):
Let u be the solution of problem (3.87). We claim

sup/ <]V’6zu|>’dt§sup/ (f])at. (3.107)
£ 0 z 0

The solution of the equation (3.100) extended to the whole space can be represented by (see
argument for (3.88))

us(2', z,t) = / D(,z—2,t—s)*y f(+,2,8)dZ.
R
Applying V', and considering the horizontal average we obtain, on the one hand

(IV'0zus (-, 2, 1))
S /(IFd—l(',t = $))10:T1(z = 2, t = s)[([V'f(, 2, 5)]) d2
R

(3.116) 1
S [lorie -zt -9z s
R

and, on the other hand
(IV'0zus (-, 2, 1))
S /<|V’2Fd—1(',t —s))|0:T1(z = 2,1 = ) [(|(=A) IV [ (-, 2, 8)|) dz
R

G2 LIPS z R 2, 8)|)dz
< /R@_s)‘ Ty(z — 5.t — 8)|R(S( 5 9)])d2
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Inserting the above estimates in the Duhamel’s formula (3.99), we have

/OOO /Ot<|v'azus(z, Y dsdt
S /Ow/soomin{;,(t_RS)}/R|8Zl“1(z—é,t—s)\(]f(-,i,s)\)’didtds
< /R</Ooomm{}1%,f} |02F1(z—2,7')d7'> /Ow<|f(-,2,s)|>’dsd2
< sw [z [ [Twind g B o - s s

(3.123) o) [e%) 1 R
< sup/ <|f(.72,s)]>’ds/ min{ ,B}dT
s Jo 0 5

T
Rr2 7

(3.104) 0o
< sup / (UF (3, 5)])ds
0

Taking the supremum in z we obtain the desired estimate.
Argument for (3.95)
We recall that we want to show

/ / (V' 0.unly at < / / sy Zat,
0 0 z 0 0 z

where ux be the solution to the non-homogeneous heat equation with Neumann boundary
conditions (3.93). By the Duhamel’s principle we have

t
uN(x',z,t):/ un, (7', 2, t)ds,
s=0

where uy, is solution to

(O —A)uny, = 0 for 2>0,t>s,
dun, = 0 for z=0,t>s,
un, = f for z>0,t=s,

is the solution of problem (3.87). Extending this equation to the whole space by even reflection
9 we are left to study the problem

(Or — A)un, 0 for zeR,t>s,
uy, = f for t=s,

the solution of which can be represented via heat kernel as
un, (7', 2,t) = / D(,z—2t—s)*y f(+,2,8)dZ
R
o0
= / C(,Z24+2z,t—5)+D(,2—2,t—38)] * f(+,2,8)dZ.
0

Applying V', to the representation above

V'0,un, (2, 2, t)

I Jraea Taca (@ — 2/t — ) (0:T1(2 4 2,t — s) — 0:I'1(2 — 2,t — s)) V' f(2/, 2, s)da’dZ
N I3 Jpa—1 VPTasi(a' — 2/t — 8) (8:T1(E+ 2,t — 5) — 0.T1(2 — 2,t — 8)) (=A) 'V f(2/, 2, s)da’dZ

“With abuse of notation we will denote with uy, and f their even reflection
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and averaging in the horizontal direction we obtain, on the one hand

(IV'0zun, (- 2, 1))

< /0 (ITg_1(yt = 8))|0.T1(Z+ 2, t — 8) — 0., T1(2 — z,t — 8)|[{|V'f(-, 2, 8)|)d

(3122)&(3.116) 1 oo
S g DGt - aniE - st -2 )
0

and, on the other hand

(IV'0zun, (- 2, 1))

S /OO<|V'2Fd_1(-,t —$))|0.T1(Z+ 2, t — 8) — 0, T1(2 — z,t — ) [{|(=A) V' f(-, 2,
0

(3.122)&(3.114) R

S = /000 10,T1(Z+ 2,t — s) — 0,T1(Z2 — 2, t — 8)|{|f(, Z,8)])dZ .

Multiplying by the weight % and integrating in z € (0,00) we get

00 / /dZ * ~ fO ‘f |>%
/0 <\vazuNs(-,z,t)!>Z§sgp/0 Kt—s(z’z)dz{tsto (IfC. 28 L

where we called K;_s(z,%) = 2|0,T1(Z — z,t — s) — 0.T1(z + 2,t — s)|.
Recalling

[ 3.121
Sup/ Kt—s(zvg)d'z S / ‘82F1(Z,t—8)‘dZ+Sup(22‘a§F1(Z,t—3)‘)
z Jo R z€R

and observing that, in this case

(3123)&(3.126) |
/ |0.I'1(2,t — s)|dz + sup(z |8ZF1(z,t—s)|) < -
z€R (t—s)z

we can conclude that

1 1 oo ~ ’
Y ayE < (t—s)%ﬁfo {FC25)l)
[T v oamconE g

(t—s)% 0

Finally, inserting (3.99) and integrating in time we have

/ / (V0.un, (2 0)l) ot
0 0 z
(3.99) [e'e) o0 t dZ
< / / / IV B, (- 5,0 L dsdt
0 0 0 z
oo oo co -
< / / min{————, — ) / 172 )l E dsde
s Jo R(t—s)2 (t—s)2 Jo z

(3.102)&(3.103) o0 oo ~ dz
5 \/0 /D <’f(.7z78) >,7

Argument for (3.96):
Recall that we need to prove

sup/ V'O, uc|dt < (|V'0,u|,—o) .
z Jo
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By equation (3.94), the even extension u¢ satisfies
(8,5 — A)% = —[02%](52:0 = —20,uc0,—0 = _28zu|z:052':0 (3108)

and therefore we study the following problem on the whole space

(O — Ayug = —20,ul,—00 for zeR,t>0,
{ uc = 0 for t=0. (3.109)
By Duhamel’s principle
t
uc (', 2,t) = / uc, (2, 2, t)ds, (3.110)
s=0
where uc, solves the initial value problem
(O —A)uc, = 0 for zeR,t>s,
{ uc, = —20,u|y=0d for zeR,t=s. (3.111)

The solution of problem (3.111) can be represented via the heat kernel as

uc, (2, 2,t) = /F(z — Z,t — 8) xp (—20,u|,=09)(Z, $)dZ,
= —20'(z,t — s) *p Oyu(z,5)|=0

We apply V’9. to the representation above
Vo uc. (2, 2,t) = / —oT g1 (' — 2/t — 8)8.T1(2,t — 5)V'O.u(-, 2, 8)| .—odz’
Rd-1

and then average in the horizontal direction,

(IV'01c, (2, 2, 1))
S (Paa(@st = s)))10:T1 (2.t = s)[(IV'Ozu(-, 2, 5)|=ol)’

(3.122) .
< 10.T1(2,t — 8)[{(|V'Ou(a’, 2, 8)|.=0]) .

N

Inserting the previous estimate in the Duhamel formula 3.110 and integrating in time we get

/ (|V'0.uc (', z,t)|) dt
0

IN

o0 t
/ / (\V'0uc, (2, 2,t)|) dsdt
o Jo

< //\azrl(z,t—s)\dtqv’azu(a?,z,s)yz0\>'ds
0 S

(3.124) oo B
< / (IV'0.u(2!, 2, 8)|,=0|) ds . (3.112)
0
The estimate (3.96) follows immediately after passing to the supremum in (3.112). O

3.2.6 Appendix

Prerequisites We start this section by proving some elementary bounds and equivalences,
coming directly from the definition of horizontal bandedness (3.128). These will turn to be
crucial in the proof of the main result.

Lemma 7.
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a) If
Fr(k',2,t) =0 unless R|K| >4 (3.113)

then
(r(, 2, ) < R(V'r(-, 2, t)]) . (3.114)

In particular

I7ll(0,00) < BRIV l(0,00) -

b) If
F'r(K',z,t)=0 unless R|K|<1 (3.115)
then 1
(\V’r(-,z,t)\)’ S §<‘T('727t)’>/ . (3116)

In particular

1
1IV'7ll0,00) < H 17l 0,00)

R
c) If
F'r(k',z,t) =0 unless 1< R|K| <4
then X
IV (=A") 727l 0,00) ~ 7]l (0,00 (3.117)
and )
(=A%) 270,00 ~ IVl (0,00) - (3.118)
Remark 3. All the results stated in Lemma 7 are valid with the norm || - || o) replaced with
IRRIICRSE

Remark 4. Notice that from (3.117) and (3.118), it follows
IV (=AY 1]l (0,00) S 117]](0,00) - (3.119)

Proof.

a) By rescaling we may assume R = 1.

Let ¢ € S(R?1) be a Schwartz function such that

0 for |K|>1
1 for |k <1

Flo(k) = {

and such that [p, 1 ¢(z')dx’ = 1.
We claim that, under assumption (3.113), there exists ¢ € L'(R?~1) such that

(Id — ¢ )r =9 ' Vr. (3.120)

Since r = r — ¢ * r, if we assume (3.120) the conclusion follows from Young’s inequality

/ Ir(a’, 2)|da’ < / ()| de’ / V(e 2)lda
]Rdfl Rdfl Rdfl
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Argument for (3.120):
Using the assumptions on ¢ and performing suitable change of variables, we find

Wﬁ@—/¢@—d%@wﬂy

¢’ =y )(r(@',2) =y, 2))dy’

1 N N W
V(g2 | @ (y - > : tdx dt) dyf
0

/
/
/01
_ ALLH¢(y;f>VM%@‘ﬁ;fﬁ;H@’
/
I

where

We notice that ¢ € LY(R41), in fact

Awwwwfgféw

b) In Fourier space we have

o105

ade= [ lo)elic.

FIN'r(K, 2) = ik' Fir(K', 2) = RV FG(RENF'r(K, 2) = RTVFGr(K)F'r(K, 2),

where G is a Schwartz function and Gr(z') = R™4F'G(2'/R). Since [|Gg|d2’ = [|G|dz’
is independent of R, we may conclude by Young

/!V’rdx’ < ;/\Ggldx’/\r]dx’g ;/]r]dm’.

Here we prove an elementary estimate that will be applied in the argument for (3.88) and (3.95),
Lemma 6

O]

Lemma 8.
Let K = K(z) be a real function and define

K(272) = ;K(E - K(z+7).
Then

sqp/ K(z,2)dz < / |K(z)|dz+suﬂg(z2|8zK(z)|). (3.121)
z 0 R z€
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Proof. Let us distinguish two regions: % |§} <1 and % |§| > 1.
For |z| > £|2| we have

sup/ |K(z, 2)|dz

zZ
Z

< mgx/ |K(§—z)—K(z—|—2)\dz§/\K(z)\dz
21> 512

While for the region |z| < £|2| we have,

mgxya/ LK —2) - K(2 + 2)|d>
: FETERE.
1 1
= mgx]2|/ — / K'(Z + tz)zdt| dz
2 it 1ol

1
1
< mgx]2|/ / |K'(Z + z)|dzdt
z -1t Jp<tyg

1121< |2+ 1
< mgx/ / 22 + 2||K'(Z + 2)|dtd=
z St Szt
1

2
mgx/ 2 max {|2+ 21K+ 2)|} / dz | dt
z Joat <z l21< 12l

1
1
= mgx/ 7 max {IZ + 2||K' (2 + 2)|}t|2|dt

Z )1 U<tz

2max |Z| max {|Z+ z||K'(Z + 2)|}
z

|2|< 52l

< 4max max {|z+ Z*|K'(Z + 2)|}.

2 <
In conclusion we have
max/yK(z, z)|dz5/|K(z)|dz+max|z|2|f<'(z)|.
z z

O]

Heat kernel: elementary estimates In this section we recall the definition of the heat
kernel and some properties and estimates that we will use throughout the paper.
The function I' : R? x R — R is defined as

1 z|?
I(z,t) = a3 &P (—LL)

and we can rewrite it as
D(z,t) =T1(z,)Tq_1(2',t) 2 eR¥L 2z eR,

where

and

Here we list the bounds on the derivatives of I that are used in Section 3.2.6, Lemma 6:
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~
w3l —

(1(V)"Taal) ~

1
/ |07 |dz S —= -
R t2

/|@H@Mﬁ—/
0 0

where we have used the change of variable t = Z%

[~

N[

sup (2|0.T'1(z,t)]) = sup
t

o

z€R
z

1
2

~

where we have used the change of variable £ =

5.
sup (z2|8zF1(z, t)|)
z€R

where we have used the change of variable £ =

53/2€Xp<

1

¢? expg‘ <

2

t

1
2
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N|=

t

A>'dt~§1,
t

4

)

= sup ‘53 exp_£2‘ <1,
3

(3.122)
(3.123)

(3.124)

(3.125)

(3.126)



Notations

The (d — 1)—dimensional torus:

We denote with [0, L)?~! the (d — 1)—dimensional torus of lateral size L.
The spatial vector:

= (2,2) €[0,L)! x[0,1].

where L denotes the lateral horizontal cell-size.
Velocity vector:

u = u(a2', 2,t) where u = (u’, u*)

w'i=u-e, and U =(u-ep, -, u-eq_1)
where e, is the unit normal vector in the z— direction and eq,---,e4—1 are the unit normal
vectors in the z1, - - - , 2% ' —directions respectively.
Gradient:
V.
Vf= .
=)
Laplacian:

Af=Dpf+3f

The horizontal average:

Long-time and horizontal average:

1 ™
()= litmjup 0/0 (-)dt. (3.127)
0—00
Horizontal Fourier transform:
FE, 2) = — / KT (! 2 da
’ Ld_l [O,L)d71 ’

where k' is the dual variable of z’.

Real part of an imaginary number :

Re stands for the real part of a complex number.
Complex conjugate :

F'u? and F'6 are the complex conjugates of the (complex valued) functions F'u* and F'6.
Background profile:

7=:[0,H] - R suchthat 7(0)=1and7(H)=1

d
T=1(2), fz:diz-‘
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Universal constant:

We call universal constant a constant C' such that 0 < C < oo and it only depends on d.
Throughout the paper we will denote with < the inequality up to universal constants.
Convolution in the horizontal direction:

forg)= [ g6 =g

Convolution in the whole space:

f*gz) = /R/[wdl fla —al, 2 — 3)g(a, 2)dx'd3 .

Horizontally band-limited function:
A function g = g(2/, 2,t) is called horizontally band-limited with bandwidth R if it satisfies the
bandedness assumption

Flg(k',z,t) = 0 unless 1 < R|k'| < 4 where R < Ry. (3.128)

Interpolation norms:

dz
= . = inf su + / - ,
[ f1l0,1) = 1f 1 Ry(0,1) PR {<z€(01,)1) |f1!> < o) \lez(l — z)>}
dz

o00) = {(0.00) = inf S + / - 3

0,00) = |11 R:(0,00) jinf {<Z€(ggo)|f1|> < 0] |f2l— >}
dz

(—oo1) =  iInf su + / .

R0ty = 0L {<ze(—£,1) \f1|> < o) |fol— Z>}

where fp, f1 satisfy the bandedness assumption (3.128).

/1

1 (=o0,) = 1]
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